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I AUTHOR'S 

fPREFACE 

T O H IS 
OpTICK and GsOMETRICAt, 

LECTURES. 

CpURTEOtfs Reader; 

HlSfmalimi-kfuchat 

it isj you will upon pe- 

rufal immediately per- 

f ceive hy many Tokens i 

rtot to have been dejiffied to he made 

A 2 PMick, , 



li PREFACE, 

Publkky tho* I had often been im- 
portuned by fever alfo to do. With 
the repeated Infiances ofwhom^ hut 
not without Fear and KeluBancet I 
was at length pr evaded upon \ chief" 
ly hecaufe itfeernd to me a lauda^ 
hie Amhttiony and even incumbent 
upon me as Part of my Duty, to 
endeavour y if not effieBually to pro- 
mote Learnings by fetting an Ex- 
ample to thofe who fhould fucceed me 
in the Profefforjhip^ with which I 
am the firfi that was honoured, 
And likewi/e becaufe I have afmall 
Opinion of its containing fomethmg 
that will both profit and pleafe, 
Notwitbflandmg Ideftre you^who are 
well verfedin Matters of this Kind to 
remember what thofeThingsare which 
you are perufing \ not Jiich as were 
defined for you alone \ not puhltjh- 
ed of my ^wn accord', nor contain- 
ing the exqui/ite Thoughts of a Mind 
wholly employ* d upon the SubjeB^ 

• but 



PREFACE. iii. 

bat that they are School LeBures^ ^ 

read by Duty y andforHetimesfpo- 
ken too hafiilfyy that I might end my 
defined Tafli within the Hour\ and 
lafihy-i that they were accommodated 
for the Inftru&ion of a promifcmus 
Multitude ofScholarsy to whom I wa& 
obliged to explain many Ttfings which 
to you need not have been dope, MH 
this you are to remember y that you 
Jhould not expeB here any Thing 
accurately performedy or beautifully 
digeBed. For if fuch were your 
ExpeBations you would be dijfatis^. 
fied both with your felf and me. 
For I know that to your SatisfaBion^ 
I ought to curtail many ThingSy and 
fubfiitute better in their room ; to 
tranfpofe the greater Party and to 
correB and reform the Whole: 
Which to attempty I neither had . 
Inclination or LeifurCy no nor PoW" 
er to execute. I therefore chofe ra- 
ther topublijh them in puris Natu- 
" ' ralibus. 
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idibus, w as they were produced d^ 
fir ft y ihari he at the Trouhle of re^ 
ducing them into any other Porm^ 
ivhich perhaps might have dt/plea" 
fed. Ptiir^ when Irefohfd to ptdflifby 
I could not beat the Pa'ms of redd* 
ding over agpin a ^eat Part of 
thefe Things 'y either from my being 
tired with them, or not caring ta 
undergo the Pains and Study in new 
modelling them : But I have done 
in this as weakly Af others, whtr 
gheup their Offspring to the Care^ 
of their Friends, either to Nurfe^ 
and bring up^ or abandon to the 
wide World, One of which (for I 
thrnkmy felf bound to Name them) 
is Mn. Ifeiac Newton, my Collegue, 
a^ Man (f great Learning and Sa* 
gacity, who revifed nry Copy at^ 
mtedfmhThnigs as wantea Corre- 
Bkn, and even gave me fome of his 
own-i which you wsll fee here' arid 
there imerfperfed with rrfhre, riot 

without. 
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« 

.l^Mth^ut their elue Gftt^m^ndatuft^, 
The tf/i^^r if il4!r. JphnCpllii|sfriw&i 

ma^ be defervedly called the. M^^ 
fennas of our Natiotiy Born to pro- 
mote this Science:, both with his own 
Labours^ and thofe of others. Who 
iffM tmtcbTroiniie 4ooi nitre iflhe 
f^m, i .cttd^ affoput/eveml 
vtjbir Obfia^f to f^OMT fype^^fiUami * 
br pfer man^ ,other ^fctfes {t^%, 
the Marr^wtte/s «f my mm 'Gernnsy 
the Want of Experiments , and Bu- 
Jinefs interfering) did not I fear 
Cato the Seniors Jefiy Jhould be 
now thrown at me. Rede fi Am- 
phidyonum decreto conftridus 
haec evulgas. Jt^ice partly requi- 
red a Preface of this Kind from 
mcy and I was partk^ induced to 
it by the naturmL,(m of a Parent 
for his own Offsprings that this Pro^ 
duBion might the more readily be 
excufed, and in fome Meafure pre- 
ferved from Cenfure, But if you 

are 
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are too fevers, and will not admit 
ofthefe Excufesy you may (for tne) 
blam^ on.. 
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LECTURE I. 

Sam now entring into a new 
i Field, whether more pleafant or 
|g fruitful, I cannoitruly fay, but 
E yielding a moft copious Varie- 
^ ty which confequendy is agree- 
ablejand as it comprehends,for 
the moft Parr, the Original of Mathematical 
£fy/'(rfj&5/f J, from whence Definitions are form- 
ed, and Properties flow, it muft Neceflarily be 
very ufeful too. What I mean, is the Gcnera- 
B tion 



2 LECTURE I. 

tion of Magnitudes, or the fcveral Ways 
whereby the various Species of Magnitudes 
may be conceiv'dio be generated or p-oduced. 
Nor indeed is there any Magnitude J^iven, 
but what may be conceived to be ptcd ccd, 
and really is produced innumerable Ways; 
yet thefe may be brought under fpme gene- 
ral Heads, at leaft fuch as have hnberto 
been ufed, of which the following occur to 
me at this Time ; by local Motion ; by the 
InterfeSiions of Magnitudes-^ by determinate 
Dijiances from affigned Places in ^antity 
and Pofition ; by the drawing of Magni^ 
tudes into Magnitudes \ and by the Applica^ 
tions oj Magnitudes to Magnitudes j by the 
joining together of Magnitudes peculiarly 
difpofed ; by the Apportion or adding of Mag" 
nitudes to other Magnitudes, or by their Sub*' 
duclion from others ; or laftly by organical 
EffeSlion (deduced or contrived from any 
one of thefe.) Among thefe Ways, or any 
other whatever, of generating Magnitudes, 
the Primary and Chief is, that perform'd by 
local Motion^ which all of them muft ia 
fome Sort fuppofe, becaufe without Moti- 
on, nothing can be generated or produced, 
and therefore this muft firft be confidered. 
The following Axiom of Arijlotle concern- 
ing Motion is famous, difocyKouov dyvoiiiAi¥ij^, 

that is ignorant of Motion^ muft necejfdri-- 
ly know nothing of Nature j and confcqucnt- 

ly 



LECTURE 1. 3 

ly nothing dan be done without it in Phy- 
ikks. Nor is this aflertcd without Reafan, 
becaufe that in Nature, (fo far at leaft as our 
Underftandings can trace, or Experience 
fhew) every Thing created is produc'd by 
Motion, or certainly not without Motion. 
Accordingly Philofophers argue with great 
Subtilty on the Nature of Motion, its true 
Definition; the Caufes thereof, and the fe- 
veral DiflFerences, all which are of very lit- 
tle Concern to Mathematicians. 'Tis enough 
that thefe take for granted what is aillow'd 
by common Senfe, and proved by obvious 
Experience ; and firft, this general Principle, 
njiz. That any Magnitude (among which I 
cftcem even a Point, as the leaft of all Mag- 
nitudes, and likcwife an Infinite or greatefl 
Magnitude, between which two, all inter- 
mediate finite Magnitudes are plac'd) is 
moveable ; that is, in what Manner foever 
we behold it, the fame may be made to 
change its Place continually, according to 
pcfcribed Differences, viz. with a ftrait or 
circular Motion; equally Swift, or in any 
manner more accelerated, or retarded : I 
fay. Mathematicians affume at Pleafure any 
Motions of this Kind as evidently poffible, 
in order to find out and demonftrate what 
fd lows from thence. We therefare fhall 
treat of thefe Differences of Motion, their 
Number and Qualities. What Mathemati^ 
dam Vchicfly confider in Motion, is, the 

B % Mode 
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Mode ofLattofi^ ©r Manner of bearings and the 
S^uantity of the motive Force : And firft, the 
Mode of Lation, according to which, fome 
Motions are Progreffive, others Circuroro- 
tatory, and others made up of both thefe •, 
then, the Quantity of the motive Force, ac- 
cording to which, One is declar'd fwifter, 
flower, or equally fwift in Refpedt of and* 
ther; or faid to be equftl in itfelf, accele- 
rated or retarded. From thefe Springs the 
Differences of Motions flow, the latter where- 
of we jfhall treat flrfl:, becaufe it contains 
fome foreign Things which I would firft re- 
move, in order that thofe remaining may 
afterwards be more perfpicuous. But be- 
caufe the Quantity of motive Force cannot 
be known without Time, we muft fay fomc- 
ihing concerning its Nature. Now pray tell 
me what Time is? You know the very trite 
Saying of St. Aujiin, If no one a/k$ me^ I 
know ; but if any Perfon Jhould requite me 
to tell biniy I cannot. But becaufe Mathe^ 
maticians frequently n^ake ufe of Time, 
they ought to have a diftindt Idea of the 
meaning of that Word, other wife they are 
Quacks. My Auditors may therefore, on 
this Occafion, very juftly require an Anfwer 
from me, which I fliall now give, and that 
in the plainefl: and leaft ambiguous Expref- 
fions, avoiding as much as poflible all trifling 
and empty Words. TiV/^, (to'fpeak abfl:raft- 
cdly) is the continuance of any Thing in its 

own 



L E C T U R E I. 

own Being. But fome Things continue lon- 
ger in their Beings than others ; thofe were 
when thefc were not, and are when thefe 
are not; they cnter'd firft into Being, and 
ceafe to be after thefe ; nOT is there any Per- 
fon but perceives, that fome Things enter 
into Being, and ceafe to be at the fame Time ; 
keeping an equal Pace, as it were, from the 
beginning to ^he end of their Duration. 
Time abfblutely therefore is Quantity, as 
admitting in fome Manner the chief AfFe- 
dions of Quantity, Equality, Inequality, and 
Proportion; nor do I believe there is any 
One but allows that thofe Things exifted e- 
qual Times, which rofe and perifhed toge- 
ther; and that thofe Things had unequal 
Durations, when the one was in Being before 
the other had exiftance, and continue in its 
Being, after the other had ceafed to be. Buc 
a longer and (horter Time is common in 
every Body's Mouth ; and there is no Man but 
fbems CO underftand the Meaning of thefe 
Words.CommonSeafe,thercfore allows Time 
to partake of Quantity, as the Mcafure of the 
Continuance of Things in their Being., Buc 
perhaps you may aik, whether Time was 
not before the World was created ? And if 
Time does not flow in the Extramundane 
^pace, where nothing is: A mere Vacuum ? 
I anfwer, that fince there was Space before 
the World was created, and that there now 
i^ an Extramundane, infinite Space, (where 

B 3 God 
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God is prefent;) inafmuch as there might 
have been of oId» and now may be, fuch, 
and fo many Bodies, which then were not» 
and now are not; confequently Time exifted 
before the World began, and does exift 
together with the World in the Extramun* 
dane Space, becaufe 'tis poffible that fome 
Thing might have exifled long before the 
World was made ; and there may now be 
fomething in the Extramundane Space^ ca- 
pable of fuch a Continuance: Some Sun 
might have given Light long before ; and at 
prelent this, 6r fome other like it, may 
difFufe Light thro' Imaginary Spaces. Time 
therefore does not imply an a(f^ual Exift* 
ence, but only the Capacity or Poflibility of 
the Continuance of Exigence ; juft as Space 
exprcfles the Capacity of a Magnitude con- 
tained in it. But you may perhaps wonder 
why I explain Time without Motion, and 
will fay, does not Time imply Motion ? I 
anfwer no, as to its abfolute and intrinfic 
Nature j any more than it does Reft. The 
Quantity of Time, in itfelf, depends not 
on either of them; for whether Things 
move on, or ftand ftill ; whether we fleep 
or wake, Time flows perpetually with an 
equal Tenor. If you fuppofe all the fixed 
Stars to have flood ftill from their Beginning j 
not the leaft Portion of Time wou'd be loft 
by this; forfo long as that Reft continues, 
fo long has thi^ Motion flowed. There 

may 
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may be what we may czWfirJi and laft^ be- 
giliriihg and ending together, (with Regard to 
the firft Appearance and Difappearance of 
Things) even in that State of Tranquillity, 
which fome Mind more perfect than ours 
may poffibly comprehend. But as Magni- 
tude^ themfelves are abfolute ^antums In- 
dependent on all Kinds of Meafure, tho' in- 
deed we cannot teil what their Quantity is, 
unlefs we meafure them j fo Time is like wife 
a ^antum in itfelf, tho' in Order to find the 
Quantity of it, we are obliged to call in 
Motion to our Affiftance, as a Meafure where- 
by we may efteem and compare the Quan- 
tity of it; and thus Time as meafurablc 
fignifies Motion ; for if all Things were to 
continue at Reft, it would be impoflible to 
find out by any Method whatfoever how 
much Time has elapsed ; and the feveral 
Ageswou'd roll on imperceptibly and undif- 
cinguiih'd. Do I fay we Ihou'd not per- 
ceive how Time flows ? No indeed, nor any 
Thing elfe, but remain like Stocks or Stones 
in a continual Infenfibility. We perceive no- 
. thing, unlefs fofar as we maybe inftigatedby 
fome Change afFedling the Senfes, or that 
our Souls are mov'd and excited by the in- 
ternal Operation of the Mind. We efteern 
the Quantities and different Degrees of 
Things according to the Extcnfion orlnten- 
fion of Motions flriking upon us either inte- 
riorly or exteriorly: So that the Quantity 

B 4 of 
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of Tji|fc fo far as we can obfervcj 4^- 
pepdls upoa the Extenfion of Motiofi. 
'Tignot improperly obfcrv'd hy Lucretius. 

Necperfe quenquam tempw^fenttre f^ten^ 
dumejl, 

Semottim ab rerum motuplacidaque quiet €i^ 

No Thought can think on Time j tbafsJIiU 

confefs'd: 
But thinks on Things in Motion fir fit Rejl,. 

Nor by the Philofopherbimfelf'cSloty ^ ecu- 

Ph^^ri6.4 v/^r . r ^ « . r . ' , ^ 

frhen w^e wake me ^antfot per^ei^erKpr tell 
how much Time has pafed during our Sleeps 
which is certainly true : But it cannot be 
juftly in/err'd .from .thence, ^uve^cy en ^k 

do not perceive the %hing^ therefore there is no 
fuch Things that js a falfe Illufion, a deceit- 
ful Dreani, that wou'd caufe us xp join to- 
gether two remote Inftants of Time, 3ut 
nevertl^elefs this is .very True; iViy ^xlvfiang 

TO(riT(^* Kj ;^Poy(^ cLei SokH yeyoviicu. That 

is, for as .much Motion as there w^s^ Jo much 
Timefeems to have been elapfed\ nor, when 
we meniion fuch a Quantity of Time, do 
we merely mean any Thing eHe, than 'the 
Performance of fo much Motion, to the 
continued .(ucceflive ^xtcnfion of wbich \yp 

imagine 
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imagine the Permanency of Things is co- 
extended. Moreover, becauie we conceive 
Time to flow always in an equal Channel, 
not by Starts, fbme times flower, and fafter 
at others. (For were fueh Difparity allow'd, 
it wou'd adnait of no Manner of Computati- 
on or Dimenfion.) Every Motion mufl there- 
fore not be confider'd as equally fit to deter* 
mine and fhew the Quantity of Time, but 
that chiefly which being the moR fimple and 
: uniform, goes on always withaneqpal Pace ; 
.the Thing moved every where retaining an 
equal Force, and being carried along in a 
uniform Medium. Such a moveable Body 
muft therefore be pitched upon for the Deter- 
mination of Time, asatjeaftconflantly keeps 
an equal Impetus, with Regard to the Pe- 
riods of its Motion, and runs thro' an equal 
Space ; and indeed, for common Ufe, the 
mod: remarkable Motion poflible ought to 
be taken ; fuch z one as is immediately obvi^ 
.ous to all, and ftrikes the Senfes of every 
pne 9 of this Kind is the Motion of the Stars, 
and particularly of the Stm and Moon^ which 
obferve a wonderful Regularity one to the 
other, in all Things, and are confpicuous to 
every Part of the Earth ; thofe Bodies being 
deputed for that Purpofe, not only by the 
common Confent of Mankind, but adapted 
to it by the divine Will of the Creator, who 
pronounced as follows: Let there J>e Lights q^^^^^ 
in the Firmament of the Heavin^ is, Ai'^fdt 

the 
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the Day from the Night : and iet them he for 
Signs J and for Seujons^ and for Days^ and 
for Tears. Bat you may aflc, how wc can 
know that the Sun fmmes with an eqtkfil Mo- 
tion j that the Time oj one Day or Tear^ for 
Suppofition Sake^ is exaStly equal to that of 
another ? I anfwer, we cannot know this 
any otherwife (cxccpc what wc gather from 
the divine Teilimony) but by comparing the 
Motion of the Sun with other equal Moti* 
ons« If, for Example, the Sun's Motion 
on a Sun-Dial (which almoft to a Certainty, 
and in an exquifite Manner, (hews the Quan*- 
tities of the Spaces run through by the Sun 
in Circles parallel to the Equator) be found 
to agree with the Motions of any artifr^ 
cial Time- Keeper accurately made, the Sun's 
Motion muft confequently be equal. For 
fince the very Conflrudtion of the Machine 
is fuch, as to equally move in every fuc- 
ceflive Repetition of its Motion, as, for 
Inftance, an Hour-Glafs, deftined to mea- 
fure an Hour ; and becaufe the Water < or 
Sand contained in it remain entirely the fame 
as to Quantity, Figure, and Force of def- 
cending, and the Veffel that contains them, 
as likewife the little Hole they run thro' 
don't undergo any Kind of Mutation, at 
leaft in a (hort Space of Time, and the 
State of the Air much the fame; there 
is no Manner of Reafon for us not to allow 
the Times of every running out of the Wa- 
ter 
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tcr or Sand to be equ^i 5 If therefore the 
fokr Motfons, either as to whole Periods, or • 
to the proportional Parts of them, afc found 
to corrcfpond entirely with the repeated Mo- 
tbns of fuch an Inftrumcnt, we thence may 
very juftly conclude them to be entirely equal 
and uniform. Whence it feems to follow 
( which poffibly wou'd appear wonder- 
ful to fome,) that the celeftial Bodies are 
not effentially, and properly fpeaking, the 
primary and original Meafures of Time ; but 
rather thofe Motions which are near us, that 
ftrike upon our Senfes, and fall under our 
Experience, fince by their Means, we dif- 
cover the Regularity of the celeftial Motions. 
Nor is even the Sun itfelf a proper Judge 
or Witnefs in this Affair, any farther than 
$s its Veracity is (hown, by the Atteftation 
of an Horary Machine. Neither indeed can 
we know by any Methods, whether the Pe- 
riods of the Stars, many Ages fince, were al- 
together .equal to their Revolutions in our 
Age; no one, for Inftance, can pretend to 
aflert as a certainty, that the Age of Methu- 
/2r/fi» himfelf, who lived a thoufand Years 
wanting one, was really longer than that of a 
Man, who now dies before he arrives at an 
Hundred. Why might not the Sun, being 
then younger and more vigon -us, have per- 
formed his Periods ten Times fooner than at 
this Time ? Perhaps the Air was then pu- 
rer, and by that Means the Gravity of Bo- 
dies 
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^ies becoming more powerful, organical In^ 
; ftruments thcmfclvcs might have had fwiftcr 
Motions, and fo, if compared with the In- 
ilruments of our Time, would very much 
difagree. Empedocles indeed, as we find in 
Plutarcby is faid to have been of Opinion, that 
the Sun in his Infancy caufed the Days to be 
much longer than in his Time. But this does 
not feem agreeable to Reafon,becauiefuch cir- 
cular Motions are won't to Decay continually, 
rather than Increafe. But to return from 
this fcarce ferious Digreilion -, the Quantity 
of Time, (or Continuance of Things in 
their Being, State, or Motion) is found out, 
as was before obfcrv'd, firft by any well 
known cqjjal Motion, .(or as to the Parts 
ufed for this Purpofe, conftandy £qual and 
fimilar to themfelvps) and afterwardsby any 
aiher Motions which upon Trial, propor- 
tionably anfwer to it, and chiefly by the 
celeftial Motions, cfpectally of the Sun and 
Moon : So that thofe Times are equal, 
when the fame Hour-Glafs is run out once, 
twice, or any equal Number of Times, or, 
in whiph the fame Stars perform the fame 
Period, or equal Parts of the fame Period ; 
but thpfe unequal, according to any Propor- 
tion, in which unequal Periods are fimilarly 
or proportionably compleated. Nor ihou'd 
any one objedt to Time's being commonly 
taken for the Meafure of Motion and confe- 
i^uently in briogipg to this the DifTerences 

of 
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of Motion, fwifter, flower, accelerated, or 
retarded. Time muft he taken as fore- 
known ; [ yet the Quantity of Time is not 
therefore to be determined by Motion , but 
the Quantity of Motion by Time ; ] for 
there is no Reafon why Time and Motion 
may not mutually perform thefe Offices. 
For, in like Manner as we firfl: of all mea- 
fureaSpace by fome Magnitude, and declare 
it is fo much ; and afterwards by Means of 
this Space, compute other Magnitudes corre- 
fpondent with it : So we firft aflume Time 
from fome Motion, and afterwards judge 
thence of other Motions, which in Reality 
is no niore than comparing fotoe Mptions 
with others, by the Affiftance of Time; juft 
as we inveftigate the Ratios of Magnitudes 
by the help of fome Space. For Example, 
he who computes the Proportion of Motion, 
by the Proportion of Timfe, does no more 
than get the faid Ratio of Motions from 
Clocks, Dials ; or from the Proportion*' of 
iblar Motions performed in the fame Time. 
This Arijiotle doubtlcfs knew, and has plain- 
ly taught: J fjLQvov^-' (ihquit) ri^/ Kivyjirtfjb "^^phyfig . 

TO o^^^i^ Ozit' ct aa^'a^k. That is, ff^e not on- 
ly meafure Motion by Hime^ but alfo I'ime by 
2\dotionj becaufe they determine each other. 
Again, becaufe Time, as has been {hewn, 
is a Quantum uniformly extended, all whofe 
Pafts correfpond, cither Proportionably to 

the 
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tbe refpedive Parts of an equal Motion, or 
to the Parts of Spaces moved through with an 
equal Motion > it n>aY therefore be very 
aptly reprefenced to our Minds, by any Magni- 
tude alike in all its Parts; and efpecially 
by the mod iimple ones, fuch as a flrait or 
circular Line ^ between which and Time 
there happens to be much Likenefs and 
Analogy. For as Time confifts of Parts 
altogether fimilar^ it is reafonlaUc to con- 
iider it as a Quantity endowed with otx 
Dimenfion only $ for we imagine it to be 
made op^ as k were, either of the (irmple 
Addition of rifing Momencs, or of the coti^ 
tinual Flux of one Moment, and for thatRea- 
fon afcribe only Length to it, and determine 
it's Quantity by the length of the Line palled 
over : As a Line, I fay, is looked upon to be 
the Trace of a Point moving forward, beifig 
in fome £brt divisible by a Point, and may 
be divided by Motion one Way, t;/». as to 
Length; fo Time may be conceived as the 
Trace of a Moment continually flowing, hav- 
ing fome Kind of Divifibility from an In- 
ftant, and from a fucceflive Flux, inafmuch 
as it can be divided fome how or other. And 
like ai the Quantity of a Line confifts of but 
©no Length following the Motion ; fo the 
Quantity of Time purfucs but one Succefiion 
ftretched out a^ it were in Length, which 
the Length of the Space moved over (hews 
and determines. We therefore fhall always 

exprefs 
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cxprefs Timo by a ri^ Line > firft, indeed, 
cak^n oi; Izid.Aovfn at Pleafure, but whofe 
Parts will exa&ly aafwcr co the proporti- 
onable Parts of Time, as its Points do to the 
rdpeilive: Inftaacs of Time, and will aptly 
ferve CO reprcfent them. Thu^ much for 
Time. Wc now proceed to the effective 
Force of it, whkh doubtlefe may juilly be 
confider'd as 2 kind of Quantity, capable 
of Compucatioigii like other Quantities (whac^ 
ever iSj it s Origiiai and Nature, for thefe we 
Uave to Pkil$/Qfher^.J For it is very plain 
fcom Experience, that when two moveable 
Bodies depart from the fame Place along 
the fame Line, the one often overruns the 
other, ocmowd a greater Space, in the fame 
Time; thcReafonof which, can be only this, 
that that.Biody which moves fMrifireft, is a<^ed 
mpon by a greater Force, or motive Power. 
And as it is manife^ that there can be no 
Reaftm for us to^ objedt why this Excefe of 
Spaces moved through: together, may not 
happen in all Kinds of Proportions; this 
Force may therefore be conceived juftly as 
divided into any Pans (in the lame Manner 
^8^. the latcafi vc Parts . of any Kind of (^a- 
lityjnaay be, and are,, far Diilin<ftions fake, 
lifualiy call'd Degrees) it may, I fay> be con- 
qeiv'das divifible intDanyiidfiniteor indefinite 
Parts 5 the. common Boundary which joins 
them to) each other, and diftinguifbs them, 
or'the Part. abfokttely the leaft, (upon the 
V Suppo- 
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Suppofition, that, Quantities confi^t of in« 
finite Atoms) being odl'd Reft, or the loWeft 
Degree of Velocity ; from the Increafe 6r con- 
> tinual Flowing of which any Degree of Ve- 
locity may be fuppofed to be generated, ex- 
actly in the fameManner as we imagine a Line 
to be produced by the Appofition of Points 
or by Motion; or Time, by the Saccefiion 
or Flux of Inftants. Conddering therefore 
the Thing abfolutely, in order to reprcfcnt 
the Quantity of this Force juftly to the 
^ Mind, we need only lay down but fome re- 
gular Magnitude in its ilead, (fuch a one 
in whoie Pans we can eaiily and immediate- 
ly difcover any Difference and Proportion.) 
As a right Line is the mod: Simple and Per- 
fpicuous of any, 'tis therefore the fitteft to 
reprefent any Degree thereof. Thus indeed 
this Force, generally and abfolutely confider'd 
in it felf, does not imply Time, and can b& 
conceived without it (for in any Inftant or 
interval of Time, a moveable Body may be 
fuppofed to be endeued with it) unlefs fo far 
as it is computable, and comes under a Ma-^ 
thematical Confideration, in which Senfe it 
is called Velocity, when Time fignifies Space ; 
whence, for Example, its Quantity is dif* 
cover 'd and determined. Therefore Velo- 
city is defined to be that Power, by which 
a moveable Body can pafs over a given 
Space in a given Time ; whence it followsi 
that every particular Quantity of any Velo- 
city 
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feity, cannot be known, neither by the Space 
moved through • only, nor, by the Time 
fingly, (for any Velocity may trace out a 
given Space in a given Time) but may be 
Found by Calculation from the Quantity 
of Space and Time together j as on the 
contrary, the Quantity of Time may be 
obtain'd from the Quantity of the Spaed 
artd Velocity together : Nor does the Quan- 
tity of Space (fo far as it can be known 
this Way by Motion,) depend wholly up* 
on the Quantity of a definite Velocity, or 
upon any ailigned Time, but upon the 
Conjoint-Ratio of both. And indeed, thac 
we may explain further, what Regard thefe 
have to each other, the Quantity of Space 
(fo far as can be this Way computed,) is 
found much after the faitie Manner, as we 
do that of a Superficies by its DimenfionSi 
wz. by the Quantity of one Line ( expref- 
iing its Length or Height ) and by the 
Quantities of every parallel right Line, 
which palSing thro' each Point of that right 
Line, do in a Manner confiiitute and 
make up the whole Superficies, or ac 
leaft limit and determine it; that is, as it 
were by the drawing of each of them into 
the refpedlive Points of the faid Line. But 
the Quantities of Velocity and Time, are 
found exadlv after the fame Manner, as 
when a Superficies, and one of its Dimen^^ 
(ions being giveq, we thereby find the O"* 
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ther Dimeniion. I fay, how much it is 
wherefocver you plcafc, or at Icaft fome 
where, for it may happen, that the other 
Dimenfion, fo far as it is fpread thro' all 
the Points of the former Dimenfion, will 
be diflimilar, and deformed in every Part 
thereof; which I would have appear by the 
Trad, for this ufual Confideration requires 
a clear Explanation. To every Inftant, or 
indcfinitly fmall Particle of Time ; I fay, 
to every Inftant, or indefinitly fmall Par- 
ticle, for as it not in the leaft fignifies, 
whether a Line be conceived to be made 
up of innumerable Points, or of indefinit- 
ly fmall Lines, fo it is the fame Thing, 
whether Time be fuppofed to confift of 
Inftants, or of innumerable fmall Times. 
We at leaft for Brevities fake, make no 
Scruple to take Inftants, as fo many very 
fmall Times, that is. Points for very fmall 
Lines, reprefenting exceeding little Times. 
I fay, to every Moment of Time there 
anfwers fome Degree of Velocity, which a 
moveable Body is then to be conceived to 
have ; to which Degree, fome Length of 
the Space moved over anfwers. (For 
here the moveable Body is conceived only 
as a Point, and fo the Space moved thro' 
can be but a Line.) But, becaufe Mo- 
ments of Time can really have no Depen- 
dence Upon each other, we may fuppofe a 
moveable Body in the next Inftant, to have 

fome 
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ibme Other Degree of Velocity, (cither e- 
qual to the former, or different from it in 
any Proportion,) to which accordingly will 
anfwer fome other Length of the Space 
moved through, refpefting the former in 
fuch Proportion, as this Pcgree of Velocity 
does that preceding it. For fince Inftanti 
of Time are entirely equal to one another^ 
the Ratio of the Lengths of the Spaces, 
will depend wholly upon the Ratio of thd 
Velocities, and accordingly will be equal 
and fimilar to it, (becaufe, if this were not 
true, Velocity could in no wife be meafur 'd > 
fince from the fole Proportion c€ the Spaces 
moved through in the fame Time, (or in 
the fame Inftant,) the Velocity is immedi- 
ately or mediately had, and the one faid to 
be K) much in Refpedl to the other.) In 
like Manner, if in all the Moments of any 
given Time, be affigned Degrees of Velo-* 
city anfwering to theni, the Aggregate of 
thefe, will form a Quantity, any of whofe 
Parts are exadlly proportionable to the re* 
fped:ivc Parts of the Spaces pioved through, 
that is, the fmall correfpondenc Parts in 
the fame Times, and fo the Magnitude 
r^prefenting the Quantity of thefe Degrees 
may aUb reprefent the Space moved 
throogbir for as much as it exadtly 
exprcScs, what Proportion the Parts of 
the Space moved through in each parti- 
cular Time, do obferve among themfelves, 

C 2 and 



^9 



14 LECTURE! 

the refpedive Parts of an equal Motion, or 
to the Pares of Spaces moved through with an 
equal Motion > it mav therefore be very 
aptly reprefented to our Minds, by any Magni* 
tude alike in all its Parts; and efpectally 
by the mod fimple ones, fuch as a flraic or 
circular Line ; between which an'd Time 
there happens to be much Likenefs and 
Analogy. For ^ Time confifts of Parts 
altogether fimilary it k reafonlaUc to con- 
iider it as a Quantity endowed with ote 
Dimenfion only $ for we imagine it ta be 
made up, as k were, either of the fitnpl^ 
Addition of rifing Moments, or of the con- 
tinual Flux of one Moment, and for thatRea- 
fon afcribe only Length to it, and determine 
it's Quantity by the length of the Line paflcd 
over ; As a Line, I fay, is looked upon to be 
the Trace of a Point moving forward, beifig 
in fonae fort divifible by a Point, and may 
be divided by Motion one Way, vhs^ as to 
Let>gth; fo Time naay be conceived as the 
Trace of a Moment continually flowing, hav- 
ing fome Kind of Divifibility from an In- 
ftant, and from a fucceffive Flux, inafmuch 
as it can be divided fome how or other. And 
like at the Quantity of a Line confifts of but 
©no Length following the Motion j fo the 
Quantity of Time purfues but one Succeflion 
ftretched out as it were in Length, which 
the Length of the Space moved over (hews 
and determines. We therefore (hallalwraya 

exprefs 
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cxprcfs Timo by a right Line > firft, indeed, 
taken of laid down at Pleafure, but whofe 
Parts will txz&ly anfwcr co the proporti- 
onable Parts of Time, as its Points do to the 
refpedlire: Inilaats of Time, and wiM aptly 
ferve CO rcprcfent them. Thus much for 
Time. Wc now proceed to the effective 
Force of it, whkh doubtlefe may jujftly be 
confider'd as a kind of Quantity, capable 
of Conapucatiofi. like other Quantities (whac^ 
ever iS) it's Origin and Nature, for thefe we 
Uave to Philijbphers.) For it is very plain 
ivQVCi Experience, that when two moveable 
Bodies depart from the fame Place along 
the feme Line, the one often overruns the 
odier, or moves a greater Space, in the fame 
Time; theReaibnof which can be only this, 
that tj^at Biddy which move^ i^ifreft, is a<Sted 
upon by a greater Force, or motive Power. 
Atid as it is manifeflS, that there can be no 
Reafon for us to objed why this Exceft of 
Spaces moved tbroughi together, may not 
happen in all Kinds of Proportions; this 
Force may therefore be conceived juftly as 
divided into any Pans (in the fame Manner 
as. the Imcjifi vc Parts . of any Kind of Qua- 
lity ^naay be, and arc,, for Diftiniftions fake, 
ufually caird Degrees) it may, I fay, be con- 
Qeiv'das diviiible intx) any iiafiniteor indefinite 
Parts ; the common Boundary which joins 
tbemi to each other, and diftinguifhs them, 
oi: the Part.abfiQimtely the leaft, (upon the 
V Suppo- 
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Suppofitibn, that, Quantities confift of in^ 
finite Atoms) being call'd Reft, or the loweft 
Degree of Velocity ; from the Incre^fe or con- 
> tinual Flowing of which any Degree of Ve- 
locity may befuppofed to be generated, ex- 
adly in the fameManner as we imagine a Line 
to be produced by the Appoiition of Points 
or by Motion ; or Time, by the Succeffion 
or Flux of Inftants. Confidering therefore 
the Thing abfolutely, in order to reprefent 
the Quantity of this Force juftly to the 
Mind, we need only lay down but fomc re- 
gular Magnitude in its ftead, (fuch a one 
in whoie Pans we can eafily and immediate- 
ly difcover any Difference and Proportion.) 
As a right Line is the mofl Simple and Per- 
fpicuous of any, 'tis therefore the fittefl to 
reprefent any Degree thereof. Thus indeed 
this Force, generally and abfolutely confider*d 
in it felf, does not imply Time, and can be 
conceived without it (for in any Inflant or 
interval of Time, a moveable Body may be 
fuppoied to be endeued with it) unlefs fo far 
as it is computable, and comes under a Ma-^ 
ihematical Conlideration, in which Senfe tt 
is called Velocity, when Time fignifies Space ; 
whence, for Example, its Quantity is dif^ 
cover 'd and determin'd. Therefore Velo* 
city is defined to be that Power, by which 
a moveable Body can pafs over a given 
Space in a given Time ; whence it follows, 
that every particular Quantity of any Velo- 
city 
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City, cannot be known, neither by the Space 
moved through • only, nor, by the Time 
fingly, (for any Velocity may trace out a 
given Space in a given Time) but may be 
found by Calculation from the Quantity 
of Space and Time together j as on the 
contrary, the Quantity of Time may be 
obtained from the Quantity of the Spaed 
artd Velocity together : Nor does the Quan- 
tity of Space (fo far as it can be known 
this Way by Motion,) depend wholly up* 
on the Quantity of a definite Velocity, or 
upon any ailigned Time, but upon the 
Conjoint-Ratio of both. And indeed, thac 
we may explain further, what Regard thefe 
have to each other, the Quantity of Space 
(fo far as can be this Way computed,) is 
found much after the faitie Manner, as we 
do that of a Superficies by its Dimenfions^ 
wz. by the Quantity of one Line ( expref- 
jQng its Length or Height ) and by the 
Quantities of every parallel right Line, 
which paffing thro' each Point of that right 
Line, do in a Manner confiiitute and 
make up the whole Superficies, or ac 
leaft limit and determine it ; that is, as it 
were by the drawing of each of them into 
the refpedlive Points of the faid Line. But 
the Quantities of Velocity and Time, are 
found exadly after the fame Manner, as 
w^hen a Superficies, and one of its Dimen^^ 
iions being giveq, we thereby find the O"* 
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ther Dimeniion. I fay, how much ic is 
whcrefocver you plcafc, or at Icaft fbme 
where, for it may happen, that the other 
Dimenfion, fo far as it is fpread thro' all 
the Points of the former Dimenfion, will 
be diflimilar, and deformed in every Part 
thereof; which I would have appear by the 
Trad, for this ufual Confideration requires 
a clear Explanation. To every Inftant, or 
indefinitly fmall Particle of Time ; I fay, 
to every Inftant, or indefinitly fmall Par- 
ticle, for as it not in the leaft fignifies, 
whether a Line be conceived to be made 
up of innumerable Points, or of indefinit- 
ly fmall Lines, fo it is the fame Thing, 
whether Time be fuppofed to confift of 
Inllants, or of innumerable fmall Times. 
Wc at leaft for Brevities fake, make no 
Scruple to take Inftants, as fo many very 
fmall Times, that is, Points for very fmall 
Lines, reprefenting exceeding little Times. 
I fay, to every Moment of Time there 
anfwers fome Degree of Velocity, which a 
moveable Body is then to be conceived to 
have ; to which Degree, fome Length of 
the Space moved over anfwers, (For 
here the moveable Body is conceived only 
as a Point, and fo the Space moved thro* 
can be but a Line.) But, becaufe Mo- 
ments of Time can really have no Depen- 
dence Upon each other, we may fuppofe a 
moveable Body in the next Inftant, to have 

fome 
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ibme Other Degree of Velocity, (cither e- 
qual to the fortncr, or different from it in 
any Proportion,) to which accordingly will 
anfwcr fome other Length of the Space 
moved through, rcfpefting the former in 
fuch Proportion, as this Degree of Velocity 
does that preceding it. For fince Inftanti 
of Time are entirely equal to one another^ 
the Ratio of the Lengths of the Spaces, 
will depend wholly upon the Ratio of thd 
Velocities, and accordingly will be equal 
and fimilar to it, (becaufe, if this were not 
true, Velocity could in no wife be meafur 'd > 
fince from the fole Proportion of the Spaces 
moved through in the fame Time, (or in 
the fame Inftant,) the Velocity is immedi- 
ately or mediately had, and the one faid to 
be io much in Refpedl to the other.) In 
like Manner, if in all the Moments of any 
given Time, be aiiigned Degrees of Velo-* 
city anfwering to thenii, the Aggregate of 
theie, will form a Quantity, any of whofe 
Parts arc exadlly proportionable to the re* 
fpediivc Parts of the Spaces pioved through, 
that is, the fmall correfpondenc Parts in 
the fame Times, and fo the Magnitude 
r^prefenting the Quantity of thefe Degrees 
may aUb reprefent the Space moved 
through} for as much as it cxadtly 
exprcScs, what Proportion the Parts of 
the Space moved through in each parti- 
cular Time, do obferve among themfelves, 
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the refpedive Parts of an equal Motion, or 
to the Parts of Spaces moved through with an 
equal Motion > it nvay therefore be very 
aptly reprefent^d to our Minds, by any Magni- 
tude alike in all its Parts; and efpecially 
by the mod fimple ones, fuch as a flraic or 
circular Line ; between which an'd Tinoe 
there happens to be much Likenefs and 
Analogy. For ^ Time confifts of Parts 
altogether fimilar, it k reaforHabte to coni- 
iider it as a Quantity endowed with oite 
Dimenfion only $ for we imagine it to be 
made up, as k were, either of the fimpk 
Addition of rifing MoiSienfs, or of the coft^^ 
tinual Flux of one Moment, and for thatRea- 
fon afcribe only Length to it, and determine 
it's Quantity by the length of the Line pafTed 
over ; As a Line, I fay, is looked upon to be 
the Trace of a Point moving forward, being 
in fome fort divifibiic by a Point, and may 
be divided by Motion one Way, vi^» as tb 
Let>gth ; fo Time may be conceived as the 
Trace of a Moment continually flowing, hav- 
ing fome Kind of Divifibility from an In- 
ftant, and from a fucccflive Flux, inafmuch 
as it can be divided fome how or other. And 
like at the Quantity of a Line confifts of but 
on© Length following the Motion 5 fo the 
Quantity of Time purfues but one Succcflion 
ftretched out a^ it were in Length, which 
the Length of the Space moved over (hews 
and determines. We therefore (hall always 

cxprefs 
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exprefs Time by a right Line > firft, indeed, 
taken ov laid down at Pleafure, but whofe 
Parts will exaiftly aofwcr co the proporti- 
onable Parts of Time, as its Points do to the 
rdpe<Itirei Inilaats of Time, and will aptly 
ferve to rcprefent them. Thus much for 
Time. Wc qdw proceed to the effective 
Force of it, which doubtlefe may jujftly be 
conlider'd aa a kind of Quantity, capable 
of Conapucatiofi. like other Quantities (whac^ 
ever iSi it's Origini and Nature, for thefe we 
l^ve to Fhili/bphers.) For it is very plain 
fijosn Experience, that when two moveable 
Bodies depart from the fame Place along 
the fame Line; the one often overruns the 
odier, ormonte^ a greater Space, in the fame 
Time; theReafonof whichcaaibeonlythis, 
that tjbat Body which moves iwifreft, is a<^€d 
lapon by a greater Force, or motive Pow^r. 
Abd as it is manifefll, that there can be no 
Reafon for us to objed why this Exceft of 
Spaces moved i:brough: together, may not 
happen in all Kinds of Proportions; this 
Force may therefore be conceived juftly as 
dividcd'into any Pans (in the fame Manner 
as, the Intenfi vc Parts of any Kind of Qua- 
lity ^ra^y be, and arc,, for Diiliniftions fake, 
uiualiy call'd Degrees) it may, I fay, be con- 
Qeiv'das diviiible into any ijooifiniteor indefinite 
parts; the common Boundary which joins 
them to each other, and diftinguifhs them, 
oi: the Part, abfokttely the Icaft, (upon the 
\. Suppo- 
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Supf)ofiti6n, that, Quantities confift of in- 
finite Atoms) being caird Reft, or the loWcft 
Degree of Velocity ; from the Incresffe 6r con- 
> tinual Flowing of which any Degree of Ve- 
locity may be fuppofed to be generated, ex- 
adly in the fameManner as we imagine a Line 
to be produced by the Appofition of Points 
or by Motion; or Time, by the Sacceffion 
or Flux of Inftants. Confidering therefore 
the Thing abfolutely, in order to reprefent 
the Quantity of this Force juftly to the 
^ Mind, we need only lay down but fomc re- 
gular Magnitude in its ftead, (fuch a one 
in whoie Pans we can eafily and immediate- 
ly difcover any Difference and Proportion.) 
As a right Line is the moft Simple and Per« 
fpicuous of any, 'tis therefore the fitteft to 
reprefent any Degree thereof. Thus indeed 
this Force, generally and abfolutely confider*d 
in it felf, does not imply Time, and can be 
conceiv'd without it (for in any Inftant or 
interval of Time, a moveable Body may bo 
fuppofed to be endeued with it) unlefs fo far 
as it is computable, and comes under a Ma-^ 
thematical Consideration, in which Senfe it 
is called Velocity, when Time fignifies Space ; 
whence, for Example, its Quantity is dif* 
cover'd and determined. Therefore Velo- 
city is defined to be that Power, by which 
a moveable Body can pafs over a given 
Space in a given Time ; whence it follows, 
that every particular Quantity of any Velo- 
city 



LECTURE I. 17 

fcity, cannot be known, neither by the Space 
moved through only, nor, by the Time 
fingly, (for any Velocity may trace out a 
given Space in a given Time) but may be 
found by Calculation from the Quantity 
of Space and Time together j as on the 
contrary, the Quantity of Time may be 
obtained from the Quantity of the Spaed 
artd Velocity together : Nor does the Quan- 
tity of Space (fo far as it can be known 
this Way by Motion,) depend wholly up* 
on the Quantity of a definite Velocity, or 
upon any ailigned Time, but upon the 
Conjoint-Ratio of both. And indeed, thac 
we may explain further, what Regard thefe 
have to each other, the Quantity of Space 
(fo far as can be this Way computed,) is 
found much after the faitie Manner, as we 
do that of a Superficies by its DimenfionSi 
wz. by the Quantity of one Line ( expref- 
fing its Length or Height) and by the 
Quantities of every parallel right Line, 
which palSing thro' each Point of that right 
Line, do in a Manner confiiitute and 
make up the whole Superficies, or ac 
leaft limit and determine it; that is, as it 
were by the drawing of each of them into 
the refpedlive Points of the faid Line. But 
the Quantities of Velocity and Time, are 
found exadlv after the fame Manner, as 
when a Superficies, and one of its Dimen^ 
fions being giveq, we thereby find the O"* 
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ther Dimeniioa I fay, how much ic is 
wherefocver you plcafc, or at Icaft fome 
where, for it may happen, that the other 
Dimenfion, (o far as it is fpread thro' all 
the Points of the former Dimcnfion, will 
be diflimilar, and deformed in every Part 
thereof; which I would have appear by the 
Trad, for this ufual Confideration requires 
a clear Explanation. To every Inftant, or 
indcfiniily fmall Particle of Time ; I fay, 
to every Inftant, or indefinitly fmall Par- 
ticle, for as it not in the leaft fignifics, 
whether a Line be conceived to be made 
up of innumerable Points, or of indefinit- 
ly fmall Lines, fo it is the fame Thing, 
whether Time be fuppofed to confift of 
Inftants, or of innumerable fmall Times. 
We at leaft for Brevities fake, make no 
Scruple to take Inftants, as fo many very 
fmall Times, that is. Points for very fmall 
Lines, reprefenting exceeding little Times. 
I fay, to every Moment of Time there 
anfwers fome Degree of Velocity, which a 
moveable Body is then to be conceived to 
have ; to which Degree, fome Length of 
the Space moved over anfwers. (For 
here the moveable Body is conceived only 
a$ a Point, and fo the Space moved thro' 
can be but a Line.) But, becaufe Mo- 
ments of Time can really have no Depen- 
dence Upon each other, we may fuppofe a 
moveable Body in the next Inftant, to hare 

fome 
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Ibme Other Degree of Velocity, (cither fe- 
qual to the former, or different from it in 
any Proportion,) to which accordingly will 
anfwcr fome other Length of the Space 
moved through, refpe^ing the former in 
foch Proportion, as this Degree of Velocity 
does that preceding it. For fince Inftanti 
of Time are entirely equal to one another^ 
the Ratio of the Lengths of the Spaces, 
will depend wholly upon the Ratio of thd 
Velocities, and accordingly will be equal 
and fimilar to it, (becaufe, if this were not 
true, Velocity could in no wife be meafur'd i 
fince from the fole Proportion of the Spaces 
moved through in the fame Time, (or in 
the fame Inftant,) the Velocity is immedi- 
ately or mediately had, and the one faid to 
be to much in Refpedl to the other.) In 
like Manner, if in all the Moments of any 
given Time, be aiiigned Degrees of Velo-* 
city anfwering to them, the Aggregate of 
theie, will form a Quantity, any of whofe 
Parts are exadlly proportionable to the re* 
fpediivc Parts of the Spaces moved through, 
that is, the fmall correfpondenc Parts in 
the fame Times, and fo the Magnitude 
rc^prefenting the Quantity of thefe Degrees 
may aUb reprefent the Space moved 
trough} for as much as it cxadtly 
exprcSes, what Proportion the Parts of 
the Space moved through in each parti- 
cular Time, do obferve among themfelves, 
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the refpedive Parts of an equal Motion, or 
to the Parts of Spaces moved through with an 
equal Motion > it may therefore be very 
aptly reprefent^d to our Minds, by any Magni- 
tude alike in all its Parts 3 and efpecially 
by the moil fimple ones, fuch as a Araie or 
circuhr Line ^ between which and Time 
there happens to be much Likenefs and 
Analogy. For as Time confifts of Parts 
altogether fimilar, it k reafodabte to con^ 
iider it as a Quantity endowed whh oite 
Dimeofion only ; for we imagine it to be 
made 0p, as k were, einher of the &mph 
Addition of rifing Moments, or of the cofi*- 
tinualFlux of one Moment, and for thatRea- 
fon afcribe only Length to it, and determine 
it's Quantity by the length of the Line paffed 
over; As a Line, I fay, is looked upon to be 
the Trace of a Poi«t moving forward, bci«g 
in fome fort divifiWe by a Point, and may 
be divided by Motioii one Way, viis. as to 
Length ; fo Time m^y be conceived as the 
Trace of a Moment continually flowing, hav- 
ing fome Kind of Divifibility from an In- 
ftant, and from a fucceflive Flux, inafmuch 
as it can be divided fome how or other. And 
like ai the Quantity of a Line confifts of hue 
on© Length following the Motion ; fo the 
Quantity of Timepurfues but one Succeflion 
ftretched out as it were in Length, which 
the Length of the Space moved over (hews 
and determines. We therefore fhall always 

exprefs 
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cxprcfs Time by a right Line } firft, indeed, 
taken or laid. down at Pleafure, but wtiofe 
Parts will eaca&ly anfwcr to the proporci- 
Qligble Parts of Time, as its Points do to the 
rrfpciftiye: Inftaats of Time, and will aptly 
ferve to rcprefent them. Thus much for 
Tioae. Wc qdw proceed to the effective 
Force of it, vrhkh doubtlefe may juilly be 
conlider'd as 2 kind of Quantity, capable 
of CompufiatioB. tike other Quantities (what- 
wer iSi it's Origiai and Nature, for thefe we 
kave to Fhilijophers.) For it is very plain 
fj*Qin Experience, that Wthen two moveable 
Bodies^ di&part from the fame Place along 
the fame Line i the one often Overruns the 
od>ef, ormove^ agmacer Space, in the fame 
Time; theReafonof which caai be only this, 
that tfeat Bi3dy which moves IJvriftcft, is a<aed 
upon by a greater Force, or motive Power. 
Atid as it is manifeA!, that there can be no 
Reaibn for us to objedt why this Exceft of 
Spaces moved through: together, may not 
happen in all Kinds of Proportions-; this 
Force may therefore be conceived juftly as 
divided .into any Parts (in the fame Manner 
as. the Intcnfive Parts. of any Kind of Qua- 
lity jn%ay be, and are,, for Diftiniftion's fake, 
ufualiy caU'd Degrees) it may, I fay, be con- 
Qeiv'das divifible into any iinfinite or indefinite 
Parts ; the. common Boundary which joins 
tbem to each other, and diftinguifbs them, 
or the Part.ab&lMely the Icaft, (upon the 
V SuppQ- 
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Suppofirion, that, Quantities confift of in^ 
finite Atoms) being call'd Reft, orthelowcft 
Degree of Velocity ; from the Increafe tt con- 
> tinual Flowing of which any Degree of Ve- 
iocity may be fuppofed to be generated, ex- 
a£kly in the fameManner as we imagine a Line 
to be produced by the Appofition of Points 
or by Motion; or Time, by the Socceffion 
or Flux of Inftants. Confidering therefore 
the Thing abfolutely, in order to reprefcnt 
the Quantity of this Force juftly to the 
Mind, we need only lay down but fome re- 
gular Magnitude in its ilead, (fuch a one 
in whofe Pans we can eafily and immediate- 
ly difcover any Difference and Proportion.) 
As a right Line is the mofl Simple and Per« 
fpicuous of any, 'tis therefore the fittefl to 
reprefent any Degree thereof. Thus indeed 
this Force, generally and abfolutely confider'd 
in it felf, does not imply Time, and can be 
conceived without it (for in any Inflant or 
interval of Time, a moveable Body may bo 
fuppofed to be endeued with it) unlefs fo far 
as it is computable, and comes under a Ma-^ 
thematical Confideration, in which Senfe it 
is called Velocity, when Time fignifies Space 5 
whence, for Example, its Quantity is dif* 
covered and determined. Therefore Velo- 
city is defined to be that Power, by which 
a moveable Body can pafs over a given 
Space in a given Time ; whence it follows, 
that every particular Quantity of any Velo- 
city 
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dtyj cannot be known, neither by the Spaed 
moved through • only, nor, by the Time 
fingly, (for any Velocity may trace out a 
given Space in a given Time) but may be 
found by Calculation from the Quantity 
of Space and Time together } as on the 
contrary, the Quantity of Time may be 
obtain'd from the Quantity of the Spaed 
and Velocity together : Nor does the Quan- 
tity of Space (fo far as it can be known 
this Way by Motion,) depend wholly up* 
on the Quantity of a definite Velocity, or 
upon any afligned Time, but upon the 
Conjoint-Ratio of both. And indeed, that 
we may explain further, what Regard thefa 
have to each other, the Quantity of Space 
(fo far as can be this Way computed,) is 
found much after the fame Manner, as wd 
do that of a Superficies by its DimenfionSi 
*Qiz. by the Quantity of one Line ( expref- 
ling its Length or Height) and by the 
Quantities of every parallel right Line, 
which paflSng thro' each Point of that right 
Line, do in a Manner conftitute and 
make up the whole Superficies, or at 
leaft limit and determine it; that is, as ic 
were by the drawing of each of them into 
the refpeiflive Points of the faid Line. But 
the Quantities of Velocity and Time, are 
found exadly after the fame Manner, as 
^vhen a Superficies, and one of its Dimen^^ 
iions being givePi we thweby find the o<^ 

C thef 
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ther Dimenfion. I fay, how much it is 
wherefocver you plcafe, or at leaft fome 
where, for it may happen, that the other 
Dimenfion, fo far as it is fpread thro' all 
the Points of the former Dimenfion, will 
be diflimilar, and deformed in every Part 
thereof; which I would have appear by the 
iTrad, for this ufual Confideration requires 
a clear Explanation. To every Inftant, or 
indcfinitly fmall Particle of Time ; I fay, 
to every Inftant, or indefinitly fmall Par- 
ticle, for as it not in the leaft fignifies, 
whether a Line be conceived to be made 
up of innumerable Points, or of indefinit- 
ly fmall Lines, fo it is the fame Thing, 
whether Time be fuppofed to confift of 
Inftants, or of innumerable fmall Times. 
We at leaft for Brevities fake, make no 
Scruple to take Inftants, as fo many very 
fmall Times, that is. Points for very fmall 
Lines, reprefenting exceeding little Times. 
I fay, to every Moment of Time there 
anfwers fome Degree of Velocity, which a 
moveable Body is then to be conceived to 
have ; to which Degree, fome Length of 
the Space moved over anfwers. (For 
here the moveable Body is conceived only 
as a Point, and fo the Space moved thro* 
can be but a Line.) But, becaufe Mo- 
ments of Time can really have no Depen- 
dence Upon each other, we may fuppofe a 
moveable Body in the next Inftant, to have 

fome 
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ibme other Degree of Velocity, (either fe- 
qual to the former, or different from it in 
any Proportion,) to which accordingly will 
anfwcr fome other Length of the Space 
moved through, refpciling the former in 
fuch Proportion, as this Degree of Velocity 
does that preceding it. For fince InftantS 
of Time are entirely equal to one another^ 
the Ratio of the Lengths of the Spaces, 
will depend wholly upon the Ratio of thd 
Velocities, and accordingly will be equal 
And fimilar toir, (becaufe, if this were not 
true, Velocity could in no wife be meafur 'd t 
fince from the fole Proportion of the Space* 
moved through in the fame Time, (or in 
the fame Inftant,) the Velocity is immedi- 
ately or mediately had, and the one faid to 
be 10 inuch in Refpedl to the other.) In 
like Manner, if in all the Moments of any 
given Time, be affigned Degrees of Velo- 
city anfwering to them, the Aggregate of* 
thefe, will form a Quantity, any of whofe 
Parts are exaiSly proportionable to the re* 
fpedtive Parts of the Spaces moved through, 
that is, the fmall correfpondenc Parts in 
the fame Times, and fo the Magnitude 
r^prefenting the Quantity of thefe Degrees 
may alio reprefent the Space moved 
through} for as much as it exaftly 
expreffes, what Proportion the Parts of 
the Space moved through in each parti- 
cular Time, do obferve among themjfelves, 

C a and 



20 LECTURE I. 

and therefore when it flows equally, will 
be moft aptly reprefented by a right Line, 
as we have already faid, and thefeveral 
Degrees of Velocity, in the Inftants of 
Time, whether equal or unequal in each 
Inftant, may be alfo expreflfed by right 
Lines, and, becaufe thefe Degrees of Ve- 
locity do in every Moment of Time pafs 
over one another independently, and with- 
out Mixture •, therefore, if right Lines be 
drawn through all the Points of the Line, 
reprefenting the Time, in fuch Manner 
as not to meet, that is, all Parallel to each 
other ; the plain Superfices thence refult- 
ing, will exadtly reprefent the Aggregate 
of the Degrees of Velocity, (according to 
the Quantity of Time, and the determi- 
nate Ratio of the fuppofed Degrees of Ve- 
locity,) which Superficies having its Parts 
proportionable to the refpedlive Parts of the 
Space moved through, may very well re- 
prefent the fame. And this Superficies for 
Brevity's fake, Icall henceforwards aggrega^ 
ticalFelocity^ or the Reprefentative of Space. 
Here, by the way, I would not, that any 
Body fhould be concern'd, that I have faid 
fome Length is moved through in every 
Inftant of Time, and fo affirm, as it were, 
that there is fuch a Thing as inftantaneous 
Motion. For if is Time be fuppoifed to ba 
made up of Moments, Lines will be com- 
pounded of Points too 'y and if unequal 

Lines 
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Lines be made up of infinite Points, equal 
in Number, it muft follow neceflarily, 
that the Points of Lines are unequal, in 
the fame Proportion to the Lines, and Co 
unequal Points of this Kind, of which the 
whole Length mov'd thro', is as it were 
taade up, are to be conceived only as 
Lengths moved thro' in equal Moments of 
Time. But if this be not an agreeable 
Way of fpeaking, and inftantaneous Mo- 
tion, /will notat all be allowed, know ye, 
chat by Inilants, I mean no other than in- 
finitely fmall Parts of Time ; each having 
fome Degree of Velocity correfponding 
therewith, to which an infinitely fmall Part 
of the Space moved through is propor- 
tionable ; and then to reprefent any one of 
thefe particular Degrees, continuing the 
lame for a very fmall Time, we muftfub- 
ftimte a little Redtangle apply 'd to the faid 
fmall Time, inftead of a right Line* And 
as the fame Coniequence will follow from 
either of thefe Confiderations, and the fir ft 
ileems to be the moft plain and evident, it 
is this therefore that we fhall hereafter 
infift upon. But to return. Becaufe pa- 
rallel right Lines may be drawn through 
all the Points ofa right Line, either equal 
or unequal as you pleafe, forming a plane 
Superficies^ therefore we may apply fevc* 
ral diflferent Degrees of Velocity, to every 
Inftant of T ime, either equal or unequal, 

C 3 according 
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according as the moveable Body, through- 
out its whole Courfc^ is fuppofcd to have 
the fame, or various Impetus's, any how 
increafing or decreafing. If it is fuppofed to 
have the fame Velocity always, it eafily 
p. appears from what has been faid, that the 

^^ ^ggregatical Velocity in any given Tipc, 
may very aptly be reprefented by a Paral- 
lelogram, as AZZE, the Side A£ exprefung 
the given Time, and the other Side Ai 
with its Parallels BZ, CZ, DZ, EZ, will 
ihew every Degree of Velocity in each 
Mon^ent of Timey being all in this Cafb 
equal. Alfo the Parallelograms AZZB, 
AZZC, AZZD, AZZE, will reprefent the 
Spaces moved through in the refpedivo 
Times AB, AC, AD, AE. From which 
Confideration only, miiy immediately be 
deduced all the Properties of an equable 
or uniform Motion, as they call it 5 as for 
• Example, that the Spaces moved tbrtmgb 
with an equable Vekctty^ are to me another 
4ts the Times: That the Spaces run through 
in the fame Time^ are to one another as the 
Velocities y and contrary wife : If the Spa^ 
ces are as the Velocities^ the Time will be 
equal, if as the Timesy the Velocities ijoill 
be equal And if the Spaces are eqttal^ the 
Times will be reciprocally as the Velocities i 
and on the contrary, if the Times be reci^ 
proc ally proportionable to the Velocities^ the 
pipages will be equal to one another. And 
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laftly, any Spaces ire to one another in the 
Ratid, compoukded of thoje of the Veloci'- 
ties and ^imesi alfo, if the Ratio of the 
Times be taken MOayfrom the Ratio of the 
Spaces^ the reminder will be the Ratio of 
the Velocities \ or if the Ratio of the Veloci- 
ties be taken away^ there will remain the 
Ratio of the Times. For thefe are the Af- 
fections of Parallelograms compared to one 
another, (that is, of equiangular Parallelo- 
grams; for when thefe reprefentative Pa- 
rallelograms are compared to one another, 
they muft be equiangular, tho' indeed, 
when feparatety confider'd, it matters not 
what Angle is fuppofed) I fay, • thefe ace 
evident from the Nature of Parallelo- 
grams, and fo eafily flow from what has 
been faid, as to feem to require no other 
Pemohftration. And indeed, as to all 
Bilatters falling under a Mathematical Con- 
fideration, (that is, any how involving 
Quantity,) Theorems do appear with great 
Facility, and may be moft compendioufly 
demonftrated, if any one knows rightly, 
and congruoufly, how to reduce Quanti- 
ties of any Kind foever, fubjeft to hisGon- 
; temptation, to analogous Magnitudes. But 
again, if the Degree of Velocity be fup- 
pofed to be perpetually augmented, or^-~ 
diminifhed throughout all the Inftants of 
Time, from the leaft Degree, viz, Refl:, 
. to a given Degree of Velocity, or from 
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this given Degree to Reft. The aggrcga* 
tical Velpcity may in like Manner be 
exprefled by any Superficies, perpetually 
increafing from a Point to a Line of a given 
Magnitude; or decreafing back again, from 
fjg. |. this Line to that Point; but bcft of all by 
a right Lin'd Triangle, fuppofe the Tri- 
angle AEY, wherein the Side AE denotes 
the Time, and the parallel Lines BY, CY, 
\ DY, EY applied to the Points thereof, 
the feveral Degrees qf Velocity, anfwering 
to every Inftant of Time, equally increafing 
from the Point A, (reprefenting Reft, or 
the leaft Pegree of Velocity,) to a given 
Degree reprefented by the greateft Line 
EY, or decreafing back again from the 
faid Line EY, to the Point A, reprefent- 
ing Reft. And for the fame Reafon as 
before, the Triangles ABY, ACY, ADY, 
AEY will reprefent the. Spaces moved 
through, from the Beginning pf the Mo- 
tion, in the refpedlivc Times. And confe- 
quently, if the Velocity be fuppofed to be 
equally augmented or diminifhed from 
any one given Degree to another; both 
the aggregatical Velocity, and anfwerablc 
Space moved through, may be reprefented 
by the Trapezium CYYE. Hence all the 
chief Properties of this Kind of Motion, 
(moft aptly call'd by GaUil(eOy a Motion 
uniformly accelerate,) may very eafily be 
feun4 put and demonftrated, Such as,, 

that 
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thaf tbofe Spaces are equals which are 
movd through in the fame I'imej by a Mo* 
tion uniformly accelerate from Refiy and 
a uniform equable Motion^ provided the Ve^ 
locity of the latter be one half the great ef; 
Velocity of the former. T^hat the Spaces 
moved through by a Motion uniformly ao^ 
celeratedfrom Refj are to one another^ as 
the Squares of the T'imeSy (or in the Dupli- 
cate Ratio of the Times.) And in compa- 
ring after this Manner, different acce- 
lerate Motions: I'hat the Spaces moved 
through^ are in a Ratio compounded of the 
Rations of the Times, and of the greatejl Ve^ 
iocities : And fuch like as thefe, either 
connedled with them, or following from 
them, which agree to Triangles compared 
together, as to their Ratio's, and that of 
their Sides j which may cafily be perceived 
and demonftrated, from what has been 
laid down. Moreover, if the Degrees 
of Velocity, in a continual Succeffifion 
from Reft, throughout every Inftant of 
Time, to a given Degree, be conceived to pj ^ 
increafe,or to decreafe backwards from that, 
in the Progreffion of the fquare Num- 
bers, the aggregatical Velocity, as well as 
the Space moved through, may moft con-, 
veniently be reprefented by the Comple- 
ment of a Semi-Parabola, as AEX, whofe 
Vertex A is fuppofed to be Reft, (or the 
Beginning of the Motion and Time,) the 

Abfcifs 
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Abfcift AE a given Time, and Line BX 
the firft Etegree of the incrcafing Velocity 
(being as i.) The next CX the fecond De- 
gree (being as 4 ) The next DX (being as 
9.) And fo on to the laft EX: Which is 
manifeft from a well knowa Property of 
the Parabola. In like Manner, any fup- 
pofed Degrees of Velocity, any how in- 
creafing or deereafing continually, or inter- 
ruptedly, I fay, after any imaginable Way, 
may be truly and conveniently expreffed by 
right Lines applied to that reprefenting the 
Time, keeping whatever Proportion any 
one is p leafed to afiign ; fo that knowing 
from thence, the Meafure of the reprefim- 
tative Space, the Quantity of the Space 
moved through, will be ealily had ; atad 
contrarywife, if the Nature of the faid 
Space be fhewn, you may fome how or 
other find the Velocity and Time; which 
Thin^ certainly necefiary to beunderftood 
hereafter by Learners,, and appearing of 
great Ufc throughout the wholp Theory of^ 
Motion, we have thought (fit to handle 
ibmewhat largely, . Which Bufinefs being 
difpatched, I advance no farther at this 
Time^ 
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lAVIN.G attempEcd to confl- 
1 der the different Ways by 
' which Magnitudes are conr 
ceived to be produced j we 
have begun by touching up- 
on that firft and fvincipal Way^ which is 
performed by loc^l Motion. But iince ic 
IS common ^ith Matbematiciam, to af- 
fume, as poffible, Motions after various 
Manners, from which Magnitudes of fevc- 
ral Sorts do refult, we make Choice of 
two Springs, from whence thofe Differ- 
ences of ISiotions do flow, viz. the Mode 
oi Latien {oT Baring) itfelf, and the Quan- 
tity of the Motive Force j the latter of which 
not being fo obvious and apparent, wc 
have lately endeavotir'd to explain and 
^t in a clear Light. We Aiall now fpeak 
further of their feveral differences, and 
ibew 
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ihcw how they may be ferviceable to the 
Generations of Magnitudes. In regard 
to the Mode of Lation^ Magnitudes arc 
generated, either by fimple Motions, or 
by compound Motions, or elfe by the 
Concurrence of Motions (for I make a 
Difference between Compofition, and Con- 
currence, tho' thefe by fome are taken for 
the fame.) Andfirftofall, let us fee what 
are the Hypothefesy and efFedts arifing from 
limple Motions. Of thefe there are two 
Kinds, <po^\ and Tre^t^o^ctj Frogrejfion 
and Circumlation or Circumrotation. Un- 
der the former of which is cbmprehended 
all Motion, not regarding any fixed Place, 
(by the Name of Place, I underftand any 
Magnitude, reckonirtg even a Point as 
fuch) to which it is, as it wiere, tied and 
confined 5 whether that Motion be diredir, 
reflefted or refraded; or- whether it keeps 
on in a beaten Path ; incotiftsrntly leaps, or 
irregularly wanders. But becaufe Art cannot 
in the leaft take Cognizance of any Thing 
which is irregular, it is fufficient for Mathe-- 
maticians to conceive, that any Magnimde 
may move on according to any afligned 
Diredion or Path. As for Example, a 
Point along a right Jjine^ circular Liiie^ 
elliptick LinCy a Spiral^ &c* But the chief 
Hypothefes^ firft fram'd by Mathematkmns 
about thefe kind of Motions, being of the 
greateft and moft frequent Ufe to the For- 
mation 
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tnation of Magnitudes, are thefe : That a 
Point may move diredlly on, as lo«gs as 
you pleafe, from an affign'd Term, in a 
right Line, by which Motion it is evident 
a right Line is defcribed. That a right 
Line may fo move along any other Line, 
as in the mean while, to perpetually keep 
a parallel Situation, {viz. that the fame 
according to the Pofition which it hap- 
pens to have in any Moment of Time, may 
be parallel to itfelf, when fituate in any 
other Moment of him.) Alfo, that any 
Line (definitely or indefinitely extended, 
which we would have underftood in all) 
may proceed forwards, with a diredt Mo- 
tion, likewife parallel to itfelf, (I fay, 
by a diredl Motion, that is, that every 
Point thereof may defcribe right Lines,) 
which two Motions are doubtlefs equiva- 
lent to each other, anjd produce the fame 
EiTedt, and thofe Superficies conceived to 
be generated by either of thefe, which are 
the moft equable and uniform, ought to 
have the Preference of the reft ; fuch as 
Parallelograms^ in a Plain, (either right 
lin'd, or mixed) and prifmatick and cylin-- 
drical Superficies^ taken both it a ftrid: 
and large Senfe, delineated in a Solid, if I 
may fo fpeak, or not in one Plain. Let, for 
Example, in the firft Place, BC be a right Fig. 3. 
Lme, and let the right Line AB ftanding 
upon it, move along perpetually parallel 
. . i ' tQ 
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to icfelf, until the Point B being arrived 
at Cy the right Line AB coincides with DC 
parallel to AB, It is manifeft by this Mo* 
tion> a plain Figure being the Parallehh 
gram ABCD will be gmerated. It is aHb 
evident, that any aflum'd Point in AB, 
fuppofe E, does defcribe a right Line, the 
Parts BE of which intercepted by the 
right Line AB, are equal to me Parts BB 
of the right Line BC, intercepted by the 
faid right Line AB refpedtively, (that is 
moved through by the Point B in the 
^ ** fame Time.) Nor is it lefs manifeA, if on 
the contrary, the right Line BC moves a« 
long BA, the fame Superficies will be de- 
fcribed; and all Points, as F, of the right 
Line BC defcribe right Lines ; as likewife 
the Parts FF of thefe intercepted by the 
Parallels BC, are equal to the refpedtive 
Parts BB of the Line AB. (But, for Bre- 
vities fake, I would have it henceforwards 
obferved, as well in thefe as the like Cafes» 
I call that one of thefe Lines, by whole 
Motion a Magnitude is defcribed, genera^ 
five > and the other according to which the 
former moves, or on which it (lands, I 
give the Name of direBive^ becaufe the 
Courfe of the Line moved, is governed by 
^^ 5- it, or accommodated to it.) Again, let 
there be any Curve, (as the Arch of a Cir- 
cle) BC, and the right Line AB ftand on 
the fame, in the fame Plains and let the 

right 
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right Lifte AB continually move along the 
Curve BC parallel to itfelf, until the Point 
B arrives at C, and the right Line AB at 
length coincides with DC, parallel to AB 
in its firft Situation ; by this Motion alfo 
will be defcribed a pWin Figure being a 
Parallelogram^ (in a large Sence.) Becaufe 
the oppofite Sides thereof are parallel j the 
right Line AB, to the right Line DC; and 
the Curve AD, to the Curve BC. For 
here too, every Point of the generative right 
Line^ asE, will defcribe Lines fimilar and 
eiqual to the directive Line BC j as well the 
Wholes, as the Parts intercepted by the 
fame Parallels AB* For if any two Points 
EE, be join'd by a right Line, and the 
Points BB anfwering to them, be alfo 
join'd by a right Line ; becaufe the right 
Lines EB are equal to each other, (for Fig. 5. 
they are no other but the very fame Line 
in a diiFerent Situation,) and parallel by 
Suppofitipn, the right Lines EE, BB {hall 
he equal and parallel, therefore it is evi- 
dent, the Curves EE, BB are equal and 
fimilar to each other j they are equal, be- 
caufe all the Subtenfes EE are feparately 
equal to the Subtenses BB, and fimilar, be- 
caufe the right Lines ABdoconftitute equal 
Angles^ with the adjacent refpedive Sub- 
tenfes EE and BB, and fo the right Lines 
E£ e^ual to thofe which the right Lines 
BB are, t]|iofe by themfelves, and the(e 

by 
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by themfelves (for the Similitude of 
Lines, and any Magnitudes whatfoever, 
Gonfifls in the Proportionality of fuch 
l^arts, and Equality of fuch Angles, as 
perhaps we have (hewn elfewhere more 
Fig* 6. clearly and fully.) But if on the contrary, 
the Curve Line BC, he made the genera-^ 
five Line, and the right Line BA the di^ 
revive Line, that is, if BCbe moved along, 
BA, parallel to itfelf, there will be pro* 
duc'd the felf hm^ parallelogramick Super* 
Jicies J and every Point as F of the right 
Line BC, will defcribe right Lines parallel 
to B A 5 as alfo the Parts FF, will be equal 
to the refpedkive Parts BP; as follows after 
the fame Manner, from the Suppofition of 
the conftant Parallelifm of the Curve BC. 
Laftly, let there be any Curve, (either 
made up of right Lines, making right 
Angles, which alfo defervedly may bear 
the Name of a Curve ; at leaft Arcbime^ 
deSy calls Lines compounded of right Lines 
as the Perimeters of Figures infcribing or 
circumfcribing Circles, ka/jlttv^Sv ygjep- 
f^covj inflected Lines ; as on the contra • 
ry, any Curve Line may be looked upon, 
as made up of innumerable fuch Lines, in<» 
definitely fmall, being adjacent, and ma-> 
king Angles one after another.) I fay, let 
there be fome fuch Curve BC, conftituted 
in one Plain, then in another Plain, ele- 
vated any how above the Plain of the 

Line 
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along Parallel to it felf, in the Manner 
above fhewn ; by this Motion a cylindri^ 
cal Superficies will be defcribed (or cer- 
tainly a prifmatical SuperficieSy if the di^ 
reciive Line be fuppofed to be made up 
of right Lines:) A cylindrical Sn^T^citSy 
ftridlly fpeaking, when the DireSlive Line 
is Circular or Elliptick ; bu|r fuch in a 
large Senfe, when the lAv^A^ of another 
kind, as Parabolicaly Hyp/&bolicaly &c. In 
this Motion too every rointof the genera- 
tive Line will defcribe Lines fimilar and 
equal to the direSiive Curve ; equal, be- 
caufe E B are equal and parallel j and fo Ei]rn. 
E E, B B equal and pardlel too ; but fi- 
milar, becaufe the Angles EEE, BBB 
are equal. So likewile on the contrary, 
the fame Superficies will be defcribed by 
jfuppofing the Curve BC to move along 
the right Line AB parallel -wife. Alfo 
how all the Points of the Curve BC will 
delineate right Lines parallel and equal 
to the refpedivc intercepted Parts of the 
right Line A B, may be fhewn after the 
fame Manner 09 before in the Example 
of a plane Figure. Therefore if the Su- 
perficies thus generated be cut by any 
Plane parallel to a Right Line, Dir^e^ive 
ov Generative (which in every Situation 
may be call'd a fide of the Superficies ge- 
nerated) the common Se<5tion will confifl 
of two parallel Lines equal to one ano- 
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ther. But as to the Superficies thus ge- 
nerated, it is worth Obfervation (for our 
Defign is not only to treat of the bare 
Generations of Magnitudes; but likewife 
ihew fome of their general Properties re- 
fuhing from the different Ways of Gene- 
ration) if the generative Line be ftraight 
(as diftinguiftied in the Figure by the 
Letter Z) the Parts of the Superficies pro- 
duced lying between Lines parallel to the 
generative Line, are always proportiona- 
ble to the refpedive Parts of the diredlive 
Line, viz. (the Superficies BCCB to 
the refpedtive right Lines BB.) But if the 
directive Line be a Curve (as Y in the Fi- 
gure) it will not always happen, that the 
Superficies intercepted by the generati*ve 
right Line are proportional to the Parts 
of the Curve intercepted by the diredlive 
Line; but this happens at leaft when the 
generative right Line is every where in- 
clined, equally in every Point thereof, to 
the Curve BC ; as it falls out in the Su- 
perficies of every right Cylinder, Laxly 
or Stridtly fo called. Becaufe then the 
generative right Line in all Points of the 
Curve is perpendicular to the Tangents 
or Subtenfes drawn to thofe Points. But 
Fi-. 6. ^^5 ^^^ Example, the Curve BC be fuppo- 
fed the Arch of a Circle, which is eqljal- 
ly divided in the Point B, the Supefncies 
ABBA {landing upon the equal Periphe- 
rics 
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ries BB will not neceflarily be equal to one 
another, becaufe(in all Cafes except thofe 
before-mention'd of the right Cylinder) 
the right Lines AB are every where une- 
qually inclined at the Points B, (in com- 
paring any one with another;) that is, 
they make unequal Angles with the feve- 
ral Tangents at B, and Subtenfcs BB. On 
which thing depends that tnfuperable Dif- 
ficulty wherewith thofe have been troub- 
led, who have endeavoured to meafure ob- 
lique cylindrical Superficies^ or compare 
them as to proportion with the Superficies 
of right Cylinder Sy or other Superficies in 
Jbme fi)rt known. Lajllyy We fuppofe a- 
ny plain Superficies in like manner to 
move ftraight onwards parallel to iifelf, 
viz. fo that every Point of it does def- 
cribe right Lines equal and parallel to 
one another ; or that all right Lines there- 
of do mark out plain parallelogram ick 
Superficies (which is what follows from 
hence ;) by this Motion will be defcribed 
prifmatical or cylindrical Solids 5 the 
very felf fame, concerning the Superficies 
whereof we have but now handled, and 
to which fey a like Reafoning may be 
apply'd what we have (hewn agrees to 
thofe Superficies. As, that the Superficies 
of them intercepted by parallel Planes 
and the Bodies themfelves contained un- 
der them, and their fides, (or the refpedive 
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to icfelf, until the Point B being arrived 
at Cy the right Line AB coincides with DC 
parallel to AB, It is manifeft by this Mo* 
tion, a plain Figure being the Paralleh* 
gram ABCD will be gmerated. It is aHb 
evident, that any aflum'd Point in AB, 
fuppofe E, does defcribe a right Line, the 
Parts BE of which intercepted by the 
right Line AB, are equal to the Parts BB 
of the right Line BC, intercepted by the 
faid right Line AB refpedtively, (that is 
moved through by the Point B in the 
^ *' fame Time.) Nor is it lefs manifeA, if on 
the contrary, the right Line BC moves a- 
long BA, the fame Superficies will be de- 
fcribed; and all Points, as F, of the right 
Line BC defcribe right Lines ; as likewife 
the Parts FF of thefe intercepted by the 
Parallels BC, are equal to the refpedtive 
Parts BB of the Line AB. (But, for Bre- 
vities fake, I would have it henceforwards 
obferved, as well in theie as the like Cafe$» 
I call that one of thefe Lines, by whofe 
Motion a Magnitude is dcfcribed, genera^ 
five y and the other according to which the 
former moves, or on which it (lands> I 
give the Name of direBive^ becaufe the 
Courfe of the Line moved, is governed by 
^^g 5- it, or accommodated to it.) Again, let 
there be any Curve, (as the Arch of a Cir- 
cle) BC, and the right Line AB ftand on 
the fame, in the fame Plain j and let the 
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right Line AB continually move along the 
Curve BC parallel to itfelf, until the Point 
B arrives at C, and the right Line AB at 
length coincides with DC, parallel to AB 
in its firft Situation ; by this Motion alfo 
will be defcribed a plain F/^«r^ being a 
Parallelogram^ (in a large Sence.) Becaufe 
the oppofitc Sides thereof are parallel J the 
right Line AB, to the right Line DC; and 
the Curve AD, to the Curve BC. For 
here too, every Point of the generative right 
Line^ asE, will defcribe Lines fimilar and 
equal to the direSiive Line BC j as well the 
Wholes, as the Parts intercepted by the 
fame Parallels AB* For if any two Points 
EE, be joined by a right Line, and the 
Points BB anfwering to them, be alfo 
join'd by a right Line ; becaufe the right 
Lines EB are equal to each other, (for Fig. 5. 
they are no other but the very fame Line 
in a different Situation,) and parallel by 
Suppofitipn, the right Lines EE, BB {hall 
be equal and parallel, therefore it is evi- 
dent, the Curves EE, BB are equal and 
fimilar to each other j they are equal, be- 
caufe all the Subtenfes EE are feparately 
equal to the Subtenses BB, and fimilar, be- 
caufe the right Lines ABdoconflitute equal 
Angles^ with the adjacent refpedive Sub- 
tenfes EE and BB, and fo the right Lines 
EE e^ual to thofe which the right Lines 
BB are, tj^iofe by themfelves, and thefe 

by 
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by themfelves (for the Similitude of 
Lines, and any Magnitudes whatfoever, 
Gonfifls in the Proportionality of fuch 
l^arts, and Equality of fuch Angles, as 
perhaps we have (hewn elfewhere more 
Fig* 6. clearly and fully.) But if on. the contrary, 
the Curve Line BC, he made the genera-^ 
the Line, and the right Line BA the di^ 
reSlive Line, that is, if BCbe moved along, 
BA, parallel to itfelf, there will be pro* 
duc'd the felf {vitnt parallelogramick Super* 
Jicies J and every Point as F of the right 
Line BC, will defcribe right Lines parallel 
to B A 5 as alfo the Parts FF, will be equal 
to the refpedkive Parts BP; as follows after 
the fame Manner, from the Suppofition of 
the conftant Parallelifm of the Curve BC. 
Laftly, let there be any Curve, (either 
made up of right Lines, making right 
Angles, which alfo defervedly may bear 
the Name of a Curve ; at leaft Arcbime^ 
deSy calls Lines compounded of right Lines 
as the Perimeters of Figures infcribing or 
circumfcribing Circles, KxiJUTrvXSiv y^^^ 
jA^Sivy inflet^ed Lines s as on the contra • 
ry, any Curve Line may be looked upon, 
as made up of innumerable fuch Lines, in* 
definitely fmall^ being adjacent, and ma-> 
king Angles one after another.) I fay, let 
there be fome fuch Curve BC, conftituted 
in one Plain, then in another Plain, ele- 
vated any how above the Plain of the 

Line 
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along Parallel to it feif, in the Manner 
above fhewn ; by this Motion a cylindri^ 
cal Superficies will be defer ibed (or cer- 
tainly a prifmatical Superficies^ if the di^ 
reciive Line be fuppofed to be made up 
of right Lines:) A cylindrical Supcr&ciQSy 
ftridlly fpeaking, when the DireSiive Line 
is Circular or Elliptick ; but fuch in a 
large Senfe, when the Lin^^ of another 
kind, as Parabolical^ Hyp/&bolicaly &c. In 
this Motion too every rointof the genera- 
tive Line will defcribe Lines fimilar and 
equal to the direSiive Curve ; equal, be- 
caufe E B are equal and parallel j and fo Eiem. 
E E, B B equal and pardlel too ; but fi- 
milar, becaufe the Angles EEE, BBB 
are equal So likewile on the contrary, 
the fame Superficies will be defcribed by 
jfuppofing the Curve BC to move along 
the right Line AB parallel -wife. Alfo 
how all the Points of the Curve BC will 
delineate right Lines parallel and equal 
to the refpedive intercepted Parts of the 
right Line A B, may be fhewn after the 
fame Manner aa before in the Example 
of a plane Figure. Therefore if the Su- 
perficies thus generated be cut by any 
Plane parallel to a Right Line, Dir^e^ive 
ov Generative (which in every Situation 
may be call'd a fide of the Superficies ge- 
nerated) the common Se<5tion will confifl 
of two parallel Lines equal to one ano- 
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ther. But as to the Superficies thus ge- 
nerated, it is worth Obfervation (for our 
Defign is not only to treat of the bare 
Generations of Magnitudes; but likewifc 
fhew fome of their general Properties re- 
fuhing from the different Ways of Gene- 
ration) if the generative Line be ftraight 
(as diftinguiftied in the Figure by the 
Letter Z) the Parts of the Superficies pro- 
duced lying between Lines parallel to the 
generative Line, are always proportiona- 
ble to the refpedivc Parts of the diredlive 
Line, viz. (the Superficies BCCB to 
the refpeftive right Lines BB.) But if the 
directive Line be a Curve (as Y in the Fi- 
gure) it will not always happen, that the 
Superficies intercepted by the generati've 
right Line are proportional to the Parts 
of the Curve intercepted by the diredlive 
Line; but this happens at leaft when the 
generative right Line is every where in- 
clined, equally in every Point thereof, to 
the Curve BC ; as it falls out in the Su- 
perficies of every right Cylinder, Laxly 
or Stridtly fo called. Becaufe then the 
generative right Line in all Points of the 
Curve is perpendicular to the Tangents 
or Subtenfes drawn to thofe Points. But 
Fi-. 6. ^f> fo^ Example, the Curve BC be fuppo- 
fed the Arch of a Circle, which is equal- 
ly divided in the Point B, the Superficies 
ABBA {landing upon the equal Periphe- 
ries 
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ries BB will not neceflarily be equal to one 
another, becaufe(in all Cafes except thofe 
before-mention'd of the right Cylinder) 
the right Lines AB are every where une- 
qually inclined at the Points B, (in com- 
paring any one with another;) that is, 
they make unequal Angles with the feve- 
ral Tangents at B, and Subtenfcs BB. On 
which thing depends that infuperable Dif- 
ficulty wherewith thofe have been troub- 
led, who have endeavoured to meafure ob- 
lique cylindrical Superficies^ or compare 
them as to proportion with the Superficies 
of right CylinderSj or other Superficies in 
Jome fi)rt known. Lafily, Wc fuppofe a- 
ny plain Superficies in like manner to 
move ftraight onwards parallel to itfelf, 
viz. fo that every Point of it does def- 
cribe right Lines equal and parallel to 
one another ; or that all right Lines there- 
of do mark out plain parallelogramick 
Superficies (which is what follows from 
hence ;) by this Motion will be defcribed 
prifmatical or cylindrical Solids j the 
very felf fame, concerning the Superficies 
whereof we have but now handled, and 
to which fey a like Reafoning may be 
apply'd what we have (hewn agrees to 
thofe Superficies. As, that the Superficies 
of them intercepted by parallel Planes 
and the Bodies themfelves contained un- 
der them, and their fides, (or the refpedive 
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to icfelf, until the Point B being arrived 
at Cy the right Line AB coincides with DC 
parallel to AB, It is manifeft by this Mo* 
tion> a plain Figure bdng tht Paralleled 
gram ABCD will be generated. It is aHb 
evident, that any aflum'd Point in AB, 
fuppofe E, does defcribe a right Line, the 
Parts BE of which intercepted by the 
right Line AB, are equal to me Parts BB 
of the right Line BC, intercepted by the 
faid right Line AB refpedtively, (that is 
moved through by the Point B in the 
^ ** fame Time.) Nor is it lefs manifeA, if on 
the contrary, the right Line BC moves a- 
long BAy the fame Superficies will be de* 
fcribed; and all Points, as F, of the right 
Line BC defcribe right Lines; as likewife 
the Parts FF of thefe intercepted by the 
Parallels BC, are equal to the refpedtive 
Parts BB of the Line AB. (But, for Bre- 
vities fake, I would have it henceforwards 
obferved, as well in thefe as the like Cafes, 
I call that one of thefe Lines, by whofe 
Motion a Magnitude is dcfcribed, genera^ 
tivcy and the other according to which the 
former moves, or on which it (land$> I 
give the Name of direBive^ becaufe the 
Courfe of the Line moved, is governed by 
^^g 5- it, or accommodated to it.) Again, let 
there be any Curve, (as the Arch of a Cir- 
cle) BC, and the right Line AB ftand on 
the fame, in the lame Plains and let the 

right 
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right Lifte AB continually move along the 
Curve BC parallel to itfelf, until the Point 
B arrives at C, and the right Line AB at 
length coincides with DC, parallel to AB 
in its firft Situation 5 by this Motion alfo 
will be defcribed a pWin Figure being a 
Parallelogram^ (in a large Sence.) Becaufe 
the oppofite Sides thereof are parallel 5 the 
right Line AB, to the right Line DC; and 
the Curve AD, to the Curve BC. For 
here too, every Point of the generative right 
Line, asE, will defcribe Lines fimilar and 
ciqual to the dire6live Line BC j as well the 
Wholes, as the Parts intercepted by the 
fame Parallels AB. For if any two Points 
EE, be join'd by a right Line, and the 
Points BB anfwering to them, be alfo 
join'd by a right Line ; becaufe the right 
Lines EB are equal to each other, (for Fig. 5. 
they are no other but the very fame Line 
in a different Situation,) and parallel by 
Suppofitipn, the right Lines EE, BB fliall 
be equal and parallel, therefore it is evi- 
dent, the Curves EE, BB are equal and 
fimilar to each other j they are equal, be- 
caufe all the Subtenfes EE are feparately 
equal to the Subtenfes BB, and fimilar, be- 
caufe the right Lines ABdoconflitute equal 
Angles^ with the adjacent refpedive Sub- 
tenfes EE and BB, and fo the right Lines 
EE e^ual to thofe which the right Lines 
BB are, d^iiofe by themfelves, and thefe 

by 
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by themfclves (for the Sittailicude of 
Lines, and any Magnitudes whatfoever, 
Gonfifls in the Proportionality of fuch 
I^arrs, and Equality of fuch Angles, as 
perhaps we have (hewn elfewhere more 
Fig. 6. clearly and fully.) But if on the contrary, 
the Curve Line BC, he made the genera^ 
the Line, and the right Line BA the di^ 
re£tiv€ Line, that is, if BC be moved along, 
BA, parallel to itfelf, there will be pro 
duc'd the felf {ame parallelogramick Super-^ 
Jicies 3 and every Point as F of the righc 
Line BC, will defcribe right Lines parallel 
to B A 5 as alfo the Parts FF, will be equal 
to the refpedkive Parts BPj as follows after 
the fame Manner, from the Suppofition of 
the conftant Parallelifm of the Curve BC. 
Laftly, let there be any Curve, (either 
made up of right Lines^ making righc 
Angles, which alfo defervedly may bear 
the Name of a Curve ; at leaft Archime-^ 
desy calls Lines compounded of right Lines 
as the Perimeters of Figures infcribing or 
circumfcribing Circles, KAfMnj^m y^^^ 
fiSvi infle(5ted Lines ; as on the contra • 
ry, any Curve Line may be looked upon, 
as made up of innumerable fuch Lines, iiv* 
definitely fmall, being adjacent, and ma-^ 
king Angles one after another.) I fay, let 
there be fome fuch Curve BC, conftituted 
in one Plain, then in another Plain, ele- 
vated any how above the Plain of the 
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along Parallel to it felf, in the Manner 
above fhewn j by this Motion a cylindri^ 
cal Superficies will be defer ibed (or cer- ^ 
tainly a prijmatical Superficies^ if the ^Z- 
reSlive Line be fuppofed to be made up 
of right Lines:) A cylindrical Superficies, 
flridJy fpeaking, when the DireSlive Line 
is Circular or Elliptick ; but fuch in a 
large Senfe, when the Lin^^ of another 
kind, as Parabolicaly Hyp/rbolical^ &c. In 
this Motion too every Point of the genera- 
tive Line will defcribe Lines fimilar and 
equal to the direSiive Curve j equal, be* 
caufe E B are equal and parallel ; and fo Eiem, 
E E, B B equal and parallel too ; but fi- 
milar, becaufe the Angles E E E, B B B 
are equal. So likewile on the contrary, 
the fame Superficies will be defcribed by 
iuppofing the Curve BC to move along 
the right Line AB parallel- wife. Alfo 
how all the Points of the Curve B C will 
delineate right Lines parallel and equal 
to the rcfpedive intercepted Parts of the 
right Line A B, may be fhewn after the 
fame Manner a$ before in the Example 
of a plane Figure. Therefore if the Su- 
perficies thus generated be cut by any 
Plane parallel to a Right Line, Dit^e^ive 
ov Generative (which in every Situation 
may be call'd a fide of the Superficies ge- 
nerated) the common Seifkion will confifl 
of two parallel Lines equal to one ano- 
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ther. But as to the Superficies thus ge- 
nerated, it is worth Obfervation (for our 
Defign is not only to treat of the bare 
Generations of Magnitudes; but likewife 
fhew fome of their general Properties rc- 
fuhing from the dififerent Ways of Gene- 
ration) if the generative Line be ftraight 
(as diftinguiftied in the Figure by the 
Letter Z) the Parts of the Superficies pro- 
duced lying between Lines parallel to the 
generative Line, are always proportiona- 
ble to the refpedive Parts of the direilivc 
Line, viz. (the Superficies BCCB to 
the refpedtive right Lines BB.) But if the 
direftive Line be a Curve (as Y in the Fi- 
gure) it will not always happen, that the 
Superficies intercepted by the generative 
right Line are proportional to the Parts 
of the Curve intercepted by the direftive 
Line; but this happens at leaft when the 
generative right Line is every where in- 
clined, equally in every Point thereof, to 
the Curve BC ; as it falls out in the Su- 
perficies of every right Cylinder, Laxly 
or Stridly fo called. Becaufe then the 
generative right Line in all Points of the 
Curve is perpendicular to the Tangents 
or Subtenfes drawn to thofe Points. But 
n-. 6. if> for Example, the Curve BC be fuppo- 
fed the Arch of a Circle, which is e^al- 
ly divided in the Point B, the Supcfncies 
ABBA (landing upon the equal Periphe- 
rics 
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ries BB will not neceflarily be equal to one 
another, becaufe(m all Cafes except thofe 
before-mention'd of the right Cylinder) 
the right Lines AB are every where une- 
qually inclined at the Points B, (in com- 
paring any one with another;) that is, 
they make unequal Angles with the feve- 
ral Tangents at B, and Subtenfcs BB. On 
which thing depends that infuperable Dif- 
ficulty wherewith thofe have been troub- 
led, who have endeavoured to meafure ob- 
lique cylindrical Superficies^ or compare 
them as to proportion with the Superficies 
of right Cylinder Sy or other Superficies in 
Jbme fi)rt known. Lafily^ Wc fuppofe a- 
ny plain Superficies in like manner to 
move ftraight onwards parallel to iifelf, 
viz. fo that every Point of it does def- 
cribe right Lines equal and parallel to 
one another; or that all right Lines there- 
of do mark out plain parallelogramick 
Superficies (which is what follows from 
hence ;) by this Motion will be defcribed 
prifmatical or cylindrical Solids ; the 
very felf fame, concerning the Superficies 
whereof we have but now handled, and 
to which hy a like Reafoning may be 
apply'd what we have (hewn agrees to 
thofe Superficies. As, that the Superficies 
of them intercepted by parallel Planes 
and the Bodies themfelves contained un- 
der them, and their fides, (or the refpedlive 
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to itfelf, until the Point B being arrived 
at Cy the right Line AB coincides with DC 
parallel to AB, It is manifeft by this Mo- 
tion, a plain Figure being the Parallehh- 
gram ABCD will be generated. It is aUb 
evident, that any aflum'd Point in AB, 
fuppofe £, does defcribe a right Line, the 
Parts EE of which intercepted by the 
right Line AB, are equal to the Parts BB 
of the right Line BC, intercepted by the 
faid right Line AB refpedlively, (that is 
moved through by the Point B in the 
^ ** fame Time.) Nor is it lefs manifeA, if on 
the contrary, the right Line BC moves a- 
long BA, the fame Superficies will be de- 
fer ibed; ^nd all Points, as F, of the right 
Line BC defcribe right Lines ; as likewife 
the Parts FF of thefe intercepted by the 
Parallels BC» are equal to the refpedlive 
Pans BB of the Line AB. (But, for Bre- 
vities fake, I would have it henceforwards 
obferved, as well in thefe as the like Cafes, 
I call that one of thefe Lines, by whofe 
Motion a Magnitude is defcribed, genera^ 
tivCy and the other according to which the 
former moves, or on which it (lands, I 
give the Name of dire£tive^ becaufe the 
Courfe of the Line moved, is governed by 
^*s 5- it, or accommodated to it.) Again, let 
there be any Curve, (as the Arch of a Cir- 
cle) BC, and the right Line AB ftand on 
the fame, in the fame Plain; and let the 

right 
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right Line ABccmtinually move along the 
Curve BC parallel to itfelf, until the Point 
B arrives at C, and the right Line AB at 
length coincides with DC, parallel to AB 
in its firft Situation; by this Motion alfo 
will be dcfcribed a phin Figure being a 
Parallelogram^ (in a large Sence.) Becaufe 
the oppofite Sides thereof are parallel ; the 
right Line AB, to the right Line DC; and 
the Curve AD, to the Curve BC. For 
here too, every Point of the generative right 
Line, asE, will defcribe Lines fimilar and 
equal to the directive Line BC j as well the 
Wholes, as the Parts intercepted by the 
fame Parallels AB* For if any two Points 
EE, be join'd by a right Line, and the 
Points BB anfwering to them, be alfo 
joined by a right Line; becaufe the right 
Lines EB are equal to each other, (for Fig. 5. 
they are no other but the very fame Line 
in a different Situation,) and parallel by 
Suppofition, the right Lines EE, BB (hall 
he equal and parallel, therefore it is evi- 
dent, the Curves EE, BB are equal and 
fimilar to each other; they are equal, be- 
caufe all the Subtenfes EE are feparately 
^ual to the Subtenfes BB, and fimilar, be- 
caufe the right Lines ABdoconfliiute equal 
Angles^ with the adjacent refpedlive Sub- 
tenfes EE and BB, and fo the right Lines 
££ e^ual to thofe which the right Lines 
BB arc, xJt^ok by themfelves, and thefc 

by 
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by thcmfclves (for the Sitliilicude of 
Lines, and any Magnitudes whatfoever, 
Gonfifls in the Proportionality of fuch 
I^arts, and Equality of fuch Angles, as 
perhaps we have (hewn elfewhere more 
Fig* 6. clearly and fully.) But if on the contrary, 
the Curve Line BC, he made the genera-- 
the Line, and the right Line BA the di^ 
re£tiv€ Line, that is, if BC be moved along, 
BA, parallel to itfelf, there will be pro* 
duc'd the (c\f izmc parallelogramick Super* 
Jicies 3 and every Point as F of the righc 
Line BC, will defcribe right Lines parallel 
to B A J as alfo the Parts FF, will be equal 
to the refpedkive Parts BP; as follows after 
the fame Manner, from the Suppofition of 
the conftant Parallelifm of the Curve BC. 
Laftly, let there be any Curve, (either 
made up of right Lines^ making righc 
Angles, which alfo defervedly may bear 
the Name of a Curve j at leaft Archime-- 
des^ calls Lines compounded of right Lines 
as the Perimeters of Figures infcribing or 
circumfcribing Circles, KAfMnj^m y^^^ 
fiSvi infle(5ted Lines ; as on the contra • 
ry, any Curve Line may be looked upon, 
as made up of innumerable fuch Lines, in-* 
definitely fmall, being adjacent, and ma** 
king Angles one after another.) I fay, let 
there be fome fuch Curve BC, conftituted 
in one Plain, then in another Plain, ele- 
vated any how above the Plain of the 
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along Parallel to it felf, in the Manner 
above fhewn j by this Motion a cylindri* 
cal Superficies will be defer ibcd (or cer- v 
tainly a prifmatical Superficies^ if the di» 
revive Line be fuppofed to be made up 
of right Lines:) A cylindrical SuptrficieSy 
flridly fpeaking, when the Dirediive Line 
is Circular or Elliptick ; but fuch in a 
large Senfe, when the lAnoA^ of another 
kind, as Parabolicaly Hyprbolical^ &c. In 
this Motion too every Point of th^ genera- 
tive Line will defcribe Lines fimilar and 
equal to the dire£iive Curve ; equal, be* 
caufe EB are equal and parallel; and foE/m!' 
E E, B B equal and pardlel too ; but fi- 
milar, becaufe the Angles EEE, BBB 
are equal. So likewife on the contrary, 
the fame Superficies will be defcribed by 
iuppofing the Curve BC to move along 
the right Line AB parallel -wife. Alfo 
how all the Points of the Curve B C will 
delineate right Lines parallel and equal 
to the rcfpedive intercepted Parts of the 
right Line A B, may be fhewn after the 
fame Manner a; before in the Example 
of a plane Figure. Therefore if the Su- 
perficies thus generated be cut by any 
Plane parallel to a Right Line, Dir^e^ive 
ot Generative (which in every Situation 
may be call'd a fide of the Superficies ge- 
nerated) the common Se<3:ion will confifl 
of two parallel Lines equal to one ano- 
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ther. But as to the Superficies thus ge- 
nerated, it IS worth Obfervation (for our 
Defign is not only to treat of the bare 
Generations of Magnitudes; but likewifc 
fhew fome of their general Properties rc- 
fulting from the dififerent Ways of Gene- 
ration) if the generative Line be ftraight 
(as diftinguiftied in the Figure by the 
Letter Z) the Parts of the Superficies pro- 
duced lying between Lines parallel to the 
generative Line, are always proportiona- 
ble to the refpedive Parts of the direilive 
Line, viz. (the Superficies BCCB to 
the refpedtive right Lines BB.) But if the 
direftive Line be a Curve (as Y in the Fi* 
gure) it will not always happen, that the 
Superficies intercepted by the generati've 
right Line are proportional to the Parts 
of the Curve intercepted by the direGive 
Line; but this happens at leaft when the 
generative right Line is every where in- 
clined, equally in every Point thereof, to 
the Curve BC ; as it falls out in the Su- 
perficies of every right Cylinder, Laxly 
or Stridly fo called. Becaufe then the 
generative right Line in all Points of the 
Curve is perpendicular to the Tangents 
or Subtenfes drawn to thofe Points. But 
n-. 6. if> fo^ Example, the Curve BC be fuppo- 
fed the Arch of a Circle, which is eq(ial- 
ly divided in the Point B, the Superficies 
ABBA (landing upon the equal Periphe- 
rics 
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ries BB will not neceflarily be equal to one 
another, becaufe(in all Cafes except thofe 
before-mention'd of the right Cylinder) 
the right Lines AB are every where une- 
qually inclined at the Points B, (in com- 
paring any one with another;) that is, 
they make unequal Angles with the feve- 
ral Tangents at B, and Subtenfcs BB. On 
which thing depends that infuperable Dif- 
ficulty wherewith thofe have been troub- 
led, who have endeavoured to meafure ob- 
lique cylindrical Superficies^ or compare 
them as to proportion with the Superficies 
of right Cylinders^ or other Superficies in 
J'ome fi)rt known. Lafily^ Wc fuppofe a- 
ny plain Superficies in like manner to 
move ftraight onwards parallel to iifelf, 
viz, (o that every Point of it does def- 
cribe right Lines equal and parallel to 
one another; or that all right Lines there- 
of do mark out plain parallelogramick 
Superficies (which is what follows from 
hence ;) by this Motion will be defcribed 
prifmatical or cylindrical Solids ; the 
very felf fame, concerning the Superficies 
whereof we have but now handled, and 
to which hy a like Reafoning may be 
apply'd what we have (hewn agrees to 
thofe Superficies. As, that the Superficies 
of them intercepted by parallel Planes 
and the Bodies themfelves contained un- 
der them, and their fides, (or the refpedlive 
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to itfelf, until the Point B beii^ arrived 
at Cy the right Line AB coincides with DC 
parallel to AB, It is manifeft by this Mo- 
tion, a plain Figure being the Parallehh- 
gram ABCD will be generated. It is aHb 
evident, that any aflum'd Point in AB, 
fuppofe £, does defcribe a right Line, the 
Parts EE of which intercepted by the 
right Line AB, are equal to the Parts BB 
of the right Line BC, intercepted by the 
faid right Line AB refpedlively, (that is 
moved through by the Point B in the 
^ ** fame Time.) Nor is it lefs manifeA, if on 
the contrary, the right Line BC moves a- 
long BAy the fame Superficies will be de- 
fcribed; ^nd all Points, as F, of the right 
Line BC defcribe right Lines; as likewife 
the Parts FF of thefe intercepted by the 
Parallels BC» are equal to the refpeftive 
Pans BB of the Line AB. (But, for Bre- 
vities fake, I would have it henceforwards 
obferved, as well intheie asthelikeCafes, 
I call that one of thefe Lines, by whofe 
Motion a Magnitude is defcribed, genera^ 
five s and the other according to which the 
former moves, or on which it (lands, I 
give the Name of dire£tivey becaufe the 
Courfe of the Line moved, is governed by 
*^s 5- it, or accommodated to it.) Again, let 
there be any Curve, (as the Arch of a Cir- 
cle) BC, and the right Line AB ftand on 
the fame, in the fame Plain; and let the 

right 
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right Line ABccmtinually move along the 
Curve BC parallel to itfelf, until the Point 
B arrives at C, and the right Line AB at 
length coincides with DC, parallel to AB 
in its firft Situation 5 by this Motion alfo 
will be defcribed a ^\z\vi Figure being a 
Parallelogram^ (in a large Sence.) Becaufe 
the oppofite Sides thereof are parallel ; the 
right Line AB, to the right Line DC; and 
the Curve AD, to the Curve BC. For 
here too, every Point of the generative right 
Line^ asE, will defcribe Lines fimilar and 
equal to the directive Line BC i as well the 
Wholes, as the Parts intercepted by the 
fame Parallels AB. For if any two Points 
EE, be join'd by a right Line, and the 
Points BB anfwering to them, be alfo 
joined by a right Line ; becaufe the right 
Lines EB are equal to each other, (for Fig. 5. 
they are no other but the very fame Line 
in a different Situation^) and parallel by 
Suppofition, the right Lines EE, BB (hall 
he equal and parallel, therefore it is evi- 
dent, the Curves EE, BB are equal and 
fimilar to each other 5 they are equal, be- 
caufe all the Subtenfes EE are feparately 
equal to the Subtenfes BB, and fimilar, be- 
caufe therigbt Lines ABdoconfliiute equal 
Angles^ with the adjacent refpedlive Sub- 
tenfes EE and BB, and fo the right Lines 
££ equal to thofe which the right Lines 
BB arc, t^iofe by themfelves, and thefc 

by 
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by thcmfclves (for the Sitliilicude at 
Lines, and any Magnitudes whatfoever, 
Gonfifts in the Proportionality of fuch 
I^arts, and Equality of fuch Angles, as 
perhaps we have (hewn elfewhere more 
Fig. 6. clearly and fully.) But if on the contrary, 
the Curve Line BC, he made the genera-- 
the Line, and the right Line BA the di^ 
re£live Line, that is, if BC be moved along^ 
BA, parallel to itfelf, there will be pro* 
duc'd the felf (zm^ parallelogramick Super-^ 
Jicies 3 and every Point as F of the right 
Line BC, will defcribe right Lines parallel 
to B A 5 as alfo the Parts FF, will be equal 
to the refpedkive Parts BP^ as follows after 
the fame Manner, from the Suppofition of 
the conftant Parallelifm of the Curve BC. 
Laftly, let there be any Curve, (either 
made up of right Lines, making right 
Angles, which alfo defervedly may bear 
the Name of a Curve j at leaft Arcbime-^ 
desy calls Lines compounded of right Lines 
as the Perimeters of Figures infcribing or 
circumfcribing Circles, KctfjLTrv^Sv y^^^ 
fA^Svi infleded Lines ; as on the contra - 
ry, any Curve Line may be looked upon, 
as made up of innumerable fuch Lines, in-> 
definitely fmall, being adjacent, and ma-* 
king Angles one after another.) I fay, let 
there be fome fuch Curve BC, conftituted 
in one Plain, then in another Plain, ele- 
vated any how above the Plain of the 

Line 
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along Parallel to it felf, in the Manner 
above fhewn j by this Motion a cylindri* 
cal Superficies will be defer ibed (or cer- v 
tainly a prijmatical Superficies^ if the di* 
revive Line be fuppofed to be made up 
of right Lines:) A cylindrical SuptrficicSy 
flrid:ly fpeaking, when the DireSlive Line 
is Circular or Elliptic k ; bup fuch in a 
large Senfe, when the Um^A^ of another 
kind, as Parabolical^ Hyperbolical^ &c. In 
this Motion too every Point of thegenera- 
tive Line will defcribe Lines fimilar and 
equal to the direSfive Curve j equal, be* 
caufe E B are equal and parallel ; and fo e/I;^;, ' 
E E, B B equal and parallel too ; but fi- 
milar, becaufe the Angles EEE, BBB 
are equal. So like wife on the contrary, 
the fame Superficies will be defcribed by 
iuppofing the Curve BC to move along 
the right Line AB parallel -wife. Alfo 
how all the Points of the Curve B C will 
delineate right Lines parallel and equal 
to the rcfpe&ive intercepted Parts of the 
right Line A B, may be fhewn after the 
fame Manner a$ before in the Example 
of a plane Figure. Therefore if the Su- 
perficies thus generated be cut by any 
Plane parallel to a Right Line, Dir^e^ive 
or Generative (which in every Situation 
may be call'd a fide of the Superficies ge- 
nerated) the common Se<3:ion will confifl 
of two parallel Lines equal to one ano- 

D ther. 



34 LECTURE II. 

ther. But as to the Superficies thus ge- 
nerated, it is worth Obfervation (for our 
Defign is not only to treat of the bare 
Generations of Magnitudes; but likewife 
fhew fome of their general Properties rc- 
fulting from the dififerent Ways of Gene- 
ration) if the generative Line be ftraight 
(as diftinguiftied in the Figure by the 
Letter Z) the Parts of the Superficies pro- 
duced lying between Lines parallel to the 
generative Line, are always proportiona- 
ble to the refpedive Parts of the direilivc 
Line, viz. (the Superficies BCCB to 
the refpedtive right Lines BB.) But if the 
direftive Line be a Curve (as Y in the Fi* 
gure) it will not always happen, that the 
Superficies intercepted by the generative 
right Line are proportional to the Parts 
of the Curve intercepted by the direftive 
Line; but this happens at leaft when the 
generative right Line is every where in- 
clined, equally in every Point thereof, to 
the Curve BC ; as it falls out in the Su- 
perficies of every right Cylinder, Laxly 
or Stridly fo called. Becaufe then the 
generative right Line in all Points of the 
Curve is perpendicular to the Tangents 
or Subtenfes drawn to thofe Points. But 
n-. 6. if> for Example, the Curve BC be fuppo- 
fed the Arch of a Circle, which is ea6 al- 
ly divided in the Point B, the Supefncies 
ABBA (landing upon the equal Periphe- 
rics 
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ries BB will not neceflarily be equal to ont 
another, becaufe(in all Cafes except thofe 
before-mention'd of the right Cylinder) 
the right Lines AB are every where une- 
qually inclined at the Points B, (in com- 
paring any one with another;) that is, 
they make unequal Angles with the fevc- 
ral Tangents at B, and Subtenfcs BB. On 
which thing depends that infuperable Dif- 
ficulty wherewith thofe have been troub- 
led, who have endeavoured to meafure ob-- 
lique cylindrical Superficies^ or compare 
them as to proportion with the Superficies 
of right Cylinders^ or other Superficies in 
Jome fi)rt known. Lafily^ We fuppofe a- 
ny plain Superficies in like manner to 
move ftraight onwards parallel to iifelf, 
viz. fo that every Point of it does def- 
cribe right Lines equal and parallel to 
one another; or that all right Lines there- 
of do mark out plain parallelogramick 
Superficies (which is what follows from 
hence ;) by this Motion will be defcribed 
prifmatical or cylindrical Solids ; the 
very felf fame, concerning the Superficies 
whereof we have but now handled, and 
to which fey a like Reafoning may be 
apply'd what we have (hewn agrees to 
thofe Superficies. As, that the Superficies 
of them intercepted by parallel Planes 
and the Bodies themfelves contained un- 
der them, and their fides, (or the refpe<5tivc 
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Parts of the diredivc right Line) arc pro- 
portionable. Alfo if finite Bodies of this 
Kind be cut by Planes parallel to any one 
of the fides, the common Sections will be 
Parallelograms (fuch as EEBB.) But that 
we may mention many Things in a few 
Words, whatever has been any where de- 
monfirated concerning the Superficies and 
Solids of Prifrns and Cylinder s^ JlriBly ta^ 
ken as fuch y does for the mofl Part, by ob- 
ferving a juft Analogy, agree to all Quan- 
tities generated after this manner, nor 
docs any thing elfe about progreffive Mo- 
tion offer it felf at prefent to be added; 
for I dcfignedly am filent concerning feme 
Things of difficult Explanation. Again, 
the other Kind of fimple Motion, made 
ufe of in Mathematicks^ is Circumlationy 
or Circumrotationj which for Example is 
then made, when fomething of the Mag- 
nitude moved, (as fuppofc any Point of 
a Line, or Line of a Superficies) remains 
fixed and immoveable, while the whole 
Magnitude remaining as it were tied and 
bound to the fame, is carried about ac- 
cording to any affigned Dircd:ion. The 
mofl general Property of which Motion 
is, that all Points of the moveable Mag- 
nitude while they move tranverfely in 
any one Plane, do every one defcribe the 
Peripheries of Circles i and indeed all mo- 
ving in one and the fame Plane pafling 

through 
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through a fixedPoint, are Parallel, andCon- 
centrick, and fimilar to each other ; but 
thofe in different Planes are fimilar, or not 
fo, according as the arbitrary Diverfity of 
Hypothefes requires. But that Circumla- 
tion is the moft convenient and naitural, 
where every Point of the Magnitude 
mov'd vsrill defcribe circular Peripheries 
of one and the fame Circle ; that is, when 
they are all carried round in the fame 
Plane; being doubtlefs fuch as Nature it 
felf conceives and follows, whereby Mag- 
nitudes are kept to their feveral immo- 
veable Holds, and hindred from flying off 
in right Lines which they naturally would 
do ; as appears in the Motion of Pendu- 
lums and Bodies in Slings -, or even when 
any Objedt being refifled cannot eafily 
keep in a ftrait Path ; as appears to be the 
Cafe of the Motions of Wheels^ Whirlpoohy 
Whirlwinds^ and perhaps of the Stars them- 
/elves. But the general Nature of thefe ♦ 
and fuch like Motions, cannot be fo foon 
explained in Words; therefore, it is ne- 
ccfTary to relate the principal Hypothefes 
they afford. And firft of all, it is granted 
a right Line, in a Plane can be moved a- 
bout any Point fixed in it; by which Mo- 
tion it is evident all Points of the moving 
Line defcribe the Peripheries of Circles ; 
all parallel and fimilar to one another. As 
}f the right Line AB be moved about the 

D 3 fixed 
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r g 7. fixed Point C, each of the Points A,E,B> 
will defcribe circular Peripheries AA,EE, 
BB, parallel to themfelves and all' finiilar, 
(viz. fubtended under the fame or equal 
Angles, whereof C is the common Center 
or Vertex ) And it is manifeft that after 
this Way will be generated Circles, and 
Scdlors of Circles (as ACA,BCB) and an- 
nular Planes too, one of which is ihat 
remaining after the lefler concentrick Cir- 
cle EEEE is taken from the greater AA 
BB. From which Generation we infer 
that the Area's of Circles and circular 
Seitors are made up of finiilar and concen- 
trick circular Peripheries, as many in 
Number as there arc Points in the Ra- 
dius; by nieans of which may be eafily 
deduced the well-known Menfuration of 
the Area of a Circle. 2^/y, It is fuppo- 
fed that any right Line, indefinitely exten- 

p- g ded, having one Point thereof fixed, may 
• revolve about any given Line, either a 
Curve or confifting of right Lines confti- 
ttited in fpme other Plane, fo as to always 
touch this Line, or as it were ftick to it. 
For Example, let AB be a right Line in- 
definitely extended, and V a fixed Point 
in the fame, and let the right Line AB 
pafling always thro' V move along any 
Line BC in another Plane; viz. fo that 
fome Point of the moveable Line conti- 
nually adheres to the Line BC ; by this Mo- 
tion 
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tion will a curve Superficies be produced 
(at leaft confifting of Planes, which in a 
general Way we make no Scruple to call 
Curves, fince Archimedes has done it be- 
fore) which if the whole diredliye Line 
confifts of right Lines of a finite Length, 
there will be formed a pyramidal Super- 
ficies^ being a Number of Triangles meet- 
ing in the Vertex V ; but if it be circu- 
lar, or fome one of the conick Sedions, 
the Superficies will become ftridlly Coni- 
cal ; but if any other Line, it may at 
leaft be faid to be Conical in a large Senfe ; 
and by fome is fo called. A Property of 
which Superficies evidently following 
from its Generation, is, that if it be cut 
by a Plane thro' the fix'd Point V, the 
common Sedlion of it and the Superficies, 
will be a right-lined Angle. For if the 
Plane cutting the fame thro' V, meets the 
directive Line in two Points, as D,E (and 
it will meet the fame in two Points, other- 
wife it will not cut that Superficies) the 
right Lines VD,VE being drawn will be 
both in the cutting Plane and the Curve 
Superficies ; In the Plane, from the Na- 
ture of a Plane ; in the Superficies, be- 
caufe the fame generative right Line paf- 
fes thro' the Bounds of thefe, and fo coin- 
cides with them. But in a Motion of this 
kind, fuppofing right Lines drawn from Fig. 8. 
fhc fix'd Point V (or Vertex) to the di- 
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reflive Line to be unequal, it is enough 
manifeft the Line BC will not be delinea- 
ted or moved over by the Point B, be- 
caufe unequal Lines (as VB,VE,VC)can. 
not agree between themfclves ; and (o the 
Point B moving on will fall above or be- 
low the Points B,E,C; neither, fuppofing 
this inequality, will any other Point in 
VB how far foever extended, (fuppofc G,) 
defcribe by its Motion a Line fimilar to 
the direftive Line. But if all Lines that 
can be drawn from V to BC (which we 
may call the Sides of the propofed Super- 
ficies) be proportionably cut, (which will 
be done by a Plane* drawn thro' this Su- 
perficies parallel to the Plane in which 
BC is fituate) the Points of Divifion will 
conftitute a Line; or at leaft fall in a 
Line fimilar to BC. For drawing any 
16, IT. Sides VB,VD,VE,VC; and drawing the 
Plane GKLH parallel to the Plane BDEC, 
let the common Sedions of the Plane 
VBD and Planes BC, GH, be the right 
Lines BD,GC ; theft fliall be para,lleL Al- 
fo the common Sed:ions DE, KL of the 
Plane VDE and the faid Planes will be 
parallel. Therefore the Angles BDE, 
GKL arc equal. Alfo the right Lines 
BD,GK will be to one another, as DE 
and KL, becaufe each of thefe Ratio's is 
equal to the Ratio of VD to VK (the 
Triangles VDB,VKG; as alfoVDE,VKL 
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being fimilar) and alternatively BD : DE 
: : GK : KL. Therefore all the Subtcnfes in 
GH are proportional to all the Subtenfe$ 
in BC, taking them orderly one after ano- 
ther, as they lie in each Line j and any 
two correfpohdent adjacent ones in each 
Line have the fame Inclination. There- 
fore from w^hat has been above hinted it 
is manifeft the Lines BC, GH are fimilar. 
Hence alfo we may fee that fimilar Curves 
BC,GH have the fame Proportion to one 
another, as the Sides VB,VG of the Su- 
perficies, lying in any one right Line. For 
fince each of the Ratio's of the Subtcnfes 
including the fame Angles (as BD,GK, or 
DE, KL) are Qqual to the Ratio of the 
Sides VB,VG ; all the Antecedents join'd 
together (that is, the whole BC) will be I,^' ^' 
to all the Confequents taken together '^ 
(that is, the whole GH) as VB to VG. 
Hence alfo arifes this Property of Super- 
ficies generated by fuch a MotioUyViz. that 
the Parts of them, taken from the Vertex, 
lying between Planes parallel to BC and 
the fame Sides wherever taken are fimilar 
to one another ; as fuppofe the Superficies 
BVCGVH; and BVD,GVfc. (Which 
will more evidently appear from the ge- 
neral Dodtrine of Similitude hereafter to 
be explained ; in the mean while this will 
evidently enough be manifeft from the 
jSimilitude of Curve Lines, and their 

Analogy 
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Parts of the diredivc right Line) arc pro- 
portionable. Alfo if finite Bodies of this 
Kind be cut by Planes parallel to any one 
of the fides, the common Sed:ion8 will be 
Parallelograms (fuch as EEBB.) But that 
we may mention many Things in a few 
Words, whatever has been any where de^ 
monjlrated concerning the Superficies and 
Solids of Prifrns and Cylinder Sy JlriBly ta- 
ken asfuchy does for the moft Part, by ob- 
ferving a juft Analogy, agree to all Quan- 
tities generated after this manner, nor 
does any thing elfe about progreflivc Mo- 
tion offer it felf at prefent to be added; 
for I dcfignedly am filent concerning fome 
Things of difficult Explanation. Again, 
the other Kind of fimple Motion, made 
ufe of in Mathematicks^ is Circumlationy 
or Circumrotationj which for Example is 
then made, when fomething of the Mag- 
nitude moved, (as fuppofc any Point of 
a Line, or Line of a Superficies) remains 
fixed and immoveable, while the whole 
Magnitude remaining as it were tied and 
bound to the fame, is carried about ac- 
cording to any affigned Dircd:ion. The 
mofl general Property of which Motion 
is, that all Points of the moveable Mag- 
nitude while they move tranverfely in 
any one Plane, do every one defcribe the 
Peripheries of Circles j and indeed all mo- 
ving in one and the fame Plane pafling 

through 
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through a fixedPoint, are Parallel, andCon- 
centrick, and (imilar to each other ; but 
thofe in different Planes are fimilar, or not 
fo, according as the arbitrary Diverfity of 
Hypothefes requires. But that Circumla- 
tion is the moft convenient and natural, 
where every Point of the Magnitude 
mov'd vsrill defcribe circular Peripheries 
of one and the fame Circle ; that is, when 
they are all carried round in the fame 
Plane; being doubtlefs fuch as Nature it 
felf conceives and follows, whereby Mag- 
nitudes are kept to their feveral immo- 
veable Holds, and hindred from flying off 
in right Lines which they naturally would 
do ; as appears in the Motion of Pendu- 
lums and Bodies in Slings j or even when 
any Objedt being refifled cannot eafily 
keep in a ftrait Path ; as appears to be the 
Cafe of the Motions of Wheels^ Whirlpoohy 
Whirlwinds^ and perhaps of the Stars thetn- 
fehes. But the general Nature of thefe ♦ 
and fuch like Motions, cannot be fo foon 
explained in Words; therefore, it is ne- 
ccfTary to relate the principal Hypothefes 
they afford. And firfl of all, it is granted 
a right Line, in a Plane can be moved a- 
bout any Point fixed in it; by which Mo- 
tion it is evident all Points of the moving 
Line defcribe the Peripheries of Circles ; 
all parallel and fimilar to one another. As 
}f the ri^ht Line AB be moved about the 
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1 g 7. fixed Point C, each of the Points A,E,B> 
will defcribe circular Peripheries AA,EE, 
BB, parallel to themfelves and all'finiilar, 
(viz. fubtended under the fame or equal 
Angles, whereof C is the common Center 
or Vertex ) And it is manifeft that after 
this Way will be generated Circles, and 
Seniors of Circles (as ACA,BCB) and an- 
nular Planes too, one of which is ihat 
remaining after the lefler concentrick Cir- 
cle EEEE is taken from the greater A A 
BB. From which Generation we infer 
that the Area's of Circles and circular 
Sedtors are made up of finiilar andconcen- 
trick circular Peripherics, as many in 
Number as there arc Points in the Ra- 
dius ; by nieans of which may be eafily 
deduced the well-known Menfuration of 
the Area of a Circle. 2^/y, It is fupp©- 
fed that any right Line, indefinitely exten- 

F'g. 8. ^^^> having one Point thereof fixed, may 
• revolve about any given Line, either a 
Curve or confiding of right Lines confti- 
tuted in fpme other Plane, fo as to always 
touch this Line, or as it were ftick to it. 
For Example, let AB be a right Line in- 
definitely extended, and V a fixed Point 
in the fame, and let the right Line AB 
pafling always thro' V move along any 
Line BC in another Plane; viz. fo that 
fome Point of the moveable Line conti- 
nually adheres to the Line BC ; by this Mq- 

tion 
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tion will a curve Superficies be produced 
(at leaft confifting of Planes, which in a 
general Way we make no Scruple to call 
Curves, fince Archimedes has done it be- 
fore) which if the whole diredliye Line 
confifts of right Lines of a finite Length, 
there will be formed a pyramidal Super-- 
ficies^ being a Number of Triangles meet- 
ing in the Vertex V ; but if it be circu- 
lar, or fome one of the conick Sedions, 
the Superficies will become ftridly Coni^ 
cal ; but if any other Line, it may at 
leaft be faid to be Conical in a large Senfe ; 
and by fome is fo called. A Property of 
which Superficies evidently following 
from its Generation, is, that if it be cut 
by a Plane thro' the fix'd Point V, the 
common Sedlion of it and the Superficies, 
will be a right-lined Angle. For if the 
Plane cutting the fame thro' V, meets the 
diredive Line in two Points, as D,E (and 
it will meet the fame in two Points, other- 
wife it will not cut that Superficies) the 
right Lines VD, VE being drawn will be 
both in the cutting Plane and the Curve 
Superficies ; In the Plane, from the Na- 
ture of a Plane ; in the Superficies, be- 
caufe the fame generative right Line pa f- 
fes thro' the Bounds of thefe, and fo coin- 
cides with them. But in a Motion of this 
kind, fuppofing right Lines drawn from Fig. 8. 
fhc fix'd Point V (or Vertex) to the di- 
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rcflive Line to be unequal, it is enough 
manifeft the Line BC will not be delinea- 
ted or moved over by the Point B, be- 
caufe unequal Lines (as VB,VE,VC)can. 
not agree between themfclves ; and lb the 
Point B moving on will fall above or be- 
low the Points B,E,C; neither, fuppofing 
this inequality, will any other Point in 
VB how far foever extended, (fuppofe G,) 
dcfcribe by its Motion a Line iimilar to 
the direftive Line. But if all Lines that 
can be drawn from V to BC (which we 
may call the Sides of the propofed Super- 
ficies) be proportionably cut, (which will 
be done by a Plane drawn thro' this Su- 
perficies parallel to the Plane in which 
BC is fituate) the Points of Divifion will 
conftitute a Line; or at leaft fall in a 
Line fimilar to BC. For drawing any 
16, IT. Sides VB,VD,VE,VC; and drawing the 
Plane GKLH parallel to the Plane BDEC, 
let the common Sedions of the Plane 
VBD and Planes BC, GH, be the right 
Lines BD,GC ; thefe fliall be parallel. Al- 
fo the common Seftions DE, KL of the 
Plane VDE and the faid Planes will be 
parallel. Therefore the Angles BDE, 
GKL arc equal. Alfo the right Lines 
BD,GK will be to one another, as DE 
and KL, becaufe each of thefe Ratio's is 
equal to the Ratio of VD to VK (the 
Triangles VDB^VKGj as alfoVDE,VKL 
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being fimilar) and alternatively BD : DE 
: : GK : KL. Therefore all the Subtcnfes in 
GH are proportional to all the Subtenfes 
in BC, taking them orderly one after ano- 
ther, as they lie in each Line ; and any 
two correfpohdent adjacent ones in each 
Line have the fame Inclination. There- 
fore from what has been above hinted it 
is manifeft the Lines BC, GH are fimilar. 
Hence alfo we may fee that fimilar Curves 
BCjGH have the fame Proportion to one 
another, as the Sides VB,VG of the Su- 
perficies, lying in any one right Line. For 
fince each of the Ratio's of the Subtenfes 
including the fame Angles (as BD,GK, or 
DE, KL) are Qqual to the Ratio of the 
Sides VB,VG ; all the Antecedents join'd 
together (that is, the whole BC) will be ^^' ,?. 
to all the Confequents taken together 
(that is, the whole GH) as VB to VG. 
Hence alfo arifes this Property of Super- 
ficies generated by fuch a MotioUyViz. that 
the Parts of them, taken from the Vertex, 
lying between Planes parallel to BC and 
the fame Sides wherever taken are fimilar 
to one another ; as fuppofe the Superficies 
BVC,GVH; and BVD,GVfc. (Which 
will more evidently appear from the ge- 
neral Dodrine of Similitude hereafter to 
be explained ; in the mean while this will 
evidently enough be manifeft from the 
jSimilitude of Curve Lines, and their 

Analogy 
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Parts of the diredivc right Line) arc pro- 
portionable. Alfo if finite Bodies of this 
Kind be cut by Planes parallel to any one 
of the fides, the common Sed:ion8 will be 
Parallelograms (fuch as EEBB.) But that 
we may mention many Things in a few 
Words, whatever has been any where de- 
monjlrated concerning the Superficies and 
Solids of Prifins and Cylinders^ JiriBly ta- 
ken as fuch ^ does for the moft Part, by ob- 
ferving a juft Analogy, agree to all Quan- 
tities generated after this manner, nor 
does any thing elfe about progreflivc Mo- 
tion offer it felf at prefent to be added; 
for I dcfignedly am filent concerning fome 
Things of difficult Explanation. Again, 
the other Kind of fimple Motion, made 
ufe of in MathematickSy is Circumlation^ 
or Circumrotation^ which for Example is 
then made, when fomething of the Mag- 
nitude moved, (as fuppofc any Point of 
a Line, or Line of a Superficies) remains 
fixed and immoveable, while the whole 
Magnitude remaining as it were tied and 
bound to the fame, is carried about ac- 
cording to any affigned Direftion. The 
mofl general Property of which Motion 
is, that all Points of the moveable Mag- 
nitude while they move tranverfely in 
any one Plane, do every one defcribe the 
Peripheries of Circles; and indeed all mo- 
ving in one and the fame Plane pafling 

through 



L E C T U R E n. 37 

through a fixedPoint, are Parallel, andCon- 
centrick, and iimilar to each other ; but 
thofe in different Planes are fimilar, or not 
fo, according as the arbitrary Diverfity of 
Hypothefes requires. But that Circumla- 
tion is the moft convenient and natural, 
where every Point of the Magnitude 
mov'd will defcribe circular Peripheries 
of one and the fame Circle 5 that is, when 
they are all carried round in the fame 
Plane; being doubtlefs fuch as Nature it 
felf conceives and follows, whereby Mag- 
nitudes are kept to their feveral immo- 
veable Holds, and hindred from flying off 
in right Lines which they naturally would 
do ; as appears in the Motion of Pendu- 
lums and Bodies in Slings 5 or even when 
any Objedt being refifled cannot eafily 
keep in a flrait Path ; as appears to be the 
Cafe of the Motions of Wheels^ Whirlpoohy 
Whirlwinds^ and perhaps of the Stars them-- 
fehes. But the general Nature of thefe ♦ 
and fuch like Motions, cannot be fo foon 
explained in Words; therefore, it is ne- 
ccflary to relate the principal Hypothefes 
they afford. And firfl of all, it is granted 
a right Line, in a Plane can be moved a- 
bout any Point fixed in it; by which Mo- 
tion it is evident all Points of the moving 
Line defcribe the Peripheries of Circles ; 
all parallel and fimilar to one another. As 
}f the ri^ht Line AB be moved about the 
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r g 7. fixed Point C, each of the Points A,E,B, 
will defcribe circular Peripheries AA,EE, 
BB, parallel to themfelves and all'fimilar, 
(viz. fubtended under the fame or equal 
Angles, whereof C is the common Center 
or Vertex ) And it is manifeft that after 
this Way will be generated Circles, and 
Sedtors of Circles (as ACA,BeB) and an- 
nular Planes too, one of which is /hat 
remaining after the lefTer concentrick Cir- 
cle EEEE is taken from the greater AA 
BB. From which Generation we infer 
that the Area's of Circles and circular 
Sedtors are made up of finiilar and concen- 
trick circular Peripheries, as many in 
Number as there arc Points in the Ra- 
dius; by nieans of which may be eafily 
deduced the well-known Menfuration of 
the Area of a Circle. 2^/y, It is fupp®- 
fed that any right Line, indefinitely exten- 

p: g ded, having one Point thereof fixed, may 
# revolve about any given Line, either a 
Curve or confifting of right Lines confti- 
ttited in fome other Plane, fo as to always 
touch this Line, or as it were ftick to it. 
For Example, let AB be a right Line in- 
definitely extended, and V a fixed Point 
in the fame, and let the right Line AB 
pafling always thro' V move along any 
Line BC in another Plane; viz, fo that 
fome Point of the moveable Line conti- 
nually adheres to the Line BC ; by this Mo- 
tion 
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tion will a curve Superficies be produced 
(at leaft confifting of Planes, which in a 
general Way we make no Scruple to call 
Curves, fince Archimedes has done it be- 
fore) which if the whole diredliye Line 
confifts of right Lines of a finite Length, 
there will be formed a pyramidal Super-- 
ficieSy being a Number of Triangles meet- 
ing in the Vertex V j but if it be circu- 
lar, or fome one of the conick Sections, 
the Superficies will become ftridly Coni^ 
cal \ but if any other Line, it may at 
leaft be faid to be Conical in a large Senfe ; 
and by fome is fo called. A Property of 
which Superficies evidently following 
from its Generation, is, that if it be cut 
by a Plane thro' the fix'd Point V, the 
common Sedlion of it and the Superficies, 
will be a right-lined Angle. For if the 
Plane cutting the fame thro' V, meets the 
directive Line in two Points, as D,E (and 
it will meet the fame in two Points, other- 
wife it will not cut that Superficies) the 
right Lines VD,VE being drawn will be 
both in the cutting Plane and the Curve 
Superficies ; In the Plane, from the Na- 
ture of a Plane ; in the Superficies, be- 
caufe the fame generative right Line paf- 
fes thro' the Bounds of thefe, and fo coin- 
cides with them. But in a Motion of this 
kind, fuppofing right Lines drawn from Fig. 8. 
fhe fix'd Point V (or Vertex) to the di- 

P 4 redive 



r 



40 



LECTURE IL 

redive Line to be unequal, it is enough 
manifeft the Line BC will not be delinea- 
ted or moved over by the Point B, be- 
caufe unequal Lines (as VB,VE, VC) can- 
not agree between themfclves ; and (o the 
Point B moving on will fall above or be- 
low the Points B,E,C; neither, fuppofing 
this inequality, will any other Point in 
VB how far foever extended, (fuppofc G,) 
defcribe by its Motion a Line fimilar to 
the directive Line. But if all Lines that 
can be drawn from V to BC (which we 
may call the Sides of the propofed Super- 
ficies) be proportionably cut, (which will 
be done by a Plane* drawn thro' this Su- 
perficies parallel to the Plane in which 
BC is fituate) the Points of Divifion will 
conflitute a Line ; or at leaft fall in a 
Line fimilar to BC. For drawing any 
16, IT. Side? VB,VD,VE,VC; and drawing the 
Plarie GKLH parallel to the Plane BDEC, 
let the common Sedlions of the Plane 
VBD and Planes BC, OH, be the right 
Lines BD,GC ; thefe fliall be parallel. Al- 
fo the common Sedions DE, KL of the 
Plane VDE and the faid Planes will be 
parallel. Therefore the Angles BDE, 
GKL arc equal. Alfo the right Lines 
BD,GK will be to one another, as D E 
and KL, becaufe each of thefe Ratio's is 
equal to the Ratio of VD to VK (the 
Triangles VpB^VKGj as alfoVDE,VKL 
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being fimilar) and alternatively BD : DE 
: : GK : KL. Therefore all the Subtcnles in 
GH are proportional to all the Subtenfes 
in BC, taking them orderly one after ano- 
ther, as they lie in each Line ; and any 
two correfpohdent adjacent ones in each 
Line have the fame Inclination. There- 
fore from what has been above hinted it 
is manifeft the Lines BC, GH arc fimilar. 
Hence alfo we may fee that fimilar Curves 
BCjGH have the fame Proportion to one 
another, as the Sides VB,VG of the Su- 
perficies, lying in any one right Line. For 
fince each of the Ratio's of the Subtenfes 
including the fame Angles (as BD,GK, or 
DE, KL) are ?qual to the Ratio of the 
Sides VB,VG ; all the Antecedents join'd 
together (that is, the whole BC) will be 'J\,[' 
to all the Confequents taken together 
(that is, the whole GH) as VB to VG. 
Hence alfo arifes this Property of Super- 
ficies generated by fuch a Motion,*u/2;. that 
the Parts of them, taken from the Vertex, 
lying between Planes parallel to BC and 
the fame Sides wherever taken are fimilar 
to one another ; as fuppofe the Superficies 
BVCGVH; and BVD,GVK. (Which 
will more evidently appear from the ge- 
neral Dodrine of Similitude hereafter to 
be explained; in the mean while this will 
evidently enough be manifeft from the 
jSimilitude of Curve Lines, and their 

Analogy 
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Analogy to the Sides of the Superficies j 
and entirely by a like Generation of the 
Superficies -, at lead it appears fufficiently 
from the Similitude of the Triangles VBD, 
VGK i and VDE, VKL, and of all fuch ; 
fince each Superficies may be looked upon 
as confiding of an Infinity of thefe Trian- 
gles.) Whence the Properties of fimilar 
Superficies will agree with them. But with 
regard to Superficies intercepted by diffe- 
rent fides, in comparing [thefe it is to be 
• obfervcd, they are not always proportiona- 
ble to their Bafes or the refpedive Parts of 
the diredtive Line; this happening only 
when all the Sides of the faid Superficies are 
equal to one another, and fo the diredive 
Line is the Periphery of a Circle; in 
which Cafe the Superficies generated is a 
conical Superficies ftriftly fpeaking, being 
indeed that of a right Cone. But if the 
direftive Line BC be fuppofed, for Exam- 
ple, to be circular, and the Sides unequal 
to one another, if BC be divided into e- 
qual Parts, and the fides VD,VE be joyn- 
cd, the Superficies BVD,DVE,EVC will 
not be equal to one another, but unequal 
moft commonly after an infcru table Man*- 
^ner, according to the Diverfity of the in- 
cluded Angles and Inequality of the Sides; 
which is what has hitherto vex'd and ham^ 
per'd tboje who have fet about meafuring 
the Superficies of an oblique Cqne. 

From 
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From hence it follows too that a Cir- 
cumlation of this kind may be fuppofcd to 
be efFcdted in fome fort by fuch a Motion 
of the generative Line, that every Point 
thereof carried parallel- wife, can defcribc 
Lines fimilar to the direftive Line, by fup- 
pofing the generative Line to be propor- 
tionally every where contrafted or dilated 
in all the Parts thereof As if the right 
Line VB be conceived to be gradually 
drawn after fuch a Manner that the 
Point B (hall trace out or move along the 
whole Line BC ; the Point G carried on 
with a Motion parallel to BC will defcribc 
the Line GH fimilar to BC. Moreover 
if in like manner the Curve BC be con-- 
ceived to be moved with a diredt Mo- 
tion along the right Line BV keeping 
a Situation always parallel to it felf ; 
in fuch a Manner that every Point of it 
does defcribe right Lines, all meeting one 
another in the Point V ; that is, if it be 
proportionably contradled in all its Parts 
during its whole Motion, quite to the Ver- 
tex V; by thefe Motions will the very 
fame conical Superficies be produccci as 
thofe but now mention'd. But thefe kind 
of Motions are imaginary and fuch as Na- 
ture does not admit of. Yet notwith- 
ftanding they may ferve to explain theNa- 
. furp of fuch fort of Superficies, and at 
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leaft can be conceived as poffible to be 
efFeded by a divine Power. 

Again, if the directive Line in the Mo- 
tion aforefaid, be fuppofed every way in- 
clofed, fo as to comprehend fome Figure, 
the Curve Superficies arifing with this Fi- 
gure for a Bafe, will include a pyramidal 
Body, or conical one (ftridlly or laxly ta- 
ken according to the Nature of the faid 
Figure) whofe general Properties do fuffi- 
ciently appear from what has been faid, 
viz. that Planes parallel to the Bafe of it 
do cut off fimilar Superficies next the Ver- 
tex, fimilar Bafes, and fimilar Solids too. 
In a Word, I fay, whatever Euclidy Apollo^ 
niuSy and others, have generally given us 
about Cones, thefe by obfcrving a due A- 
nalogy, will agree to Cones produced after 
this manner, and will be much after the 
fame manner demonftrated fo to do. 

But the moil ufual manner among Ma^ 
tbematiciam of producing Bodies, is that 
which is peculiarly call'd by the Name of 
Rotation^ which is performed by fuppo- 
fing any Line or plane Superficies to re- 
volve about an immoveable Line, as an 
Axis. As a fpberical Superficies is produ- 
ced from the Motion of half the Circum- 
ference of a Circle about the Diameter , a 
Sphere by the Rotation of the Semicircle 
itfelf ; a cylindrical Superficies by the Mo- 
tion of a right Line about a Line paral- 
lel 
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lei to itfelf i a right Cylinder y by the Mo- 
tion of a right angled Parallelogram a«> 
bout one fide 5 a conical Superficies ^ by the 
Motion of one fide of a right lin'd Angle 
about the other ; a Cone it felf by the Ro- 
tation of a right angled Triangle about one 
of its Legs, and after this manner may be 
generated innumerable [olid Magnitudes 
with their Curve Superficies^ either the 
Wholes^ or their Parts^ FruftumSy Tubes^ 
Rings. The moft chief Property of which 
Motion is this, that every particular Point 
of the Magnitude moved about does def- 
cribe circular Peripheries (compleatly ef- 
fedted, when the Revolution is quite per- 
formed, or the moveable Magnitude re- 
turned to its firft Situation, all defcribed 
at the fame Time being fimilar) whofe 
Centers are all in the faid Axis, and Radii 
right Lines perpendicular to it. Or, that 
all right Lines fituate in the moveable 
Magnitude being perpendicular to the Ax- 
is do defcribe Circles (if the Revolution 
be fuppofed compleatly finished) or fimilar 
circular Sedors, I mean fuch as are def^ 
cribed at the fame Time. As if, for Ex- 
ample, any right Line revolves about the 
Axis VK, by this Motion will be generated Fig 9. 
fome Curve Superficies, made up as it were 
of circular Peripheries, (for I fpeak in 
the Phrafe of the Atomtfis for the fake of 
Eafe Brevity and Perfpicuity; and I 

make 
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make no Scruple of ufmg their Method, 
becaufe of its Truth.) I fay, the circular 
Peripheries AY,BY,CY,DY, paffing thro' 
the Points A, B, C, D, and all the other 
Points which lie round about in VD, the 
Radii of which are the right Lines AZ, 
BZ,CZ,DZ, perpendicular to the Axis and 
Centers Z in the Axis. But if the Revo- 
hition be continued only fo far, untill the 
Situation of VAD be in V ^a J, it will ap- 
pear the Superficies generated by the Ar- 
ches A ^, Bby Ccy Dd are fimilar to one 
another. In like manner, if the Plane 
VDZ revolves about the Axis VK, fuppo- 
fing an entire Revolution to be made, a 
Solid will be produced, confiding as it 
were of innumerable parallel Circles AY, 
BY,CY,DY, whofc Radii (as at firftj are 
AZ,BZ,CZ,DZ, and Centers Z: andfup- 
pofing that the circulation leaves off in 
the Situation DV^, a Solid will be formed 
of the Sedors AZ/7,BZ^,CZr, &c. fimilar 
to one another. Here we muft not pa(s 
by a very ufeful and necefTary Obfervation 
about the manner of inveftigating the Di- 
menfions of Superficies and Solids thus ge- 
nerated by the Method of indivifibles, be- 
ing the moft expeditious of any, and no 
Icfs certain and infallible when rightly 
applied. The very learned Andrew Ta- 
quet more than once objedls to this Me- 
thod, in his little Trafl: concerning Cylin^ 

drical 
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lindrical and annular Solids, and thinks 
to overthrow it for this Reafon, that the 
Superficies of Cones and Spheres (I con- 
ceive the Quantities of them) found out 
by the fame do not correfpond writh the 
Dimenfions difcovered and fet down by 
Archimedes. For Example, let DVY be 
a right Cone, and VK the Axis, thro' all 
the Points of which let the right Lines ^^^ '°* 
ZA,ZB,ZC,ZD, &c. be conceived /to pafs 
perpendicular to the Axis, of which to wit 
the right angled Triangle VKD» accord- 
ing to the Atomic al method^ confifts; and 
the Cone itfclf of the Circles defcribed 
from thefe as Radii. Therefore he ar- 
gues that a conical Superficies is made up 
of the Peripheries of thefe Circles, which 
notwithftanding by Experience is found 
to be contrary to Truth, and accordingly 
the Method fallacious. But I reckon this 
to be a wrong Way of entrance into the 
Calculation ; for when we are computing 
the Peripherie of which Superficies con- 
fift we muft not proceed after the fame 
manner as we do with the Lines of which 
plain Superficies are made, or the Planes 
of which Bodies are formed. That is, 
the Peripheries conftituting the Curve Su- ^'^' '°' 
perficies generated by the Motion of the 
Line VD, muft be looked upon as equal 
in Multitude to the Number of Points 
in the faid generative Line: Becaufe there 

cannot 

8 
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cannot be more of thcfe Peripheries, than 
what can pafs thro' every Point of it j how- 
foever remote or near the Axis falls, for 
it is this alone according to its various Re- 
motenefs or Nearnefs and Pofition, that 
determines the Magnitude of the faid 
Peripheries. But the Muhitude of Lines 
of which the Plane DVK is fuppofcd to 
confift, and of Planes of which the Solid 
DVY is made up, is to be rated by the 
Number of Points in the Axis VK j for 
there cannot more parallel right Lines 
or Planes perpendicular to VK, be con- 
tained within the Limits VK than what 
are equal in multitude to thofe Points. 
In obferving which difference (carefully 
to be minded) we IhalT avoid all Error, 
and in my Opinion, Jind out the Superficies 
generated by the Rotation of juch like 
Cur'ves by a Way the mojl eajy that the 
Nature of tbefe things admits. For Ex- 
ample, if it be required to meafure the 
Superficies generated by the Revolution 
of the Line VD about the Axis VK 5 wc 
muft conceive VD to be ftrctch'd out in- 
to (or become) a flrait Line, fo as to 
be equal to itfelf, and let right Lines be 
conceived to be apply'd to all Points 
thereof perpendicular to VD ; each in or- 
der equal to the circular Peripheries of 
which the Curve Superficies confifts, fup- 
pofe AX to AY, and CX to CY, each to 

each. 
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each, and fb on continually. The Plane 
VDX made up of thefe Parallels will be 
equal to the iaid Curve Superficies ; and 
the Parts of this refpedtively to the Parts 
of that. But if inftead of Peripheries be 
apply'd thtirteCpcaWc Radii AZ,BZ,CZ, 
&c. the Space made up of thefe Lines 
(which doubtlefs go on with the crhers 
in a proportionable Series,) will be to tbe 
Curve Superficies y as the Radius of any 
Circle to its Circumference. Therefore if 
by any Way you can find the Sum of all 
the Radii pafling thro' all Points of the 
generative Line (that is, if we happen to 
have the Meafure of the Space VDZ) 
that of the Curve Superficies will be im- 
mediately obtained by it. As, fuppofc 
the conical Superficies DVY be propo- 
ied, generated by the Rotation of the 
right Line VD about the Axis VK. To 
the right Line VD apply the right Lines 
AZ, BZ, CZ, DZ perpendicular to VD, 
and each of them equal to every of the 
Radii of the Circles in the Cone expref^ 
fed by the fame Letters. In this Cafe 
there will be formed a triangular Space 
VDZ, beoiuie the right Lines kX^WL^ 
CZ being at equal Diftances from one 
another do equally encreafe; which is 
altogether proper to the Ordinates of 
a Triangle. But the Meafure of this 

E Triangle 
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Triangle is immediately had from the 
given Altitude VD and Bafe DZ. And 
then if it be made, as the Radius of a 
Circle to its Circumference^ fo is the Tri- 
angle VDZ to a fourth Proportional : 
This fliall be equal to the propofed co- 
nical Superficies. And juft after the fame 
manner you may cafily inveftigate the 
Superficies of a SpherCy and ihe Portions 
thereof. Or fuppofing thofe required, 
given or pre-known, any others v\rhatc- 
ver generated in this manner may be 
found out. But my Deiign is to infift 
only upon generals. 

Laftly, this Geneds of Magnitudes is 
rivaled by that other, fomewhat a-kin to 
it, where innumerable fimilar Lines or 
Figures are fo conftituted Parallel- wife a- 
bout a right Line» (or indeed about any 
other,) that each of them have their Cen- 
ter in the faid Line, which accordingly 
is in the Nature of an Axis, and is fo cal- 
led. As in oblique Cylinders and fcalem 
Cones the Circles fland about a certain 
Line; which accordingly is called the 
Axis of them, becaufe the Centers of 
the parallel Circles do all lie in it. But 
fince Nature does not allow of Motions 
thus diftorted (at lead according to the 
fimple Manner of Operation we now 
fuppofe) and becaufe Magnitudes of this 

» fort 
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fort may be other way* conceived eafily 
generated , we fliall not meddle with 
them. Nor indeed fay any more of the 
Generation of Magnitudes by fimple Mo- 
tions. 
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IH A V E hkherto endeavour- 
ed to fhew liow Magftitudes 
may be conceived tb be ge- 
nerated by Motions either 
frogrejjvoe or ^drdumrotary^ 
and eniimerared forrie of the chief Pro- 
perties aififing therefrom ; "we fliall now do 
fomething tb the fame Purpofcj by means 
of compound and confpiring ^lotions, in 
defcribing the EifeiflsSvhi-rcof, the Velo- 
cities wherewith the fingle Motions arc 
performed, muft for the moft Part be con- 
fider'd ; tho' in Generations by fimple Mo- 
tions they are not in the leaft regarded. 
For the fame Magnitude may be produ- 
ced with the fame fimple Motion, whether 
fwifter or flower it matters not, altho* 
not in the feme Time : As, for Example, 
the fame Circle by the Rotation of a right 
Lii^e 
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Ljn^ aboyt a Poinf fpced in it ; the fame 
Sphf^r^ by tjie Mption of a Semi(:ircle a- 
bput d^m^ineteri v^hich will fo ipuch the 
ipp^ipr be dof^e, as the f^id generating Mo* 
fjoi^ ^s fwiftcr. But in a generation by 
ppmppiind IV^ption, the f^me Ways of L j- 
ti^ rpois^ining, as the Vplpcity of one or 
fpvpral v^rie?, there arifes Magnitudes not 
pnly ^Iteripg ip Species, but Quantity too, 
pr at leaft perpetually differing ip Pofition. 
^8 if ^ fight Lipe 48 be carried along Fig. 13. 
the right l-»ipp AC, ^ith a parallel equable 
l^otipn, and at the f*me Time a Point 
iVl pniforpily (Jpfcppds jp AB ; or if at 
jhe faq^cTin^e, the rigbp Line AClikewife 
descends vyitb 9 uniforni parallel Motioii 
ipjte.rfeflting A B ^s ip mov.es in the Point 
^i a right ]Line AM will be produced 
by fhe Copipofitiop or Cpncurrence of thcfe 
Motions. Alfo if the Mptiop of the right 
JLiqe AB repaains f he feme, as to Velocity. 
5iat if the Velocity pf the uniform Motion 
of ;he Ppint M, or right Line AC be 
cbangpcj; thjus jndeed will the Point M ar- 
rive at m, or AC Intcrfedl AB in w, in the 
fame tirne ; but another right Line A w, 
^^cring froni the former in Pofition, 
5vill be defcribed by this Motion. And if 
?gwn, the Motion of the right Line AB 
repiaining the fame, the Motion of the 
Point M or right Line AC, inftead of be- 
ing upiforo), be now equably Accelerate, 

E 3 as 
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as it is called ; by fuch a Compofition or 
Concurrence as this will a farabolick Line 
AMX be formed- Or alfo another A »? Y, 
{according as the Degree of this Accelerate 
Motion may be fuppofed to vary.) But if 
the Velocity of the faid Point or Line be 
conceived to increafe or decreafe accor- 
ding to other Laws, there will thence arifc 
different Species of Magnitudes. In thefe 
Examples, it appears that Compofition and 
Concurrence of Motion do now and then 
amount to the fame thing, for this Rea- 
fon, that becaufe each of the Points of 
any right Line moved along with a paral- 
lel Motion, do defcribe right Lines parallel 
to one another, it is the fame thing whe- 
ther any fix'd Point thereof be carried a- 
long with it, or moves feparately through 
a Line parallel to its Direftion ; as whe- 
ther the Point M fixed in AC be carried 
along with it, or freely moves with the 
fame Velocity along the right Line AB. 
But it oftentimes happens that the Gene-- 
ration of Magnitudes is not fo eafily fliewn 
by either of thefe Ways. For let the 
right Line AB revolve equably, (that is, 
fo as to make equal Angles in equal Times) 
and at the fame Time let the Point M 
p>. 14. move from A in the right Line AB with 
an equable Motion too ; by this Compo- 
fition oi Mot ions y will be produced a cer- 
tain Line, viz, the Spiral of Archimedes 
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{for we have defignedly made Choice of 
fucb ExampleSj as may gradually render 
the Nature of the mod eftcem*d Magni-- 
tudes familiar to thofe who are not much 
verfed in thefe things) the Generation of 
which in my Opinion, cannot be evident- 
ly and conveniently enough explained by 
any Concurrence of moveable Lines, &c. 
viz. after fuch fort that the Ratio or 
Quantity of thofe Motions, or of the Lines 
or Angles determining the Quantity of 
them can be known. Indeed it might be 
generated by the Concurrence of the pa- 
rallel Motion of the right Line AC ; or 
by the circular Motion of a right Line 
BA about any Center^, concurring with 
the aforefaid regular Motion about the 
Center A. But it would have been dif- 
ficuk then to have found out the Quan* 
tity of the right Lines AM, Aw, or An- 
gles ABM, ABw. On the contrary, if the 
right Line B A rcvoles uniformly about ^^ ^^' 
the Centre B, and at the fame time a 
right Line A C be moved along AB pa- 
rallel-wife with a uniform Motion, the 
continual Interfeftion pf the right Lines 
BA, AC thus moving, will beget a cer- 
tain Line, called a ^adrairix^ whofe Ge- 
neration cannot be fo evidently expediated 
or explained by the faid Compofition of 
Motions ftridlly fpeaking. Indeed it njay 
\f^ generated by the ftrait Motion of any 

E 4 Point 
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Triangle is immediately had from the 
given Altitude VD and Bafe DZ. And 
then if it be made, as the Radius of a 
Circle to its Circumference^ fo is thefri^ 
angle VDZ to a fourth Proportional : 
This fliall be equal to the propofed co^ 
nical Superficies. And juft after the feme 
manner you may cafily inveftigate the 
Superficies of a Sphere^ and the Portions 
thereof. Or fuppofing thofe required, 
given or pre-known, any others v^rhatc- 
ver generated in this manner may be 
found out. But my Defign is to infift 
only upon generals. 

Laftly, this Gencfis of Magnitudes is 
rivaled by that other, fomewhat a-kin to 
it, where innumerable fimilar Lines or 
Figures are fo conftituted Parallel-wife a- 
bout a right Line» (or indeed about any 
other,) that each of them have their Cen- 
ter in the faid Line, which accordingly 
is in the Nature of an Axis, and is fo cal- 
led. As in oblique Cylinders and fcalem 
Cones the Circles ftand about a certain 
Line; which accordingly is called the 
Axis of them, becaufe the Centers of 
the parallel Circles do all lie in it. But 
fince Nature does not allow of Motions 
thus diftorted (at leaft according to the 
fimple Manner of Operation we now 
fuppofe) and becaufe Magnitudes of this 

» fort 
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fort may be other ways conceived eafily 
generated , we ihall not meddle wich 
them. Nor indeed fay any more of the 
Generation of Magnitudes by fimple Mo- 
tions. 
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I HAVE hitherto endeavour- 
ed to fliew Tiow Magftitudes 
may be conceived to be ge- 
nerated by Motions either 
progrejhe or circimrotary^ 
and entimerared fome of the chief Pro- 
perties aHfing therefrom ; \ve fhall now do 
fomething to the fame Piirpofej by means 
of compound and confpiring Motions, in 
defcribing the EffeiStsHvhbreDf, the Velo- 
cities wherewith (he fingle Motions arc 
performed, muft for the moft Part be con- 
iider'd ; tho' in Generations by fimpic Mo- 
tions they are not in the leafl regarded. 
For the fame Magnitude may be produ- 
ced with the fame fimpic Motion, whether 
fwifter or flower it matters not, altho' 
not in the feme Time: As, for Example, 
the fame Circle by the Rotation of a right 
Luije 
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Ljn^ aboyt a Poinf fpced in it ; the /2r/^< 
S^r4 by tjie Mption of a Semi(:ircle a- 
bput ^f)iiaPieter; yvhich will fo rpuch the 
Ipp^ipr be dof^e, as the r4id generating Mo- 
f jon is fwiftcr. Bur in a generation by 
cpmppund IV^ption, the f^me Ways of L j- 
tifj^ rpnij^ining, as the Vplqcity of one or 
fpvpral v^rie?, there arifes Magnitudes not 
flfily altering ip Specjes, but Quantity too, 
pr at le^ft perpetually differing ip Pofition. 
^8 if ^ fight Lipe 48 be carried along Fig. 13. 
the right l^ipp AC, ^ith a parallel equable 
lijotion, and at the f^nie Tirne a Point 
JVt uniformly (Jpfcppds ip AB ; or if at 
the famcjin^e, the rigbp Line AClikewife 
descends vyith 9 uniforn> parallel Motion 
inferfed-ing A B ^s ip mov.es in the Point 
P^i a right ]Line AM will be produced 
by theCopipofitiop or Concurrence of thcfe 
Motions. Alfo if the Mption of the right 
JLine AB repaains f he feme, as to Velocity. 
gjat if th.e Velocity pf the uniform Motion 
of the Point M, or right Line AC be 
cfeapgpcj J thjufi indeed will the Point M ar- 
rive at m, or AC Interfe<S AB in w, in the 
fame tirne ; but another right Line A w, 
diffefing fropi the former in Pofition, 
y/ill be defcribed by this Motion. And if 
^gjiin, the Motion of the right Line AB 
rei^aining the fame, the Motion of the 
Point M or right Line AC, inftead of be- 
ing upiforo), be UOW equably Accelerate, 
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as it is called 5 by fuch a Compofition or 
Concurrence as this will a farabolick Line 
AMX be formed. Or alfo another hmY^ 
{according as the Degree of this Accelerate 
Motion may be fuppofed to vary.) But if 
the Velocity of the faid Point or Line be 
conceived to increafe or decreafe accor- 
ding to other Laws, there will thence arife 
different Species of Magnitudes. In thefe 
Examples, it appears that Compojition and 
Concurrence of Motion do now and then 
amount to the fame thing, for this Rea- 
fon, that becaufe each of the Points pf 
any right Line moved along with a paral- 
lel Motion, do defcribe right Lines parallel 
to one another, it is the fame thing whe- 
ther any fix'd Point thereof be carried a- 
long with it, or moves feparately through 
a Line parallel to its Direftion ; as whe- 
ther the Point M fixed in AC be carried 
along with it, or freely moves with the 
fame Velocity along the right Line AB. 
But it oftentimes happens that the Gene-^ 
ration of Magnitudes is not fo eafily (hewn 
by either of thefe Ways. ^ For let the 
right Line AB revolve equably, (that is, 
fo as to make equal Angles in equal Times) 
and at the fame Time let the Point M 
Pg. 14. move from A in the right Line AB with 
an equable Motion too ; by this Compo- 
fition oi Mot ions y will be produced a cer- 
. tain Line, viz. the Spiral of Archimedes 

(for 
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{for we have defignedly made Choice of 
fucb Examples^ as may gradually render 
the Nature of the moft efteem*d Magni- 
tudes familiar to thofe who are not much 
verfed in thefe things) the Generation of 
which in my Opinion, cannot be evident- 
ly and conveniently enough explained by 
any Concurrence of moveable Lines, &c. 
viz. after fuch fort that the Ratio or 
Quantity of thofe Motions, or of the Lines 
or Angles determining the Quantity of 
them can be known. Indeed it might be 
generated by the Concurrence of the pa- 
rallel Motion of the right Line AC i or 
by the circular Motion of a right Line 
BA about any Center B, concurring with 
the aforefaid regular Motion about the 
Center A. But it would have been dif- 
ficult then to have found out the Quan- 
tity of the right Lines AM, Aw, or An- 
gles ABM, ABw. On the contrary, if the 
right Line BA rcvoles uniformly about ^^ ^' 
the Centre B, and at the fame time a 
right Line AC be moved along AB pa- 
rallel-wife with a uniform Motion, the 
continual Interfeftioa pf the right Lines 
BA, AC thus moving, will beget a cer- 
tain Line, called a ^adratrix^ whofe Ge- 
neration cannot b^ fo evidently expediated 
or explained by the faid Compofition of 
Motions ftridlly fpeaking. Indeed it njay 
\f^ generated by the ftrait Motion of any 

E 4 Point 
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Triangle is immediately had from the 
given Altitude VD and Bafe DZ, And 
then if it be made, ai the Radius of a 
Circle to its Circumference^ fo is the Ttri^ 
angle VDZ to a fourth Proportional : 
This fliall be equal to the propofed co- 
nical Superficies. And juft after the fame 
manner you may cafily inveftigate the 
Superficies of a Sphere^ and the Portions 
thereof. Or fuppofing thofe required, 
given or pre- known, any others v^rhatc- 
ver generated in this manner may be 
^ found out. But my Defign is to infift 
only upon generals. 

Laftly, this Gencfis of Magnitudes is 
rivaled by that other, fomewhat a-kin to 
it, where innumerable fimilar Lines or 
Figures are fo conftituted Parallel- wife a- 
bout a right Line» (or indeed about any 
other,) that each of them have their Cen- 
ter in the faid Line, which accordingly 
is in the Nature of an Axis, and is fo cal- 
led. As in oblique Cylinders and fcalem 
Cones the Circles ftand about a certain 
Line; which accordingly is called th« 
Axis of them, becaufe the Centers of 
the parallel Circles do all lie in it. But 
fince Nature does not allow of Motions 
thus diftorted (at leaft according to the 
fimple Manner of Operation we now 
fuppofe) and becaufe Magnitudes of this 

' fort 
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fort may be other ways conceived cafily 
generated , we fliall not meddle with 
them. Nor indeed lay any more of the 
Generation of Magnitudes by fimple Mo- 
tions. 
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I HAVE hiflierto endeavour- 
ed to ihcw Tiow Magnitudes 
msy be conceived to be ge- 
nerated by Motions either 
progreffive or cirdOnrotary^ 
and enumerated fome of the chief Pro- 
petties afifing therefrom ; ^e fhall now do 
fomething to the fame Piirpofe, by means 
of compound and conipiring ^lotions, in 
defcribing the EifedlsHvhiereof, the Velo- 
cities wherewith tjie fingle Motions are 
performed, muft for the moft Part be con- 
fider'd ; tho' in Generations by fimplc Mo- 
tions they are not in the leaft regarded. 
For the fame Magnitude may be produ- 
ced with the fame fimple Motion, whether 
fwifter or flower it matters not, altho' 
not in the iame Time: As, for Example, 
the fame Circle by the Rotation of a right 
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ipjn^ aboyt a Poinf fbced in it ; the /j/^r 
Sphi^r^ by tjie Mption of a Semi(:ircle a- 
l^Ut jj py^3;«j^^r ; vvhich will fo rpuch the 
Ippiipr be doqe, as the f4id generating Mo- 
fjon is fwlftcr. Bur in a generation by 
f pmppiind IV^ption, the f^me Ways of L j- 
if/fj« rpniaining, as the Velocity of pne or 
fpvpral v^rie?, there arifes Magnitudes not 
P|ily ^Iteripg ip Specjes, but Quantity too, 
fir at leaft perpptually differing ip Pofition. 
^8 if ^ right Line A 8 be carried along Fig. 13. 
the right l^ipp AC, vi^h a parallel equable 
l^otipn, and at the f^me Tip^e a Point 
iVt uniformly (Jpfcppds ip AB ; or if at 
jhe famcTin^e, the rigbp Line AClikewife 
defcenas vyitb 3 uniforni parallel Motion 
ipferftfltipg A B ^s ip mov.es in the Point 
}fi.i a right Line AM will be produced 
by itheCopipofitiop or Concurrence of thcfe 
Motions. AlCo If the Mption of the right 
JLiqe AB r/snaains fhie feme, as to Velocity. 
^lut if the Velocity pf the uniform Motion 
of ;he Point M, or right Line AC be 
changpcj; thjus jnde.ed will the Point M ar- 
rive at m, or AC Interfedl AB in m^ in the 
fame time ; but another right Line A w, 
differing fropi the former in Pofition, 
5yill be defcribed by this Motion. And if 
?gwn, the Motion of the right Line AB 
r^piaining the fame, the Motion of the 
Point M or right Line AC, inftead of be- 
ing uniforqr}, be uow equably Accelerate, 

£ 3 as 
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as it is called ; by fuch a Compofition or 
Concurrence as this will a farabolick Line 
AMX be formed. Or alfo another AmY^ 
{according as the Degree of this Accelerate 
Motion may be fuppofed to vary.) But if 
the Velocity of the faid Point or Line be 
conceived to increafe or decreafe accor- 
ding to other Laws, there will thence arife 
different Species of Magnitudes. Inthefe 
Examples, it appears that Compojition and 
Concurrence of Motion do now and then 
amount to the fame thing, for this Rea- 
fon, that becaufe each of the Points pf 
any right Line moved along with a paral- 
lel Motion, do defcribe right Lines parallel 
to one another, it is the fame thing whe- 
ther any fix'd Point thereof be carried a- 
long with it, or moves feparately through 
a Line parallel to its Direftion j as whe- 
ther the Point M fixed in AC be carried 
along with it, or freely moves with the 
fame Velocity along the right Line AB. 
But it oftentimes happens that the Gene-^ 
ration of Magnitudes is not fo eafily fliewn 
by either of thefe Ways. ^ For let the 
right Line AB revolve equably, (that is, 
fo as to make equal Angles in equal Times) 
and at the fame Time let the Point M 
Pg. 14. move from A in the right Line AB with 
an equable Motion too ; by this Compo- 
fition of Motions^ will be produced a cer- 
tain Line, viz, the Spiral of Arcbimedet 

(for 
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{for we have defignedly made Choice of 
fucb Examples^ as may gradually render 
the Nature of the mod eftcem*d Magni- 
tudes familiar to thofe who are not much 
verfed in thefe things) the Generation of 
which in my Opinion, cannot be evident- 
ly and conveniently enough explained by 
any Concurrence of moveable Lines, &c. 
viz. after fuch fort that the Ratio or 
Quantity of thofe Motions, or of the Lines 
or Angles determining the Quantity of 
them can be known. Indeed it might be 
generated by the Concurrence of the pa- 
rallel Motion of the right Line AC ; or 
by the circular Motion of a right Line 
BA about any Center B, concurring with 
the aforefaid regular Motion about the 
Center A. But it would have been dif- 
ficult then to have found out the Quan* 
tity of the right Lines AM, Am, or An- 
gles ABM, ABw. On the contrary, if the 
right Line B A re voles uniformly about ^^ ^ ^' 
the Centre B, and at the fame time a 
right Line AC be moved along AB pa- 
rallel-wife with a uniform Motion, the 
continual Interfedion pf the right Lines 
BA, AC thus moving, will beget a cer- 
tain Line, called a ^adratrix^ whofe Ge- 
neration cannot b^ fo evidently expediated 
or explained by the fa id Compofition of 
Motions (Iridlly fpeaking. Indeed it n^ay 
1^ generated by the ftrait Motion of any 
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Point M in AB carried along parallel-wife 
to the Line AB firft propofed ; or alfo by 
fuch a Point in AG moved parallel-wifcs 
or by the Motion of a Point in AB, (mo- 
ving about B or A) going dire&ly on from 
A towards B, or from B towards A. But 
whatever Compofitions of Motions of this 
fort be fuppofed, it is very difficult to get 
ribe Quantity of the right Lines AM or 
BM, or Angles BAM, or ABM, or AMB, 
or of any Magnitudes determining thefe 
Motions, or their Ratio to one another. 
Which is the chief Reafon why I make a 
Difference between Compofitim and Con- 
currence of Motions : • Becaufe the Gene- 
ration of Magnitudes is fometimes more 
cafy to be explained one Way, fometimes 
another. But I now proceed to expound 
them more diftinftly. And firft ofCompo« 
- iition. And fince a Motion may be con*- 
ceived two ways to be compounded ; ei* 
ther as the aggregate t)f feveral Motions, 
or as partaking of feverai \ we ihsdl han- 
dle the latter, which perhaps cannot be fee 
in a clearer Light than in tne fecond Book 
of the Principia of tl^e excellent Phi- 
lofopher Defcartes. His Words arc, 
•* Altho' each Body of any Kind foever, 
*• has but one Motion peculiar to itfelf, 
** becaufe k is cCficeived to proceed only 
^* from the Bodies to which it is jotnM 
** or contiguous, which are al reft ; yet 

** the 
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^< the fame may partake of innumerable 
** other Motions : If it be a Part of other 
** Bodies having other Motions. As, if a 
** Perfon walking in a Ship, carries a 
^y Watch in his Fob; the Wheels of this 
** Watch will move with one Motion on- 
" ly peculiar to themfelves : But they will 
^' partake of another Motion alfo, in as 
^' much, as beingcontigiousorjoin'dto the 
** Perfon who is walking, they both to- 
** gether make up one Part of Matter ; 
** and of another, in as much as being join'd 
to the Ship fiuduating in the Sea ; and 
of another ftill, fo far as being join'd to 
** the Earth it felf, provided the whole 
" Earth moves. And the Wheels of the 
" Watch have all thefe Motions in reality.* 
" But becaufe fuch a Number of Mo- 
«* tions cannot ealily be conceived, or in* 
" deed all of them in it known, it is 
** fuificient to take Notice of that one 
** only, which is peculiar to every Bo- 
^ dy whatfoever. Which peculiar Mo- 
^ tion of every Body may be confidered 
^ as ieveral, as when we diflinguifh 
•* two difierent ones in the Wheels of 
•* Coaches ; one about cheir Axle- tree, 
** and the other ftrait according to the 
" length of the Way along which they 
** move. But that therefore fuch Mo- 
*^ tions are not really diftinft, appears by 
^* this, that every Point of the Body which 

moves 
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'^ moves defcribes but one Line. Nor is 
'* it of any M onient, becaufe this Line may 
^' be often very crooked, and fo ieems to 
** be generated by fcveral difFerentMotions ; 
'^ becaufe v^e may imagine in the fame 
*^ manner any Line, even a right one, 
'< which is the moft (imple of all, to be 
" generated by many different Motions, as 
^' if the right Line AB be moved towards 
Fig. 1 6. li QD^ and at the fame time the Point A 
" be moved towards B, the right Line 
^^ AD, that this Point will defcribe, does 
*< no lefs depend upon two ilrait Motions, 
*« from A to B, and from A B to CD, 
" than a Curve Line, which is defcribed 
" by any Point of the Wheel, depends 
" upon a right and circular Motion, And 
** accordingly, altho' it is very neceffary 
^^ to diftinguiih one Motion in this man* 
** ner into feveral Parts for a more eafy 
" Perception thereof; yet, ftridtly fpeaking, 
** we are to allow but one Motion to any 
^* Body." Thus far Cartes. Whofe mean- 
ing in fhort is this; fince whatever Mag« 
nitude, which is any howjoin'd to ano- 
ther, does fo partake of its Motion, as to 
be in fome meafure determined by it, with 
regard to its Situation ; that becomes, as ic 
were a part of the Compofition of this Mo- 
tion, as will evidently appear from Exam- 
ples hereafter laid down. But Motions 
niay be compounded after this manner % 

progrejjvoq^ 
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progrejjive with progreffive *y frogrejjive 
with circumrotary ; and circumrotary with 
circumrotary ones : I fay, they may be 
compounded and uncompounded innumera- 
ble Ways 5 all of which fince it is impof- 
fible to reckon up, and difficult to under- 
ftand, and more fo, to explain fuch as are 
not regular, we fhall only regard fome of 
the chief, that are the moft Ufeful and 
Eafy to explain. Among which are princi- 
pally fuch as are compounded oidtreB and 
parallel^ of direB and circumrotary^ and 
of feveral circumrotary Motions; efpq- 
cially thofc that the fimple Motions of 
which they confift, are all or fome of 
them equable. For Uniformity is not on- 
ly necejfary in the State and Churchy but 
exceedingly requijite in jirts and Sciences. 
Strait Motions^ among which I reckoa 
parallel Motions direfted by a ftrait Line, 
do defervedly take place of all others, as 
exceeding in fimplicity, acceptable and a- 
greeable to Nature, and more ufeful than 
any others whatfoever. Neither indeed is 
there any kind of Magnitude, (no Line, no 
Superficies, no Solid,) but what may not 
be conceived to be generated by ftrait 
Motions. I fay, every Line lying in one 
Plane may be produced from the parallel 
Motion of a right Line and Point in it ; e- 
very Superficies from the parallel Motion 
of a Plane and a Line in it j [viz. of fome 
l-iinc generated in the manner but now 

mention'd 
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(nendoQ'4 by ftrait Mptiops:) And confe* 
qucntly any Line ?oo,m^y \>t producc^J ^iy 
diredt Motions in a Curve. Sqpcriicies. A|fq 
a folid Body can he fuppofed to he %ur'4 
after the fame fqrt, ip ^s n^ych as it ^ri(e^ 
from Super^piesi, ^nd h terminated ^^d pif -? 
(rumfcribed hy Superficies t^vts gener^^e^. 
But bccaufe the Generation of the mpft P^ft 
of Curve Superficies, hitherto rece^vpd ifj 
Matbematich^ and that pf Lines ip tji^fi^ 
not lying in the fame Plane, may b(^ 
explained mqre cofjvepipptly by gthgr 
Methods, nor can I fay any thing offers tg 
me relating to them worthy of Nof icp, w§ 
ihall only consider the Generation of L^ne^ 
all in the fame Plane, producied by dife/^ 
or parallel Motions. And indeed t^efe \\ 
no one of thefe but may be generated tiy 
the parallel Motion of a righf Lin^^ aA4 
a Point at the fame tirpe a>Qyi^g aloag 
the farpe : Buc thefe Mqt^ops QUghc tq 
be tempered in fuch a manner as the pi^f ^ 
ticular NaFPre of the Cui'Vie requires ; por 
may any regard be had how variable ^ 
Velocity yoq attribute tp pnc pf the Mo- 
tions, provided that of the other t>e 4i^<* 
ly accommodated to it. As for Exa^ipple, 
^' ,. if the right Line ZA ]be always carried a- 
long the right Line AY parallel toitfelf 
with Any equable or unequable MP^ip^ 
(increafing, decreafing, or varyiiiv^ in Vcr 
locity according to any n\9Qne^ jlrngg^i^- 

ble) 
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fete) *dtad at the Tame time any Point M 
bo moved along it, fo that the Motions of 
tftfe Poiftt in every part of Time, be prb- 
'poirdbhable to the Motions of the right 
Line', thei* will he a right Line 'produ- 
•«!d. Thkt fe, tf it be alwa;ys AB : AC : : 
^ : C3 6r Afe : MX :: AM : X^. (firp- 
^^fihg MX parallel to AC) It is mahi- 
^ft ^11 the three Points A,M,^ do lie in 
fine ^igh^ linfe, *Fdr a Property of a right 
IL^iJieddfaionflrated In thfe 6^^ Book of the 
'Bkiriints 6i Euclid, is, that, right Lines 
ippl^'d pkfkHel to it, proportioftal to their 
Drft^cies from an affigned Point in it do 
tertoinate in ^ flight Line. Alfo if thgfe 
Motiohs lit fo tempered, that taking any 
Linfc D, ^e Redtangle under the Diffe- 
'fcnce between the Lines D, BM (tabved 
through by the moveable Point in thfe 
right Line AZ) and BM, has always a gi- 
V^n Rntio to the Square of AB (moved 
•through by the Line AZ in the famt 
Time) ah mipjis or Circle will be defcri- 
iied : The - latter when the propofed Ra-- 
'tio is a Ratio of Equality, and the An- 
^le ZAY a right Ahgle ; uhd the former, 
when it is otherwife ; the Line D being 
one of the Diameters, fituate in the Line 
AZ^firft propofed, extended from the Ver- 
tex A towards Z. But if they be fuch, 
that the Redlangle under the Sum of the 
Lines ^), BM, and BM always is in the 

fame 
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fame Proportion to the Square of ABr 
an Hyperbola will be produced by this 
compound Motion ; being equilateral^ 
when the faid Ratio is a Ratio of equality, 
and the Angle ZAY right : But if not, it 
will be of another Kind, according to the 
Quantity of the affign'd Ratio^ whofe 
tranfverfe Diameter will be equal to D, 
iituate in Z A firft laid down, and extended 
from the Vertex A the 'contrary Way to 
Z, the Parameter being determinable from 
the given Ratio. Alfo if the Redtangle 
under D and BM which is moved over has 
perpetually the fame Ratio to the Square 
of AB, tnere will be a parabolick Line 
defcribed, whofe Parameter may be defi- 
ned eafily from the Quantity of the right 
LineD, and that of the given Ratio. And 
in the firft of thefe Cafes, if the tranfverfe 
Motion along AY be fuppofed uniform ; 
the defcending Motion through AZ (hall 
be uniform too : In the fecond and third, 
if the Motion along AY be uniform, the 
Motion defcending will perpetually en- 
creafe •, and fuppofing the fame thing with 
regard to the laft Cafe, wherein thtParabola 
is defcribed ; the Point M will perpetually 
cncreafe equably in Velocity. Mi;ich a^ 
ter the fame manner may any other Line 
be conceived to be generated by fome fuch 
like Compofition of Motion. But that wc 
may arrive at length to the intended pur- 

pofe i, 
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pofe ; come on, and let us fee whac Ad- 
vantage will accrue to Mathematical Mat- 
ters^ by fuch a fuppo&d Generation of 
Lines. In order to which, that our Bu&- 
nefs may be as iimple and clear as poffi* 
ble, we fuppofe one of thefe Motions, viz, 
of the right Line keeping its paralielifmi to 
be always uniform, and then lay hold up- 
on the general Affections of the Lines pro- 
duced flowing from the general Diffe- 
rences of the other Motion, with regard 
to Velocity. But this fliall be the Work 
of the next Lecture. 
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propofe to find out and ex- 
lain the Affections of Lines a- 
fing from fuch a Compofiti- 
1 of Motions, as has been al- 
i. In order to which, for Me- 
tgain fay, if a right Line AZ 
moves perpetually Parallel to itfelf, with 
a uniform Motion along the right Line 
AY, and at the fame time a Point M be 
carried in it uniformly with any Velo- 
city whatfoeveri the Point M will defcribc 
a right Line ; for take any two Places 
AZ, of the moveable Line, viz. at B and 
C: Then bccaufe the Motion through 
AY is fuppofed uniform, the Spaces AB, 
AC moved through will be to one ano- 
ther as the Times : But becaufe of the 
uniform Motion of the Point M, right 
Lines 
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Lines BM,CM will be alfo as the fame 
Times. Therefore, it is AB : AC : : BM: 
CM. Wherefore it is manifeft the Points 
A,M,M do lie in one ftrait Line. And by 
a like DemonO:ration> the fame Thing is 
evident of any Points whatfoever, where- 
at the Point M during its whole Courfe 
ftands. Secondly, if the Point M be fup- 
pofed to move with a continual increafing 
motion^ according to any manner of Ve- 
locity, whether regular or irregular, 1 
affirm the general Properties which we 
Jhall fubjoin of the Lines generated do 
•follow from this Suppofition. (It being 
doubtlefs the better Way to gain all the 
Properties together, from one common Ge- 
neration, which agree to any one Kind of 
Lines, than to demonftrate fingly one by 
the other, as is moft commonly done.) But p.^ 
in the mean while obferve, for the fake of ^^' 
Brevity, that I fhall call hereafter the u- 
niform Motion of the right Line A Z a- 
long AY, the tranfverfe Motion^ and the 
Motion of the Point moving from A in 
the Line AZ, a defcenjive or defcending 
Motion^ regard being had to the Figure 
exhibited. Alfo becaufe of the Unifor- 
mity of the Motion along AY and the Pa- 
rallels to the fame, it may reprefent the 
Time of the Motion, and the Pju:ts of the 
one, the Parts of the other. 

F Wf 
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Wc now proceed to the Explanation of 
the faid Properties. 
Fi£. 19. I- The Line generated after this way, 
wz. by a uniform tranfverfe Motion, and 
a defcenfive Motion continually increa* 
fing, will become curved in all its Parts. 
For take any three Points M,N,0 in it, 
thro' which draw BZ,CZ,DZ, parallel 
to AZ, and thro* the Points M,N, draw the 
right Line MNK. Now becaufe the 
right Line MN is generated by the com- 
pound Motion of the tranjverfe Motion 
along B C, or M G parallel to it, and the 
defcending Motion along AZ, being both 
equable or uniform, and the tranfverfe 
Motion through MG is entirely the fame 
with the tranfverfe Motion, whereby the 
propofed Line M N O is defcribed ; it is 
evident the Velocity of the uniform def- 
cenfive Motion, generating the right Line 
MN is lefs than the Velocity, which the 
defcending Motion in like manner deicrib- 
ing the Line MNO, has in the Point N (for 
unlefs this Mbtion be not fwifter than 
that;, fince it is fuppofed to increafe conti- 
nually, it would be flower than that in 
the whole Time of Defcent thro' G N, 
and fo would not pafs over an equal Space 
in the fame Time, and both together ar- 
rive at the Point N )' Therefore this un- 
equal accelerate Motion continued through- 
out the Time pf the uniform Motion CD 

(whereby 
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(whereby the Line NO is generated) mea- 
fures out a greater Space than the defcend- 
iftg uniform Motion, whereby MN, con- 
tinued to K, is defcribed in the fame 
Time CD : (for it is plain a greater Space 
will be moved thro' in the fame Time by 
a greater Force encreafing, than by a lefs 
that increafes not at all.) Wherefore the 
Line H O is greater than HK ; and fo 
the three Points M, N, O do not lie in thfe 
fame right Line ; and fince this is tr\ie 
of any other three Points of the Line 
MNO, it is moft evident the fame can 
be no where ftrait, but bent or curved 
in every part thereof. 

2. Hence we have got the following Cq-^ 
rollary. The Velocity of the defcenfive u- 
niform Motion, whereby is defcribed any 
Subtenfe (as MN) of the Curve MNO 
(viz. the common tranfverfe Motion 
whereby it and its Arch are defcribed, 
being uniform) is lefs than the Velocity, 
which the defcenfive increafing Motion 
has at the common Term N of both. 

3. Any Subtenfe (as MO) of this Curve, 
falls entirely within its Arch, towards 
AZ, and continu'd falls beyond the Line 
MNO. For if any Point N be taken in 
the Arch MO, and the right Lines MN, 
NO be joyn'd, it follows the whole MO 
lies within the right Lines MN, NO, and 
fo within the Curve MNO. But the 

F 2 whole. 
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whole, if continued out, falls without the 
Line MNO, becaufe it meets the fame no 
where elfe, as has been juft now dcmon- 
ftrated. 

Euclid has particularly demonftratcd 
3, 2. this of the Circle, Apollonius of Conick 
JpoiL Se<Stions,and Serenus of Cylinders. 
Seren. 4* '^ ^^ manifeft the propofed Curve is 

X. 8. Convex or Concave the fame Way (Con- 
vex towards the upper or exterior Parts 
AY, and Concave inwards or downwards 
towards AZZ.) For no more is under- 
ftood by a Curvets being Convex or Con- 
cave the fame way, than that a flrait 
Line can cut it but in two Points ; nor 
does Arcbipiedes's Definition of a Line 
Concave the fame Way, which we find 
in the Beginning of his firft Book of the 
Sphere and Cylinder imply any thing 
elfe. It is evident, for Example, that a 
right Line MN cutting the Curve MNO 
in two Points M,N, if it meets the fame 
again, as fuppofe in K, the Curve MNO 
muft be refleded, and bent up towards 
AY, which is what we have juft now 
fhewn cannot happen. Therefore the 
faid Line is Convex, or elfe Concave the 
fame Way. 

5. It is moft Evident, that any right 
Lines (as BZ, CZ) parallel to the genera-- 
five Line AZ, do cut the propofed Curve, 
(Suppofing them contained within the Li- 

1 mits 
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mits of the Motion through AY; be- 
caufe the Curve is conceived to be defcrib- 
ed by any one of thefe indefinitely extend- 
ed.) I add that any one of thefe Paral- 
lels cuts the Curve in one Point only. 
This appears, becauie the generative right 
Line AZ continues but a Moment of Time 
in any one Situation, as B Z ; inftantly 
arriving at, and leaving BZ; and befides, 
there is but one Point M of the Curve 
in B M Z, all the reft being in the Paral- 
lels to BZ. Therefore it is evident, that 
BZ cuts the Curve only in one Point, 
Apollonius has given us feparate Demon- ^6^ i^' 
ftrations of this, in the Parabola and Hy^ Archim. 
perbola ; and Archimedes in the Sedlions l^' ?; 

r ry 'J Conotd* 

Ol Lonotdes. ^ and Spber. 

6. In like manner it is evident that any 
Parallel (as PG) to AY touches the Curve 
in one Point only. That it fhall once 
meet the fame (fuppofing it contained 
between the Limits of the Defcent through 
AZ) is evident, becaufe the moveable Point 
conftantly defcending, by indefinite Ad- 
vances, v^ill one time or other pals over 
it when indefinitely continued; and yet 
neverthelefs can continue in it but one 
Moment of Time. See ApoUonius'^ De- 
inonftration of this. Prop. 19. Book i. 
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7. All right Lines fubtending the Curve, 
if continued out, will meet AZ and the 
Parallels to it. 

) Fpr that any Subtenfe, as MN, will 

' meet fome one of the Parallels, as BR, 

fpiz. there where it cuts the Curve, is 
very plain 5 bepaufe the whole Curve is 
defcribed by the parallel Motion of the 
faid right Line. And fo iihce it meets 
one, it will meet all ; for that right Line 
parallel to any one of feveral Parallels, is 
parallel to them all, as is demonflrated in 
the firft Element. 

jipollonius has thought fit to demon* 
Prop. 22. ftfate this feparately of the Parabpla and 
f(f9^ I. Jlyperbola. 

8. It is evident in like manner that all 
right Lines touching the Curves, except- 
ing one only at the End of the recur-r 
ring Line, (Vide 18 of this) will meet the 
faid Parallels. Which Apollonius too has 
demonflrated of Conick Sedions in the 
the 2/^tb and 25/A Propofitions of his firft 
Book. 

9. Moreover any right Lines interfer- 
ing A Z (below the Point A, or above 
the Limit, if there be any of the defcen- 
five Motion) will cut the Curve. 

Becaufe all right Lines that do cut the 
Parallels to AZ, infinitely produced ipuft 
negds cut the Curve. . 

^poUoniti^ 
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ApoHonius has given very laborious De- ^P^^^- 
monftrations of ftich like Properties of ^^'^^' ^' 
the Conick SeSlions. 

10. Alfo it is manifeft the Ordinates 
to the right Line AY, parallel to A Z 
(which hiay not improperly be caird the 
verfed Sines of the propofed Curve) have 
a lefs Ratio to one another {viz. by com- 
paring the leffer with the greater, or put- 
ting the lefler in place of the Antecedents,) 
than the refpedtive Parts of AY, moved 
over in the fame Times, (which I make 
no fcruple of calling right Sines of the 
propofed Curve. That is, BM has a lefs 
Ratio to CN, than AB to AC, or BM to 
CF. Becaufe CN ~ CF ; you will find 
this (moft commonly in Authors) demon- 
flrated feparately of Circles and other 
Curves. 

In order to what follows, we muft ob- 
ferve, if the tranfverfe Motion of a right 
Line be conceived to be backwards, viz. 
from D towards A through DA, begin- 
ning at any Point, as O, of the Curve, and 
the Velocity of the afcending Motion of 
the generative Point decreafes continually 
from O after the fame Manner, as it in- 
creafed during its Defcent to O ; the fame 
Curve will be defcribed, provided the 
tranfverfe backward Motion be equal to 
the forward one. This needs no Proof, 

F 4 for 
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for it is buc the fame Motion confider'd 
invcrfly. 

II. Let us fuppofe the right Line 
TMS to touch the propofed Curve ia 
Fig. 20. ^^^ Point M, (I mean touch it fo as not 
to cut the fame) and let this Tangent 
meet the right Line AZ in T, and thro' 
M draw the right Line PMG parallel 
to AY : I fay, the Velocity of the dei^ 
cending Point, (defcribing the Curve by 
this Motion,) which it has at the Point 
of Contadt M, is equal to the Velocity, 
by which the right Line TP is defcribed 
with a uniform Motion in the fame Time, 
whereby the right Line AZ is moved thro* 
AC or P M, (or which amounts to the 
fame thing ; I f^y, the Velocity of the det» 
cending Point in M, is to the Velocity with 
which the right Line AZ moves, as the 
right Line TP to PM.) For take the 
Point K any where in the Tangent, and 
thro' the fame drav^ the right Line KG, 
meeting the Curve in 0, and the Paral- 
lels AY,PG in the Points D and G. And 
becaufe the Tangent TM is conceived to 
be defcribed by two uniform Motions j 
the one of the right Line TZ carried thro* 
the Parallels AC or PM, and the other of 
the defcending Point from T through T2< j 
jihd one of thefe Motions through AC or 
P M is common , or the fame with 
|hgt whereby the Curve is defcribed ; 

when 



LECTURE IV. 

i?irhen TZ is in the fituation KG, AZ 
will be in the fame. Therefore when 
the Point defcending from T is in K, 
the Point defcending from A will be in 
the Interfeftion (O) of the Curve and right 
Line KG (for it has been (hewn already 
that KG cannot cut the Curve any where 
elfe.) But the Point O is below K, be* 
caufe the Tangent falls quite without the 
Curve. Now if the Point K be fuppofed 
below the Point of Contad: towards T, be- 
cau(e then OG is lefs than K G, it is e- 
vident the Velocity of the defcending 
Point, whereby the Curve is defcribcd, in 
the Point O of the Curve, is lefs than the 
Velocity of the uniforni defcending Mo- 
tion, wherewith the Tangent is effedled ; 
becaufe that always encreafing makes a 
lefs Space in the fame Time (reprefented 
by GM) than this which does not en- 
creafe at all ; but perpetually continues 
the fame; the former (to wit) paffing o- 
ver the right Line OG, and the latter, the 
right Line KG. But on the contrary, if the 
Point K falls above the Point of Contadl to- 
wards S ; becaufe OG is then greater than 
KG, it is evident the Velocity of the def- 
cending Point, (whereby the Curve is def- 
cribed,) in the Point O, is greater than 
the Velocity of the uniform defcending 
Motion, whereby the Tangent is effefted ; 
becaufe the former Motion continually 

dccrcaiing 
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decreafing in the fame Time through 
OM, makes a greater Space OG, than the 
latter (not at all encreafing, but continu- 
ing perpetually the fame) does, viz. the 
Space KG. Therefore becaufe the Ve- 
locity of the Point deferibing the Curve 
in any Point of the Curve, below the 
Point of Contadt towards A, is lefs than 
the Velocity of the Motion through TP ; 
but in any Point of the Curve above the 
Point of Contad, is greater than the 
fame ; it is manifefl: in that very Point it 
is equal to it. W. W. D. 

1 2. The Converfe of this, viz. If the 
Velocity of the Point defccnding from 
A in any Point M of the Curve, be equal 
to the Velocity, whereby the Point T 
moving uniformly, fhall defcribe the 
right Line TP in the Time PM or AC 
(or if the Velocity of the defcending Mo- 
tion to M, be to the Velocity of the 
tranfverfe Motion, as T P to P M :) the 
right Line T M S will touch the Curve 
AMO in the Point M. May be Demon- 
ftrated after the fame manner, and that 
briefly, this, 

Take any Point K, in the right Line 
TS, and draw KG parallel to AZ. Be^ 
caufe the Velocity of the afcending Point 
deferibing the Curve, always decreafes to- 
\ wards A, from M to O, and (by fuppo* 
fition) the Velocity of the Point genera- 
ting 
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ting the right Line M T equal to it does 
not decrcafe, and the Time MG is common, 
the Space GO fhall be lefs than the Space 
G K ; and fo the Point K will fall without 
the Curve. Alfobecaufe the Velocity of the 
defcending Point, whereby the Curve is 
generated, continually increafes the other 
Way from M towards O; but the Ve- 
locity equal to it, wherewith the right 
Line MS is generated, does not increafe 
from M to K, and the Time MG is ftill 
the fame, it is plain the right Line GO 
exceeds the right Line GK; and fo the 
Point K falls above the Curve. Therefore 
it is manifeft all Points of the faid right 
Line do lie without the Curve, and ac- 
cordingly it will touch the Curve. W, 
W.D. 

13. Hence it immediately follows that 
one right Lin^ only does touch Curves of 
this fort in one Point. 

For fuppofe the right Line MT jto 
touch the Curve AMO in the Point M; 
and, if poffible, let fome other right Line 
MX touch it too. Then each of the 
right Lines XP,TM, will be defcribed at 
the fame Time, with the fame Velocity, 
(viz. that which is equal to the Veloci^ 
ty of the Point defcribing the Curve ac- 
quired at the Point M ) And fo the right 
Lines XP5 TP will be equal j the wholp 
jind fhc Part, which is abfurd. There- 

fpre 
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Eudii fore no Line but MT is a Tangent. E«- 
!^// I'z ^^^^ ^^^ demonftratcd this particularly of 
33, 34,35', the Circle^ Apollonius of the Conick SeSiims^ 
36. Book and others of other Lines. 
'* Hence we gain a confidcrable Advan- 

tage^ all under the fame Trouble, rela- 
ting to the Demonjirations of in^uerfe Pro- 
pofitions concerning ^angents^ viz. If the 
Angle PMT be determined (or any other 
which a right Line given in Pofition 
makes with a Tangent at an afiigned 
Point of the Curve.) Or if the Quantity of 
the right Line PT be given (or of any o- 
ther the like Line drawn from a given 
Point in a right Line given in Pofition, 
and intercepted by the Tangent) we can 
by means thereof exprefs the Tangent. 
And contrariwife, if the Situation of the 
Tangent be given, the Quantity of thofe 
Angles and Lines will be had, and (b 
much Pains that many have beftowed in 
demonftrating fuch inverfe Propofitions 
may be fpared. And this too is fo much 
the more worthy of Obfervation, becaufe 
fomc of thefe inverfe Propofitions are a 
great deal fooner found out, and eafier 
demonftrated than others. Specimens of 
which I could readily give you, but that I 
have no Inclination to wander further. 

14. From what has been faid it follows, 
that the Velocities of the defcending 
Point, in any two affigned Points of the 

Curve 
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Curve are to one another reciprecally In 
a Proportion compounded of the Ratio's 
of the Ordinates drawn from thefe Points 
to the right Line AZ, ("oix. of the Paral- 
lels to AY) and of the right Lines inter- 
cepted by the Tangents to diefe Points 
and the laid Ordinates, or the Ratio of 
the Velocities is equal to the Ratio of 
the Ordinates taken from the Ratio of 
the Intercepts. 

Thus if two right Lines MT, NX Fig. 21: 
touch the Curve in the Points M,N, 
meeting ZA continued out injhe Points 
T and X ; and the Ordinates NP,NQ^be 
drawn parallel to YA, the Proportion of 
the Velocities at the Points M,N, is com- 
pounded of the Proportion of TP to PM, 
and QJ;^ to QX. For the Velocity in 
M to the uniform Velocity through AY 
is as TP to PM ; and that uniform Ve- 
locity, is to the Velocity in N, as QN to 
Q^. Therefore the Velocity in M, to 
the Velocity in N, is compounded of thefe 
two Ratio's TP to PM, and Q^N to 
QJC, We may obferve, if FE be drawn 
from the Point of Concurrence of the 
Tangents parallel to AY ; it fhall be TE 
: XE = TP :: PM +; QN : QX. 

15. We (hall here infert by the Way 
a general Solution of that Froblem^ which pj ^^ 
Galilao efteemed fo much, and imploy'd 
fo much Time about, and which Torrid 

cellius 
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cellius declared he had happily and in- 
genioufly difcovered, flowing very eafily 
from what has been faid. The Thing 
18 thus propounded by T'orricellius^ (for I 
have not Galilao at Hand) any Parabola 
being given, whofe Vertex is A ; // is re- 
quired to find fome Point aloft ^ from whence 
if a heavy Body falls to A ; and the Im^ 
petus here received^ be (at that Point) 
turtid into an Horizontal one^ the pro- 
pofed Parabola w^j^ be defcribed.' fOb- 
fervc that the defcenfive Motion defcrib- 
ing the Parabola^ is conceived to begin 
from A, and not from the Point aloft.) 
The Problem is no other than this, ac- 
cording to Galil<zo% Suppofition, to deter- 
mine the particular Velocities of the uni- 
form horizontal or tranfverfe Motion, and 
an equal increafing defcenfive one, by 
the Compofition whereof the given Pa^ 
rabola is conceived to be defcribed. But 
we will perform the thing generally, 
whatever be the Law of the encrcafing 
defcenfive Motion ; and fhall fubjoyn the 
particular Gafe of the Parabola as an 
Example. In the right Line AZ, which 
doubtlefs is a Diameter of the Curve, 
find fome Point as P, from which if the 
Ordinate PM be drawn, and the Tangent 
MT, meeting the right Line AZ in T ; 
the intercepted Line TP may be equal to 
PM; If then, in ZA continued out, you 

take 
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take the right Line A S= A P, I fay, the 
thing is done. 

For becaufe S A = A P, the moving 
Body defcending from S to A, may be 
conceived to have the fame Impetus^ aa in 
defcribing the Curve from A to P, (for the 
Motion of the increafing Velocity is the ve- 
ry fame in both.) But that Impetus j is equal 
to the Impetus^ whereby the moving Body 
defcending from T with an equable Mo- 
tion moves through the right Line TP 
in the fame Time, as the right Line 
AZ carried along uniformly, and by 
that Motion confpiring in the Defcrip- 
tion of the Curve, moves thro^ the right 
Line P M. 

Therefore becaufe T P, P M are e- 
qual by Conftrudion, and fo the Velo- 
cities of the Motions performed, toge- 
ther, equal; the defenfive Motion in P 
or M will be equal to the tranfverfe 
Motion defcribing the Curve, that is, the 
Velocity of the Motion from S to A in 
the Point A is equal to the fame. There- 
fore the Point S is the fame that ought 
to be found, and the Thing propofed 
done. For Example, Let there be a 
parabola conceived to be generated by 
a uniform horizontal Motion, and an 
equable accelerate one. Then the Point 
P may eafily be found out by Analyfh 
thus. Let the right Line R be the La-^ 

I tus* 
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tus return of the given Parabola. Then 
by the Nature of the Parabola^ R x 
AP=:PMj=:::TPy (from the Suppo- 
fition X)f our general Method.) Alfo 
from a noted Property of the Parabola 
it is TPjrrr 4APy. And fo R = 4 
AP; or-^R = AP=SA, which is 
what Galilao has determined. But in 
this Cafe the Points T, S do Coincide. 
Again, if heavy Bodies be fuppofed to 
defcend with an increafing Velocity in 
the triplicate Ratio of the I'imes, and 
fo fuch a Motion of them compound- 
ed with a uniform tranfverfe Motion 
will defcribe a cubical Parabola ^ and 
let R be the Parameter of this Curve; 

then will S A be =: V — ^ for by the 

27 ' 

Nature of this Curve R ^ X A P = 

P M Cub. And (by this general Rule) 

P M = T P, and fo P M Cub. = T P 

Cub. And becaufe in thefe Parabo^ 

la*s the Intercept of the Tangent, or 

the Sub -tangent is always trifefted 

by the Vertex, (viz. AP = i TP 

fo is T P) Cub, is =27 A P Cub. 

Therefore it fhall be R^ x AP = 27 

APCub. Andfo Kq = 27 AF q, or 

R a 

~-^=^ A P J = A S^. we proiccutc the 

thing propofed in other Cafes, after the 

very 
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very fame Manner. I am of OpinioOi 
that not only fcveral fuch like Propoii- 
tions of Gdlilao^ relating to this fubjedt, 
may fome how or other be deduc'd from 
hence, but made more general too, or ex- 
tendedy fome to all Curves. But I fhall 
forbear mentioning any thing elfe on this 
matter, being content with the Specimen 
before us, brought in here by the Way, 
and proceed on to other things depending 
^pon thofe aforefaid. 

1 6, If z plain Superficies be apply 'd to 
a right Line, all and every of tne Parts 
whereof intercepted by parallel Ordinates 
to that .Line, be proportional to right 
Lines apply*d to AY fimply divided (viz. 
parallel to AZ.) The Proportion of this ^'^t* ^h 
Superficies to a Parallelogram of the^"^' 
fame Height and Bafe, will follow the 
Proportion of A P, T P, intercepted by 
the vertical Point P, and the Tangent. 
As fuppofe lo ad the plane Superficies 
adm he apply'd, and AD being any 
how divided in the Points B,C, and in 
like manner the right Line ^ ^ in the 
Points iy Cy it (hall be, as BM to CM, fo 
is the Superficies ^ a 177, to the Superfi-^ 
cies c am^ and chis univerfally happens 
fo in whatever Comparifons you make^ 
the Parallelogram a d m p oeing com- 
pleat edy it jball be as the right Line 
AP to the right Line TVyJo is the 

Q Superficies 
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Superficits a dm to the Parallelogram 
a dm p. 

For if the right Line ad ht conceiv- 
ed to exprefs the common Time, where- 
in the right Line AD is pafs'd over, by 
an equable Motion, and the right Line 
D M by a continu'd accelerate Motion ; 
the right Line d m will exprefs the great- 
eft Velocity of this definitive Time, which 
the defcending Point has in the loweft 
Point M of the Curve; that is, the Ve- 
locity whereby the right Line TP is 
uniformly run over in the fame Time ; 
wherefore (by what has been already 
Ihewn) the Parallelogram admp will 
reprefcnt the fpace, which is uniformly 
defcribed by that fame Velocity continu- 
ing throughout the whole Time ady viz. 
that Line TP. Therefore becaufe (by the 
Condition of our Hypothefis) the Figure 
dam does reprefent the right Line DM 
or AP; it (hall be, as the Figure dam^ 
is to the Parallelogram a dmpj Co is AT 
to TP ; and fo that proportion being any 
how known. This muft be fo too, and 
contrariwife. The thing will become more 
evident by one or two Examples. Let 
the propofed Curve be the common Pa- 
rabola^ wherein the right Lines BM, CM 
are to one another, as the Squares of AB, 
AC; that is, as the Squares of ab^ ac. 
Therefore if the Figure ad m ht z Tri- 
angle, 
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angle, it will excellently well anfwer our 
purpofe. For this being fuppofed, the 
Triangles bam^ c am will be always pro- 
portional to the Squares oi aby ac\ that 
is, to the right Lines B M, CM. But 
bt^caufe the Triangle J am is one half 
the Parallelogram d a mp \ the right 
Line A P will be alfo one half the Line 
TP. Which is a well known Truth de- 
monftrated in the Conick Elements. Now let 
the Curve A M M be a cubick Parabola ; ^ 
andbecaufe in this the right Lines BM,CIVI 
are to one another as the Cubes of the 
right Lines A B, AC, that is, as the Cubes 
of the right Lines a by a Cy and if the Su- 
perficies a dm, be the Complement of a 
Portion of one half the common Para- 
bola-y the trilineal Figures abm^ a cm 
ihall be proportional to the Cubes of the 
right Lines aby a c (as is demonftrated 
by PappuSy and others, and may cafily 
be deduced from Arcbimedes^s Dimenfion 
of the Parabola) And fo the common 
Parabola is very rightly adapted to our 
purpofe; and becaufe it is elfe where 
evident that the Figure adm is one third 
Part of the Parallelogram admp-, AP 
fhall alfo be one third of T P, according 
to the dire^ions of the Rule now affign'd, 
which Conclufion is fufficiently agreed to 
by Geometricians. 

G 2 17. A 
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Fig- 23»24 17. A way like to this of comparing the 
faid right Lines AP, TP is contained in 
the following I'heorem. If to all and e- 
very of the Points of any right Line be 
apply'd parallel right Lines, proportional 
to the Differences of the Ordinates to the 
right Line AD divided after the fame Man- 
ner, the Proportion of the plane Figure 
hence arifing to a Parallelogram of the 
fame Altitude, and put to the fame Bafe^ 
will give the Relation of AP,TP. As 
if the right Lines AD, ^ ^ be alike divi- 
ded {viz. into an indefinite Number of e- 
qual Parts) and the right Lines bm^cm^ 
dm ht proportional to the right Lines 
BM, NM, OM (being the Differences of 
right Lines apply 'd to AD beginning at 
the Point A.) It fhall be as the Figure 
adm \sto the Parallelogram admp, Co is 
AP to TP. For fince any one of the 
Ordinates to AD, fuppofe, for Example, 
DM, is equal to all the Differences of 
thofe lefs than itfelf, (viz. to BM,NM, 
OM) and the trilineal Figure a ^m is 
made up of right Lines im^ cm^ dm in* 
creafing in the fame Proportion ; and like- 
wife the right Line CM is equal to BM, 
NM ; and the correfpondent trilineal Fi- 
gure a c m^ as it were, confilfts of the 
Parallels b my c m increafing after the 
fame Manner, and fince this always hap-r 
pens to be fo 5 it is entirely evident that 

the 
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the trilineal Figures a dm^ acntyabm^ are 
proportional to the right Lines D M, C M, 
BM; and accordingly this Method falls 
again into the former ; they being really 
not different. But here obferve the right 
Lines bmyCm^dm^o reprdent the Velo- 
cities which, the moveable Point defcrib- 
ing the Curve, obtain in the refpedtivc 
Points M of it; as likewife the trilineal 
Figures abm^acm^ adm^ do exhibit the 
aggregatal Velocities from the beginning 
of the Motion to the refpedlive definitive 
Inftants of Time j to which (as we have 
long fince obferved) the correfpondent 
Spaces BM, CM, DM are proportional. 

18. From what has been faid it is e- 
vident, if a Circle^ EllipfiSy or any other /^' ^^* 
Curve returning into it felf be conceived 
to be generated after this manner, the 
Point defcribing them will have an in- 
finite Velocity in the Point of Recurfiofi^ 
viz. if the Quadrant A F M be that ge- 
nerated. Becaufe the Tangent TM is 
parallel to the Diameter AZ, and will not 
meet the fame unlefs at an infinite Di- 
ftance, therefore the Velocity in M will 
be to the uniform Velocity of the Motion 
through AY, as an infinite right Line to 
PM J and fo the Velocity in M muft needs 
be infinite. Thus it is indeed with regard 
to Curves of this kind ; but as to fuch 
that when continued run out infinitely, 

G 3 like 
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like the Parabola^ and Hyperbola^ the Ve- 
locity of the defcending Point is finite in 
any afligned Point of the Curve. But lay- 
ing afide thefe things, we proceed on to 
the Explanation of other Properties of 
our Curve. 
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iE are ftill continuing on 
ourBufineis of deducing the 
Affedlions of Curves from 
the afore-propofed Genera- 
tions. 
I. The Angles made by Ordinates and 
"tangents at different Points of the Curve, 
are unecjual lo one another j thofe being 
lefs that are ncareft the Point A, or Ver- 
tex. 

For let: the right Lines TM, XN be 
Tangents, and M P, N Q^arallel to AY. 
I fay the Angle P M T will be lefs than Fig. z6. 
the Angle Q^NX. 

For continue out the right LineTM; 
it will meet Q N without the Curve, 
fuppofe at E. Alfo XN will cut the 
Ordinate PM without the Curve, as at 
H. But becaufc the Points H, N do fell 
G 4 on 
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on different fides the right Line M E ; 
the right Lines ME,NH will interfedt 
each other within the Parallels PH,QE ; 
and fo the external Angle QJJX is great- 
er than the internal "Angle QET, that is, 
than the Angle PMT. W.W.D. 

2. Hence we infer by way of Corollary^ 
that Tangents do interfeB one another be- 
tween the Ordinate^ drawn thro' the Points 
of ContaSi ; as at F, between PM, QN 

fontinued out. 

3. A\fo the Angle PTM is greater than 
the jingle QXN, (viz. the external Ari^ 
gle greater than the internal one.) 

4. Alfo the Ordinates that be nearefl: 
the Vertex (and fo any right Lines pa- 
rallel to them,) do fall upon the Curve 
more oblique than thofe more remote. 

In Conick SeSiions^ this has been long 
iince demonflrated by Apollonius^ as may 
be feen in the fixth Book of his' Conicks 
lately publifhed. 

5. If the Angle of Application TAY 

gig. 26. ^ ^ ^^g^^ ^^ obtufe Angle, I fay the Arch 
MN of the Curve is greater than the right 
Line NH, but lefs than the right Line 
ME. 

For joyn the Subtenfe MN and draw 
the right Line NR parallel to ZA. An4 
becaufe the Angle XPH is not lefs thaa 
a right Angle, the external Angle NHP» 
prieatsr than it, will be obtufe. Therer 

fQr§ 
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fore the right Line NM is greater than 
NH ; and fo the Arch NM being greater 
ftill, will be greater than NH. 

And becaufe the Angle RNE equal to 
XQE is not lefs than a right Angle, it 
ihall be REe-RN. Wherefore MR 
4-REcrMR + RN; that is, ME 
cr M R -j- R N. But (by what is af- 
fum'd by Archimedes) M R -f R N cr 
Arch M N. Therefore M E is ftill lefs 
than the Arch M N. 

4. This Theorem is very ufeful in cx- 
pediating the Demonjiration of Tangents. 
For it follows from hence, if the Arch 
MN be fuppofed indefinitely fmall, we 
may fafely ufe inftead of it either a 
Particle ME or NH of a Tangent. 

/ Jhall here by way of Specimen lay 
4own a general Way of determining the 
Tangents of Cycloids^ ^and Curves def- 
cribed liketbem^ ftrengthen'd by aDemon- 
ftration received from hence. 

Let a right Line AY move along any 
Curve APX, Convex or Concave the ^^^'" 
fame Way, with a uniform Motion al- 
ways parallel to it felf, viz. paffing overe- 
qual Parts of the Curve in equal Times, 
and at the fame Time let fome Point 
move from A along A Y with an equal 
Motion too: The Curve AMZ will be 
generated by this Point thus moved^^ to 

any 
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any given Point M of which it is requir- 
ed ' to draw a Tangent. In order to which, 
draw the right Line MP parallel to AY, 
cutting the Curve APX in P ; and thro' 
P draw the right Line PE touching the 
Curve APX; to which thro' M draw MH 
parallel ; and in this take any Point R, 
and draw RS, parallel to PM; then 
make as the Curve AP to the right Line 
PM (that is, as one uniform Motion to 
the other) fo is M R to R S, and join 
M S ; this will touch the Curve A M Z. 
For in this Curve take any Point Z, thro' 
which draw the right Line Z X parallel 
to M P, cutting the Curve APX in X> 
its Tangent in E, and M R parallel to it 
in H, and laftlyMSinK. 

Firjiy Let the Point Z be above M 
towards A ; whence the right Line P E 
T ArchPX. AndfoPA:PEcr Arch 
PA: PX::PM:PM — XZ::PM: 
EH — XZ::PM:ZH — EXcr PM 
: Z H. Wherefore (by permutation) it 
fhallbe PA:PMc-PE:ZH. But it 
is PA:PM::MR:RS::MH:KH:: 
PE:HK. Therefore PE-.HKcrPE: 
Z H. And fo HX -n Z H. But the 
Point H is without the Curve A Z M ; 
becaufe EZ-DXZ-nPM=EH. 
Therefore it is evident the Point K falls 
without the Curve A Z M. 

zdly. 
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7,dly, Let the Point Z be below the 
Point M. Then will the right Line P E 
be greater than the Arch P X. Whence 
the Arch P A:PEt ArchPA:PX:: 
PM:XZ — PM::PM:XZ- EH 
::PM:XE + XZ-nPM:HZ. And 
contrariwife, PAzPM-r^PEiHZ. 
But (as at firft) it is P A : P M: : P E: 
HK. Therefore P E : H K -n P E : 
H Z J and fo H K cr H Z. Therefore 
it is evident the Point K falls without 
the Curve, cbnfequently the whole right 
Line MKZ lies without the Curve, and 
touches it at M. W.W.D. 

This is by the Way. We now re- 
turn to other Properties of our Curve. 

7. If any Parallel E F be drawn to. 
whatfoe ver Tangent M T ; viz, from any 
Point E taken below T ; it will meet 
the Curve. 

For if any Point below M be taken in 
the Curve, and from the (ame a Tangent *^ ^ 
be conceived to be drawn; it will meet 
TM the Tangent below the Ordinate 
P M. Therefore the right Line E F 
will meet it too ; but it mufl: firft crofs 
the Curve. Wherefore the thing propofcd 
is manifeft. 

8. It appears too at the fame Time, 
that the right Line E F will cut the Curve 
jtwice^ both above and below the Point 
M. 

Apollonius 
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Apollonius has given us operofe De- 
monftrations of thefe two Conclufions, in 
the 7.ytb and zZtb Propofitions of his firft 
Book of Conicks. 

Moreover in order to a full Determi- 
nation of the Places of Concurrence, the 
particular Mode or Law of the defctndent 
2LTkAtranfoerfe Motions ought to be known ; 
and then they may be prefently obtained 
by Analyjis. 

9. If any two right Lines (HM, KN) 
'S ^9- [j^ equally inclined to a given Curve, that 
is, if they make equal Angles with the 
Tangents (fuppofe M T, N X) at the 
Pomts of Contact 5 thefe will diverge 
outwardly, or will concur towards E F. 

For draw the fubtenfe N M ; which 
(by what has been already faid) will meet 
A Z, fuppofe in O. Therefore the Angle 
OMH -D (the Angle TMH = Angle 
X N K -:a ) Angle O N K. Therefore the 
Angle HMN + MNKcr 2 right An- 
gles. Wherefore the right Lines HM, 
KN do concur towards EF. This is 
true only when the equal Angles HMA, 
K N A do fall the fame way, or the one 
external to the other internal 
^ig- 30. 10. If the right Line HM be perpen- 
^^^ : ^ ' dicular to a Curve^ or to its Tangent 
MT, which is the fame thing, and in 
this be taken any definite Part HM; 

HM 
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HM (hall be the fliorteft of all Lines 
drawn from H to the Curve. 

For draw any right Line HO. This 
will firft meet the Tangent, fuppofe in R. 
It is manifeft H R is greater than H M ; 
and H O is ftill greater than H M. 

11. Hence a Circle defcribed from H 
thro' M will touch the Curve. 

12. And contrariwifej if HM be the 
leaft of all Lines that can be drawn frbm 
H to the Curve ; H M fliall be perpendi- 
cular to the Curve. 

For becaufe H M is fuppofed a Mini^ 
mumy a Circle defcribed from H, with 
any Diftance HC, greater than HM, 
will cut the Curve; and fo the Tangent 
MT, fuppofe (this) in R. Therefore 
fince HR cr HM, die Angle H R M will 
not be a right Angle. The fame Thing 
is manifeft of all the Points in the right 
Line T M. Therefore the Perpendicular 
to the Tangent can fall no where but in 
the Point M. 

i3.'Alfo if the right Line HMbe the Fig. 31.' 
leaft of all the Lines that can be drawn 
from H, and the right Line T M be per- 
pendicular to it; this will touch the 
Curve. 

For (if poffible) let fome other Line 
X M touch it ; then will X M be per- 
pendicular to HM: Confequently the 
Angles HMX, HMT will be equal; 

the 
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the Whole and the Part; which is im- 
poflible. 

14. 1 fay moreover, the Line HN which 
is nearer the leaft HM, is lefs than HO 
being more remote. 
Fig- 32- For draw the Subtenfe MN; this will 
pafs beyond the Curve if produced, and 
cue H O, fuppofe in R. And becaufc 
the Angle H M R is obmfe (viz. greater 
than that which the Tangent at M forms 
with H M 5) H N R fliall be more obtufe; 
and fo the right Line H R cr H N, and 
HO ftill greater than HN. 

15. Hence it is plain a Circle def- 
cribed from the Center H meets the 
Curve but in one Point on the fame fide 
M ; and fo at mod can cut it but in two 
Points. 

1 6. Let the right Lines IN, K O be 
F%- 33- parallel to the perpendicular H M ; I N 

the neareft of them will cut the Curve 
lefs oblique than K O more remote. 

For thro* N, O draw E N, F O per- 
pendicular to the Curve ; thefe will meet 
H M within the Curve, fuppofe at R, P •, 
and meet each other in C^ 

It is now manifeft the Angle FOK=: 
Ang. F P H c- Ang. P R Q_= Ang. 
N R H = Ang. E N I. Therefore fince 
the Angle F O K is greater than the 
Angle E N I, the thing propofed is ma- 
nifeft. 

17. If 
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17. If from any Point H taken in the 
perpendicular H M be drawn the right 
Lines H N, H O to the Curve ; the near- 
eft of thefe (H N) will nearer approach • . 
a right Angle, than H O, which is more ^^ ^*' 
remote. 

For draw E N, F O perpendicular to 
the Curve, and I N, K O parallel to H M. 
Therefore is the Ang. F O K cr E N I. 
Alfothc Ang. OHMc- Ang. NHM, 
That is, the Ang. KOHcr Ang.INH. 
Wherefore the Ang. FOK + KOHcr 
Ang. E N I + I N H. That is, the Ang. 
FOHcr Ang.ENH. Therefore thcPro- 
poficion is evident. 

18. Hence it is manifeft the Obliquity 
of the Lines falling on the Curve from 
the Point H, continually increafes, the far- 
ther they fall from the perpendicular, un- 
til you come to that which touches the 
Curve, which is the moft Oblique of them 
all. 

19. Moreover if the Point H be taken 
now within the Curve, and HM be the 
leaft of all Lines drawn from it to the ^^^^' 
Curve ; HM will be perpendicular to the 
Curve, or Tangent M T. 

For if any other Line M R be faid to 
be perpendicular to the Tangent, then-f * 
will be HR T HM ; and H O ftill lefs ' 
than HM. Confcquently HM is not a 

Minimum^ 



8 



I 
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Minimum f which is contrary to the Stip^ 
fofition. 

20. Alfo if the right Line HM bd 
jpoii 29. jj^g greateft of all Lines falling from H 
^' upon the Curve j the Line HM will be 

Fig. 36. perpendicular to the Curve. 

For a Circle defcribed from the Centre 
H thro' M will fall quite without the 
Curve. Therefore if the right Line M T 
touches the Circle, this will fall more 
without the Curve, and accordingly will 
touch the fame. But H T M is a right 
Angle. Therefore the Proportion is evi- 
dent. 
jpoiL 30, 21. If MT be perpendicular to the 
39- 5- Minimum or Maximum H M j this will 
touch the Curve. 

For if any other Line MX be faid to 
touch it ; the Angle XMH will be right, 
and equal to the Angle T M H. Which 
is impofUble. 

22. Hence the right Line YMbe not 
perpendicular to the Curve^ no Maxh- 
mum or ASnimum can be taken in the 
fame. 

4^*/ 31, For if this be poflible YM rauft be pcp- 
47- 5- pendicular to the Curve. Which is con- 
trary to the Sufpofition. 

23. If HM be the leaft of the Lines 
falling on the Curve ; and any Point I 

^ ^^^ be taken in it j IMwUl be a Minimum 
CIO, 5. too* 

For 
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For bccaufe a Circle defcribed from the 
Centre H thro* M cuts the Curve inward- 
ly; a Circle defcribed from the Center I, 
will touch it more inwardly. Therefore 
the Propofition is evident. 

24. Alfo if H M be the greateft of the 
Lines falling on the Curve, and any Point 
I be taken without it ; I M will be a 
Maximum. 

For becaufe a Circle defcribed from H 
thro' M touches the Curve outwardly, 
for a ftronger Reafon will a Circle defcrib- 
ed from I thro' M touch the fame out- 
wardly. Whence the Thing propofed is 
manircft. 

Note^ A nearer Determination of thefc 
Maxima and Minima depends upon the 
particular Nature of the Curve. 

But I (hall now withdraw my felf 
from this Speculation ; not having a De- 
fign at prefent of propofmg any more 
of thefe Kind of Propofitions. It is fuffi- 
cient for our purpofe to have hitherto 
exhibited a Specimen of a Kind of gene- 
ral Dodlrine containing the Properties of 
Curves, which being doubtlefe very full 
and perfect, (eems to afford no fmall Com- 
pendium to fuch Geometrical Matters, 
that chiefly relate to the Properties and 
AfFeftions of Curve Lines. Whether then 
may not I fay, it appears" almofl a Fault, 
and not over and above confonant to the 

H Rules 
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Rules of Logick, to branch out into 
parts , or derive from a narrow Spring, 
thofe Things that agree to any whole 
kind, and flow from the fame common 
Principle. In time I fliall, perhaps, pro- 
pofe many other things, and fuch too as 
arc more dijiculi. But I am incltn'd now 
to leave off. 
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Lecture VI. 



IT is now long fince we have 
laid down and explained fome 
general Properties of Curves, 
from a certain common Prin- 
ciple of Generation, chiefly 
fuch which I obfcrve are apply'd by the 
antient Geometricians to the particular 
Curves that they have handled. Now in 
my Opinion it will not be amifs if I add 
feveral other Things more abftrufe yet 
not unpleafant or ufelefs, demonftrated 
with our ufual concifenels, in a Method 
as Scientijick as I could, not only aflerting 
the Truth of the Conclufions, but open- 
ing the Springs from whence tt Aows. 
What we advance in the main, partly 
relates to the Inve/itgatio?i and reaJy De- 
monjlration (withal) of 'Tangents, without 
H 2 the 
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the Trouble of Calculation*^ (always ob- 
ferving to deduce what is moft perplexed 
and lefs manifeft from what is moft fim- 
pie and common ) and partly to the ready 
Determination of the Dimenfiomaf many 
Magnitudes by means of their Tangents. 
Which fubjedts as they feem to have their 
Difficulties, with regard to other Geome- 
trical Matters, fo they have not been fo 
fully handled or exhaufted, as fome others, 
at leaft not to my Knowledge, after the 
Manner we have done. In order to 
which, in the firft Place we lay down 
the following Propofitions as fo many 
Lemma^ affording fome Afliftance in 
making the Demonftrations more fhort 
and eafy. 

2. Let ABC be a rigbt-lin'd Angle^ 
Fig 38. and D a given Point, alfo let the Line 
ODO be fuch, that drawing any right 
Line DN thro* D ; let MN intercepted 
between the Legs of the Angle, be equal 
to the Part DO, lying between the Point 
D and the Line O D O i the Line ODO 
will be an Hyperbola. 

For draw DL parallel to CB, meeting 
AB in the Point L. In BL continued take 
LZ = LB ; draw ZS parallel to B C ; and 
OK parallel to BZ. Then becaufe it is put 
DO=:MN; it {hallbeHO=^BN; 
therefore fince we have D H : H O : : 
(DL : LN :: DL ~ DH : LN — 

HO 
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HO::LH:LB::) LH:HK. It 
fliall be DH X HK =HO X LH; 
that is, DL X HK — LH X HK = 
KO X LH — HK X L H. Therefore 
it (hall be DL x HK=KO x LH. 
Or ZL xLD=ZK X KO. Where- 
fore it is manifeft the Line OD O is an 
Hyperbola i whofe Afymtotes arc Z A, Z S. 
This may be demonftrated ihorter by 
continuing out the right Line NDS. 
For it is D S = D M = DO ± O M 
= NM±OM=ON. In like manner 
may the fourth and ninth Propofitions be 
demonftrated (hortcr. 

Even if MN to DO be fuppofed al-Fig 38. 
ways to have the fame given Ratio, vs^hich 
let be as the given Quantity R to S ; the 
Line ODO will be ftill an Hyperbola. 
For making H : S : : L B : L Z ; and R : 
S : : D L : D E; drawing Z S thro' Zpa- 
rallel to B C ; and R E thro' E parallel 
to Z A, meeting Z S in the Point Y. 
This done, Y R, Y S will be the Afym- 
totes of the faid Hyperbola which now 
is enough to have obferved. 

Hence we may take Notice by the 
Way, how eafy it is to refolve this Pro^ 
hlem (whereby thofeSolutions ^Archimedes'i 
and Vieta'i Problems effected by Means 
of the Jirji Concboidy are reduced to the 
Consck Se^ions) To draw a right Line 
thro* a givcA Point D, fo that the Pare 

H3 of 
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of the Line drawn intercepted bfetween 
the fides of a given Angle ABC may 
be equal to a given Line T. For the 
Hyperbola ODO being defcribed; from 
the Centre D, with a Diftance equal to 
the given Line T defcribe a Circle POQ 
interfefting the Hyperbola in the Point 
O ; continue out DON, and xpskc M N 
rtr D O = T. This is a more general and 
concife Method than that we have given 
in our Opticks. 
Pg- 39- 4. Let A 6 C be an Angle, and D a 
given Point ; alfo let the Line O B O be 
(uch, that drawing any right Line DN 
thro* D, the Line M N intercepted by 
the Legs of the Angle, to MO inter- 
cepted by the right Line B C and Curve 
O B O, be always in the fapie given Ra- 
tio (fuppofe X to Y ) : the Line O BO 
(hall be an Hyperbola. 

For draw the right Line DL paraiUel 
to C B, meeting A B in L 5 divide D L, 
B L in the Points E, F, fo that D L ; 
D E :: X : Y : : B L : B F ; thro* E dravir 
the right Line E R parallel to B A, and 
thro' F the right Line F S parallel to 
B C ; let the right Lines E R, F S meet 
in the Point Z ; and laftly, thro* the 
Point O draw O H parallel to A B. Now 
becaufe D L i D H : : L N : HO :: L B 
+ BN:HO:: DExLB + DEx 
jgN : DE ?c H Q, Alfo DL X KO 

=pe; 



L E C T U R E VI. 103 

r=DE X BN (for DL:DE::MN: 
MO::BN:KO)andDE x LB=rDL 
X BF (fince DE : DL :: BF : LB) it 
fliall beDL:DH::DLxBF+DL 
X KO : D E X HO 5 that is, D L X 
BF 4-DL X KO:DH X BF + DH 
X KO:: DL X BF-f DL X KO: 
D E X H O. Therefore D H x BF -|- 
DH X KO = D E X HO; that is, 
DHx BF + DH X HO — DH x 
BL = DE xHO; and therefore (by 
Tranfpofition) DHx HO — DEx 
HO=:DHx BL— DHx BF. That 
is, EH X HO=:DH X FL; or E H 
X GO^-EHxHG = DEx FL 
-f E H X F L. Wherefore, taking away 
equals, it is EH X G 0= DE X FL; 
or ZG X GO = D E X FL. And {a 
becaufe D E x F L is^ determinate, it is 
evident the Line O B O is an Hyperbola, 
whole Afymtotes are ZR,ZS. 

5. If M O be taken on the other fide Fij. 40. 
the right Line B C ; D E, B F muft be 
taken alfo on the other fide the Points 
D,B, as appears by the Scheme. Nor 

is the manner of Demonftration diffe- 
rent. 

6. Confedlary. If the right LineBQ^ 
cuts the Angle ABC, and thro' the Point Fig. 41. 
D be drawn any how two right Lines 
MN, XY cutting the right Line BQ^ 

in the Points O, P (whereof O is nearer 

H 4 than 



•» J 



104 LECTURE VI. 

than B) it (hall be MN : MO -u XY : 
X P, For thro' O conceive to be defcrib- 
en an Hyperbola V O B, (fuch as that but 
juft now mentioned, *uiz. that the inter^ 
cepted Lines may have the Ratio of MN 
to M O). Then (hall MN : MO :: 
(XY:XV)-nXY:XP- 

Coroll. By Divifion it is NO:MO-^ 
YP:PX. 
Fig. 42- 7. Moreover if there be feveral Lines BQ, 
B G which cut the Angle A BQ and from 
the Point D be drawn the right Lines 
DN, DY (cutting the other right Lines, as 
per Scheme, of which D N is the neareft 
the Point Bj) it (hall be NE:MO -r! 
YF:VX. 

For NE : E O T YF : FV, and EO: 
O M -:3 F V : V X. Therefore ( by 
equality) NE : O M -n YF: VX. 

8. Hence it is manifeft too, that a right 
Line may be drawn (either Way) thro* 
B fo, that the Parts of right Lines drawn 
from D intercepted by it and the right 
Line B C, may have a Ratio to the Parts 
intercepted by the right Lines B A, B C, 
lefs than any afBgnable Ratio. 

For take P Q^ P Z; then B Q^ 
(joyn'd) touches the Hyperbola O B O ; 
and it is manifeft the Parts intercepted 
by B Q^ , B C have a lefs Ratio to the 
Parts intercepted by B C, B A, than the 
Inter$:epts by the Hyperbola QBO, and 
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the right Lme B C to the fame, that is, 
lefs than any given Ratio. 

9. Let again ABC be a right-lin'dFig,43. 
Angle and D a given Point ; alfo let the 
Line O O O be fuch, that any how draw- 
ing the right Line D O from D, cutting 
the Legs of the Angle in the Points M, 
N } D M may always have the fame Ra- 
tio to N O (fuppofe X to Y). The Line 
000 will ftill be an Hyperbola, 

For draw DL parallel to BC, and let 
D L: D E : ? X : y, and thro' E draw 
£ R parallel to A B, cutting B C in Z. 
Laftly, Thro' O draw O H parallel to 
BA. 

NowitisDL:DE::DM: NO :: 
L M : G O (becaufe of the fimilar Tri- 
angles D LM, NGO) : : L M X DH: 
GOxDH. AlfoDL xHO = LM 
X DH (becaufe D L : L M :: D H : 
H O). Wherefore D L : DE : ; D L x 
HO : GO X DH. That is, DL X 
HO:DExHO::DLxHO:GOxDH. 
And foDE X H O = G O X D H. And 
foDE X HO = GO X DH. That 
is, DE xHG+DE x GO = GO x 
DE-|-GOxEH. Wherefore (taking 
away what is common) it is D E x H G 
= GOxEH}orDExHG=G6 

Therefore 
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Therefore it is manifeft the Curve 

O O is an Hyperbola^ whofc AfymtoUs 
areZR,ZC. 

CorolL If the given Ratio be one c^ 
equality or (DM = N O ;) AB,CB will 
be then the Afymtotes. 

Some of the following Propoficions we 
(hall {hew Algebraically for Perfpicuities 
fake. 
Fig. 44. 10. Let I D be a right Line given in 
Poficion, and D an aligned Point ; let alfb 
the Curve DNN be fuch that taking any 
Point G in ID, and drawing a right 
Line G N parallel to I K given in P^<- 
tion; aiTuming the determinate right Lines 
my A; putting D G = x, and GN=:y -, 

1 (ay when this is done, if it be always 

my ^ xyz=: -J X xi the Line DNN 

fliall be an Hyperbola^ which may thus 
be determined. AjQTume D M, D O (each 
way) equal to m ; thro' m draw M L pa- 
rallel to IK; make t : m : : miMCXi 

let MZ = 2 M 0^5= — , i then thro' 

Z,0 draw the right Line Z T j the Lines 
ZM.Z T will be the Afymtotes.^ 

For draw Z S parallel to M O, meeting 
N G in R (which laft cuts ZT in P,) 
and joyn D (^ Then is PN = RG -4- 
GN— RP. But it is MD:MQ.:: 

ZR 
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ZR (M G) : RP } that ls,m:^:: m 

b 

-f j;:RP = -^ \ -r-'y andfoRG 

_ _ mm m X _,, >. _ .. - 

— RP = —7 7-. Therefore PN 

b b 

mm — mx _.„ _. . _ 

= ^-7 -t-/. Whence PN x 

KK r> mi . . mxx _ 
mG z=:-r---\-my -^xy 7—. But 

(by Suppofition) it Is m y '\- x y — 

^^0. Therefore PN xMG = 

^^ = MD xZC^ Or PNcZQj: 

(MD:MG::}^QD:ZP. Wherefore 

P N X ZP = Z Q_x op. Therefore 

it is manifcft the Curve D NN is an Hy^ 

perbola , whofe jifymtotes are Z M , 

ZT. 

!!• Obferve; If the. Equation be my 

PI 
• — xy=z-r AT X 5 the fame Hyperbola 

will be had; the Points G being then 
taken towards D M. So like wife when 

the Equation is xy — my z=i -j-x x-, by 

taking the Points G beyond M , the Con-» 
jugate Hyperbola to this will be had. 

12. Let 



■^ C f ^i 
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Fig. 45- 12. Let BDF be a Triangle, and DNN 
fuch a Line, that drawing any how RN 
parallel to B D (cuttbg the Lines B F, 
DP, D NN in the Points R, G, N) and 
joynmg the right Line DN; DN may 
always be a mean Proportional between 
RN,NG} the Line DNN will be an 
Hyperbola. 

Thro' D draw DK perpendicular to 
D B (eutting R N in E) and let FH be 

rrallelto DB. Call DB,^; DF, d; 
H,/} DG, *} and G N, ;r. Then is 

d : / :: x : ■=^= G E, Whence 

^-^^xx +>;' = 2EGx GN 

!+DGj + GN^ = DNj'. Again itis 
</: ^::FG:GR ::</—*: RG= b—. 

—.. Whence RN =^ — -^4. jr. 

And fo by ^ ^yy = RN X NG 

_ , , 2 fx y 
= D N y = -^-Z 4. XX + yy. Wherc- 

fore by ^ z= ^JjJL 4. ^ y. And 

thence ~i^y--y x = --±-^ x x. 



4b 







m y 
xy 
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X y = X ^ ^* Whence it is manifeft 

DNN is an Hyperbola^ fuch as has been 

determined above. Note^ if the Ang]e 

D G N be a right Angle, then/=^ 

^vanifhing, we (hall have d^=i m^ or dy 

— xyzzz-r XX. We infert fome other 

things here, among which are perhaps 
Acquifitions. 

Let the right Line I D be given in Po- «. , 
fitionj alfolet the Curve DNN be fuch, ^^'^ ' 
that taking any Point G in I D, drawing 
the right Line G N parallel to I K given 
in Pofition, taking the determinate Lines 
gyp^y ^y and putting D G = jc, and GN 
nrj^ it may be always y x -\^ g x — my 

=L— X x\ the Line DNN will be an 

r 

Hyperbola thus determinable: AiTume 
DM = ;w, and thro' M draw ML paral- 
lel to IK; and in this take M Q,^ 

, and let QY = M Q_, and from 

r 

MY cut off YZ = g', and joyn QD. 

and draw Z T parallel to it : then will 

Z M, Z T be the Afymtotes. 

For draw Z S parallel to M D, meeting 

G N continued out in the Point R, and 

letGRcutZTinP. NowitisPNni 

RG— 
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RG — RP— G N= g-h- 

r ^ r 

— V. AndfoPNxMGrr— — 

^ r 

m m^ 

mg ■\- o=z i»^ = DMx Z Q^ 

Wherefore PN : ZQ^:: (D M : MG 
: :) OP :ZP. Therefore P N X Z P = 
Z Qj< QJ). Wherefore it follows the 
Curve D N N is an Hyperbola^ whofe A- 
fymtotes are Z M, Z T. 

If the Equation be — y z j^ g x ■\- 

my = — XX ; it will be the iame Hy^ 

ferhola^ But then the Points G muft be 
taken between B^M ; and fo as the Si- 
tuation of tha Points G vary, the Signs 
of the Terms of the Equations do fo too > 
but this is now not a Place to expound 
thefe Things. 

Fig 47. '4* ^^ ^^ ^*8^^ \jxit^ D B, B A be 
given in Pofition, and let the right Line 
C X move along the right Line DB pa- 
rallel to B A ; alfo let a right Line D Y 
revolving about the Point D fo cut B A 
in E, that there be always the fan^e Ra- 
tio between BE, DC (fuppofe that which 
fome Quantity R has to D B) and let the 
right Lines DE, CX intcrfedt one ano- 

I thcr 
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ther in the Points N ; the Line D NN 
will be a Parabola. 

For let R : D B :: D B : P. Then is 
BE:DC::DB:P. Alfo it is D B : 
B E :: D C : CN. Therefore D B : BE 
4. BE : DC = PC:CN + DB:P. 
That is, DB : D C :: DC X D B : 
CN X P. That is, DB x DCiDCq 
:: D C X DB: CN X P. Wherefore it 
isDCjr = CNxP. Whence it is ma- 
nifeft the Curve D N N is a Parabola^ 
\^hofc Parameter isP^ Vertex D, and Dia^ 
meter parallel to B A, 

Gregory St. Vincent has given us this 
Theorem, but ^ Demonftrated (if I re- ^J^ ^/^ 
member aright) by an operofe Proli- the spiraL 
xity, 

15. Moreover the fame Things being 
fuppofed, if C X, D Y be fo moved, that 
B £, B C have now always the fame Ra- 
tio (foppofe that of BC to R ;) the Inter- ^^^s 48. 
fedtions will be alfo in a Parabola. 

Forbifedt DB in G, and draw GV 
parallel to BE, cutting the Curve DNN 
in V; andbecaufeBC:R::BE : BD:: 
CN:CD, itfliallbeBC X CD = R 
X C N. Therefore (by a well-known 
Property of the Parabola) the Curve 
DNN is a Parabola^ whofe Parameter 
is R, and Diameter G V 

Thcfe 
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Thefe are perhaps common : But what 
follows cannot be laid to be fuch. 
p. 1 6. Things remaining as before, let 

* the right Line C X now, inftead of mo- 
ving parallel to B A, move parallel to fome 
other Line D H given in Policion -, and 
letitalwaysbeBE:DC::DB:R: the 
Interfedions N will be in an Hyper^ 
tola. 

For draw N G parallel to B A ; call 

D B,^; BH, A; D G, ;c i G N,;r. Then 

A y 
is a: : y : : i: -^ =, B E. Alfo b : 6 

:: y: -i. =GC Wherefore CDns 
b 

by 
X ^. Therefore (by the Suppofition) 

~ : X ^ y. b : r J and fo j^ ^ 4-' 

bry b . ' , . br . 

— -~ =-T X X. And ( putting -y- = «) 

yx -^^ my =-- x x. Therefore the Curve 

D N N is an Hyperbola^ which we have 
determined in the lotb Number of this 
Ledure. 

17. Moreover (things remaining the 
fame as in our laft) if C X be now mo- 
ved fo , that B E has always the fame 
Ratio to B C, as B D to R ; the Interfe- 
dions N will ilill be in an Hyperbola. 

For 



V 
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n 



J^^/yl/^ Jl 

/E^5^. //J 



:^-l 




L E C T U R E VL 113 

For draw NG paralfcl to AB, and 
name the right Lines as before. Then 

it is BC=:b — X 4- -^ ; and - :& — 

b y 
oc 4- jr-w b\r. Whence we get the 

/ 
j^llowing 5)quation ^'x + ^ x vy^^ 

T- X XX \ that IS, (putting -, rr: fn) y XTiz.^o. 

^^hx — my m —X X. Therefore the 

Curve B N N is an Hyperbola^ being fuch 
as is above determined. 

18. Let the right LinesDB,BA begi-p. 
yen in PoficioDi and D an afligned Point 
in D B, and let the Line D N N be fuch, 
that drawing GN any how parallel to 
JB A; ^fluming ihe determinate Lines ^,r, 
calling D G, AT ; and G N, ;? 5 it may be 
ry — _y X =:=^x; the Line DNN will 
be an Hyperbola^ thus to be determined. 

Take DE= r, andBO =:|f; and thro' 
E draw the right Line ER parallel to 
B A, and thro' ;0 the right Line O S paral- 
lel to BD: Then will Z R, Z S be the 
jijymtotes. 

For if NP be drawn parallel to D B, 
it is Z?=g ^ y, and PN=;: r — x; 
Wherefore ZP xV^ — gr — g x -^r 
r y — y x. But (by Suppofition) — g x 

I +ry 
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+ ry — y X =10. Therefore Z P X 
PN=^r = ZE X ED. Whence the 
thing propofed is manifeft. 

If the Equation had been xy — r y z=i 
j^ X ; D E mufl be taken equal to r, and 
B O = j: (below the Line D B). And 
drawing the Parallels S Z, Z R, as before ; 
the Line N N N contained within the An- 
gle S Z R will be an Hyperbola^ as may 
cafily be proved after the fame way. 

19. Let DB, B A be right Lines given 
in Pofition ; and let the right Lines F X 
be fo moved parallel to D B, and D Y 
pailing thro' a given Point D, that the 
Ratio of B E to B F be always equal to 
a given Ratio, viz. that of D B to R : 
Then will the Interfedions of the right 
Lines D Y, F X be in a right Line. 

For thro' N draw GK parallel to B A; 
then is DB : D G :: BE:GN :: B E : 
B F : : B D : R. Wherefore it is always 
D G = R. And fo by making D G 3^ R, 
and drawing G K parallel to B A, it is 
manifeft all the Interfedtions will lie in 
this Line. 

20. The fame Things being fuppofed, 
and fome other Point O being taken in 
B A, and the Computation is to begin from 
this, viz. that it be perpetually B E : O F 
: : D B : R; the Interfcdlions N will be 
in an Hyperbola. 

For 
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For draw N G parallel to AB, let 
DBbe = ^5 0B=^; DG = x;GN 

= y. ThenisBE=— ^, andOF = 

b y 
fir ^- V. Confequently -^ \g '\' y wbi 

X 

r. And (ory — yx=zgx. Wherefore 
D N N is an Hyperbola juft now determi- 
ned above. 

If the Point O be taken below DB ; the 
Equation will ht y x — r y =l g x. 
Whence the thing is again evident. 

2 1. The fame Things being fuppbfed, let Fig. 54. 
the right Line FX now, inftead of moving 
parallel toDB, move parallel to fomc other 
Line D H, fo that taking a Point in B A ; 
B £ may have always an aflign'd Ratio to 
OF (fuppofe that of D B to /^^j) the Inter- 
IcSions N will be ftill in an Hyperbola. 

For draw N G parallel to A B ; call 

DB,bi HB,/; HO,^; DG,x;GN, 

by 
y. Then is x:y :: b : — nz B E ; and 

b:f:: x:^=iGK. Wherefore NK 

(FH) = y +^, and OF = > +. ^ 

b y f^x 

— g. Therefore it is — ^ : y -{' -j- g 

: :b:m. Confequently we get thisEqua- 

J 2 tion 
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/ 

tion my-\-gx — yxr=^xx. Or ma- 
king/:^ :: mi r, it is my + gx — yx 

zzz — xx. Wherefore it is^ evident the 
• r 

Line DNN is an Hyperbola; fuch as is 

determined above. 

Obfervey If the Computation takes it's 

beginning from the Point H (that fe, if 

BE:HF :: DB:/w) the Term g" then 

vanifliing, we fhall have my — y x =: 

fjt 

— XX. And therefore there is too ano- 
r 

ther more fimple Determination above. 
fig, 55. 22. Eipt ADB be a Triangle, and 
D Y Y fuch a Line, that any how draw- 
ing P M pa raltei to D B ; it may be P Y 

zr^vYyTf^^Bq : the Line DYY 
will be an Hyperbola^ whofe Centre is A, 
Semi -diameter A D {oxA/ymtote AB) and 
Semi'parameter P; by making A D : D B 
2:DB:P. 
» 6 2 For Jet it be T D = 2 A D. And it 

Ehm.' is AD : P :: (AD qi DBy ':: AP^: 
PMy::*TPxDP + ADyrPM? 
:: TP X DP:PMy — DBy ::)TP 
xDP:PYy. OrTD:2P::TPx 
DPrPYy. 

Whence the Propofition is manifefl. 

Coroll 
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CorolL If Y S touches the Hyperbola 
DYY} k fhallbePMy:PYy::PA: 
PS. 

For itisPMj'cDBy:: PAy: ADjf 

: : P A : AS. And fo (inverfely) ic is 
PMy:PYyi:PA:P& 

23. The Tame Things remaining^ letFig. 56. 
now PYbe =:v/PMy -H DBj^: the 
Line Y Y Y will alfo be an Hyperbola ; A 
being the Centre ; A F i^t Semi-diameter 
(parallel and equal to D B,) and P the 
Parameter^ by making A F : A D ; : AD 
• P 

For draw Y K parallel to A P ineetlog 
AF in the Point K j and let F T be = 
2 FA; anditis AF:P::(AFy:ADy 
::DBy: ADS':: PMy: A Pf :; PYy 
— bBjr:APs':: AK^ — AF^:Ky^ 
::) TK x FK : KY^ :: AF : P. 
Whence the thing propofed is evident. 

Coroll. If the right Line Y S touches 
the Hyperbola, F Y Y it fhall be P M ^ : 
PY^::PA:PS. 

For A D is a Semidiameter conjugate to 
AF. WhencePA:AS::PAy:AD^ 
:: PMj- : D B y. Therefore P A : P S 
:: PMf : PMa + DBo :: PMy: 
PY^. 

24. Let ADBbea Triangle, having Fjg.^ 
the right Angle ADB, and the Curve 
CGD fuch, that drawing any right Line 
F E G parallel to D B (cutting the faid 

I 3 Lines 
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Lines z^per Scheme) the Aggregate of the 
Squares of EF^ EG may be equal to the 
Square of D B : the Curve CG D will be 
an Ellipjisy and AD; AC the Semi- Axis. 

For let A V =. A D. And it is ADj 
:DBy::(ACy) AEj-tEFyriAD^ 

— A E y : D B y — E F ^. That is, 
AD^:AC; ;: VE X EDtEG^. 
AVhence the thing propofed is maoi- 
feft. 

Obferve, If GT touches the ElHpfo 
CGD; iti8EFy:EGy::EA:ET. 

For becaufe AE : AD : : AD : A T, it 
isAEy:ADy::AE:AT. Where- 
fore AEy: ADS'— AEy:: AE -AT 

— AE. Thatis, EFf :DBy — EF<? 
::AE:ET. That is, EF j : E Gj :: 
AE:ET. 

Fig. 5 J. 25. Let DTH be a right-lin'd Angle, 
and A a given Point in the Side D T. Alfo 
let the Curve V G G be fuch, that draw- 
ing any right Line EFG perpendicular 
to T D (cutting the Lines TD,T H,VGG, 
in the Points E, F, G) and joyning A F, it 
maybe E G = AF;the Line VG Gfliall 
he an Hyperbola. 

For draw AP, and VPC perpendidUf 
;artQTH,TD,andPO parallel to TE. 
Now it is EF y = EOy (C Pyj 4- OF y 
-I- 2EO X OF(4- 2CP X OF). But 
becaufe CP:CA::OP : OF::CE; 
OF i it j§ C P X OF = C A X Cp. 

Th?rcforQ 
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Thei^cforc EFy = CPy + OFy 
4. 2 C A X CE. Alfo it is A E j' = 
CE ^-h CAjf — 2 CA X CE; and 
foit isEFy + AEy — CPj + CA^ 
4-OFy-VCE^orEGy = (APy4- 
PFy; = CVy-i-PFy. OrEG^ — PF^ 
= CV.q. But it is CE (PO) :PF 
:: C P : A P :: C P : C V. Whence 

EGy— ^^ CEq = CVqi and 

fo the Line GVG is an Hyperbola ^ 
whofe Centre is C, and Semi- Axes C V, 
CP. 

Note^ If the right Line F Q^he drawn 
perpendicular to T H, and you take 
QK = A E ; and joyn G R j the Line 
GR will be perpendicular to the Hy- 
ferbola VGG. Either rely on me for 
the Truth of this, or calculate the thing 
your fclfj for I (hall fpend no Words 
about it. Fig. .9. 

26. Let AC, B D be right Lines gi- 
ven in Pofition, and AB interfe6t1:hem; 
th^n drawing any how the right Line 
P K L parallel to A B, (cutting the right 
Lines AC, BD in the Points P^K) lee 
P L be equal to B K : the Line ALL will 
be ftrait. • 

For drawing X Q^ parallel to B A,ic 
k AQ:AP:: (BX : BK ::) QJC :PL. 
Therefore ALL is a right Line. 

I 4 27. Let 
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Fig. 60. 27. Let A X be a tight Line given in 
Pofition, and D a Point; alfo let the Line 
DNN be fiich, that drawing any right 
Line M N thro' D (interfe<aing A5t in 
M, and the Line DNN in N) the Reft- 
angle under DM, DN may be always 
equal to the Square of a ghren Line Z : 
the Line DNN will be the Circumference 
of a Circle. 

For draw D B perpendicular to A X ; 
and let D J? tZ :: Z : D E ; joyn N E. 
then is DM xDN — Zy.= DBx 
D E ; wherefore DM:D B :: DE : DK 
Confequently the Triangles D B M, DN E 
are fimilar ; and fo D N' E is a right An- 
gle, Therefore the Line DNN is the 
Circumference of a Circle^ Whofe Diameter 
isDE. 

Hence you may obferve that not only 
a right Line and Hyperbola^ but a right 
Line and Circle too, are (in fome fort) 
Lines reciprocal to one another. But we 
{hall reft a while here, tho' we have not 
yet done with what wfe propofe by way 
of Introdu<ftion. 



LECTURE 



Lecture Yll. 



IE are ftill remaining at 
I the Door ; not designing 
as yet to make our En- 
trance. 

I . Lee there be two Quan- 
tities A,B; whereof A is 
the greater: If any third Quantitv X be 
taken ; it fhall beA-fX'.B + X-nA 
:B. 

For becaufe X : A -a X : B; it fhall 
be (by Compofiiion) X 4- A : A -n X 4- 
B:B. Or (<2/^fr«.) X + A : X -I- B -:i A 
:B. 

2. Let three Points L, M, N be taken pjg , 
in the Line Y Z ; and between L, N af- 
fume any Point E, and without L N to- 
wards Z another Point G ; divide E G in 
F.fo that itbeGE:EF::NL: LM, 
the Point F will fall towards MZ. 

For 
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(•) I. of For it 18 ^tfj N E : M E c- NL :ML; 

*"• :: GE : FEcT NE :PE. Therefore 
FEcrME. 

Fig 62. 3. Let two right Lines B A, DC be 
parallel ; as alTo the Lines B D, G P pa- 
rallel, and thro' the Point B, any how 
draw two right Lines B T, B S cutting 

GPinLK, Ifayit willbc DS:DT 
::KG:LG. 

For it is KG :LG= KG:GB + 
GB:LG=PK:PS + PT:PL = 
DB:DS + DT:DB=DT:DS. 
^* 63- 4. Let BDT be a Triangle, and any 
two r^ht Lines B S, B R drawn thro' B 
interfed any Parallel PG to theBafe DB, 
in the Points L,K: I iky it will be LG 
X TD-v-KL X 'RD:KG X TD :: 
RD:SD. 

For take BM= GP,and BN = LP, 
and B O = KP} then it is manifeft, that 
PM.PN.PO joyn'd wUl be*(rcfpeaivc- 
ly) parallel to T B, S B, R B. And becaufc 
itisDMiPD :: DB :TD, itfliall be 
D M X T D = P D X D B. In like 
manner it is, D N x S D = P D x D B. 
Wherefore DMx TD=DN x SD 
= DM X SD4- MD X SD. And 
by Tranfpofition DM xTD — DMx 
SD = M N X S D. By the very fame 
Way of Reafoning it is D M x T D — 
DM xRD = MOxRD. Where- 
fore it fliall beMNx SD:MO x 

» RD 
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RD::TD — SD:TD— RD.That 
is, L G X S D t K G X R D :: TD~ 

S D : T D — R D, or (bringing the E- 
quation into an Analogy) L G x S D x 
TD— LG X SD X RD = KGxRD 
X TD — KGx RDxSDj and by 
Tranfpofition LGxSDx TD -\- 
KGxRDxSD— LGx SDx 
RD = KGxRDxTD. That is, 
LG xSDxTD+KL X SDxRD 
= KGxRDxTD. And (reducing 
this to an Analogy) LGxTD + KL 
X RD:KG X TD::RD:SD. 

5; If the Points T, R be not fituate on Pig. 64. 
the fanae fide of D. It fhall be L G x 
RD— KLxTD::RD:SD. 

The Demonftration is the fame, which 
it would be tireibme to repeat. 

6. Let there be four Rows of equal 
Numbers of Quantities continually pro- 
portional, as you fee below ; and let the 
firft Antecedents, and the laft Conse- 
quents be proportional too, viz. A : a %: 
M : m and £ : F :: S : j. I fay any four 
of them taken of the £ime Order will 
be proportional. Suppofe for Inftance 



A.B. 



^% >. ..v 
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• • • • 

A. B. C. D. E. F. 

o, b. c. d. e, J, 

M. N. O. P. (^R. 

tn. ti. On p9 ^. r« 

For Pitn^ B«, C^, D/,. 

E J', F r. ( are continual 

, And ^j M, ^N,r O, JP,( Proportionals. 

Therefore fince A te = ii M, and F r = 
/R, it is manifeft that D/=r rP; and 
fo D:d:: V .p. 

The fame Conclufion takes place when 
the Quantities are arithmetical Progrefli-? 
onals. 

7. Let the right Lines A B, C D be pa^ 
rallel, and BD given in Pofition cut them ; 
and let the Lines EBE, FB F be fo rc^ 
lated, that any how drawing P G parallel 
to D B ; P F may be always a mean pro- 
portional of the fame Order between PG, 
PF 5 then thro' any given Point E in the 
Line EBE, let the Line H E be drawn 
parallel to AB, C D, and let there be a- 
nother Curve K E K fuch, that drawing 
any how Q^ parallel to D B, let QJX 
be always a Mean between QJ^, QJ^(w2;. 
of the fame Order that P F, is between 
PG,PE): IfaytheLinesFBF,KEK 
are Analogous ; that is, the Ordinates (as 

QJL, 



rig 05. 
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QR, QJC) are perpetually in the fame 
Ratio (for Inflance) that of PF to 
PE. 

This follows from the Lemma but juft 
laid down, as will appear by the follow- 
ing Scheme. 

QJ* CLR* Q^I.) are ;:.- 

QJ.* QJK*, Qj/ Wherefore 

P G* P F*, P E.rQR : QK:: 

P E* P E* P E.^ PF:PE. 

NotCy Any parallel Curves, may be 
ufed inflead of the right Lines A B, H E> 
CD. 

8. Let again two right Lines A B, A D pjg ^5, 
meet in A> and the right Line B D be 
given in Polition ; al£> let the two Curves 
E B E, F B F be fo related, that any how 
drawing PG parallel to DB $ P F may 
be always a mean Proportional of the 
fame Order between P G, P E ; then joyn- 
ing A£, let there be another Curve KE K 
fudi, that drawing any right Line QLI 
parallel to D B, let Q^K be always an a-* 
rithmetical Mean of the fame Order be- 
tween QJL, QI, as PF was between PG, 
P E. The Line FE F will again be an- 
alogous to K B K ; or it will be perpetually 
QJl:QK::PF:PE. 



For, 
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For> 
OS* QJl*. O I. 

Q^L* a.K* a I.' 

P G*, P F* PE. 
P E * P E* P E. 



arc " 



• • • 



Alfo Q^StQJ.:: ) 

P G : P E ( Therefore QR: 
And Q^I.QJ:: rQK:;PE:PE. 

PE:PE > 

Nofe^ Any three analogous Lines may 
be fubfticuted for the right Lines AB, 
AH, AD. 
pj g II. Alfo, let A GB be a Circle, and D 

^' '^' the Centre; and let two other Curves 
£ B E, F B F be fuch, that drawing any 
right Line DG thro* D ; D F noiay be 
always a mean Proportional of the fame 
Order between D Gr, D E ; and about the 
Centre D defcribe a Circle H E thro^ E ; 
then let the Curve KEK be fuch that 
drawing any right Line D L thro* D to 
the Circle HE ; D K may be always a 
Mean of the fame Order between D L, 
DI, as D F was between D G, D E ; the 
Curves FBF,KBK will be analogous, or 
it will be perpetually DR : D K;: D F : 
DE. 



For 
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.For again, 
D S*, D R* D I * 
D L* D K*, D I * 
D G* D F* D E*. , 
D E», D E* D E*. 



are -:;. 



Wherefore DR: DK ::DF :D E. 



\ 



Any other parallel or analogous Lines 
may be ufed inftead of Circles. 

10. Let AGBG, EBE be any two 
Lines; and let F BF be fome other Line 
fo related to thefe, that drawing from a 
given Point D any right Line D G ; D F 
may be always a mean Proportional of the 
fame Order between DG,DE j and take the 
Line HEL analogous to the Line AGB 
(or fuch that any how drawing thro' D 
the right Line D LS ; D S, DL'may have 
conftantly the fame Ratio.) Laftly, Let 
the Line KE K be fuch, that any how 
drawing D L j D K may be always a Mean 
of the fame Order between D L, D I, that 
D F before was between D G, D E ; 
the Line F B F will be analogous to 
KEK. 



For 



.«■ * 



1x8 LECTURE VII. 





For 


again. 


D S, 


«D R, 


♦D'L 


D L, 


*D K, 


* D I. 


D G, 


*D F, 


* D E. 


D E, 


♦D E, 


* D E. 



are 



And as well the firft as four laft Terms 
are proportional. Whence the thing pro- 
pofed is evident. 

1 1. Let A, B, C, D, E, F be a Series of 
arithmetical ProgrefBonals -, in which af- 
fuming any two Terms D, F ; let N be 
the Number of Terms (exclufively) from 
A to D., and M the Number (exclufively) 
from A to Fj then fliall A — :D:A — : 
F::N:M. 

For let X be the common Difference. 
ThenisD=A±NX. And F = A± 
MX. WhereforeA — :D=:NX. And 
A — :F =MX. Therefore A— : D : 
A — :F::(NX::MX::) N:M. 

{2. Hence if there be two Series of 
this kind, and in each be afium*d two Cor- 
refpondent Terms in the fame Order, as 
D, F in the firft, and PyR in the iecond, 

itfhallbeA— :D:A— :F::M— :P: 
M-^:R. 

A. B. C. D. E. F^ 
M. N. O. P» Q;^ R. 
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For each of thefe Ratio's is equal to 
that which the Numbers N,M are put to 
have in our laft. 

And thefe Numbers N,M are call'dthe 
Indices^ or Exponents of the Terms to ^ 
which they belong, in any Series of Pro- 
portionals; fuch we always hereafter un- 
derftaiid, when we exprefs thefe Let- 
ters. 

13. Let there be any Qiiantities in a con- 
tinued arithmetical Progreffion A, B, C, D, 
E, F, and the fame Number of geometri- 
cal continual Proportionals, beginning 
from the fame Term A ; and let B the 
(econd Term of the former Series, be not 
greater than the fecond M of thiss 

A. B. C. D. E. F. 
A. M. N. O; P. Qj^ 

I fay each Term in the geometrical 
Series will be greater than the correfpon- 
dent Term of the arithmetical Series. 

For it is A +. N cr 2 M (or sr ) 2 B =. 
A + C. Therefore N cr C. Whence 
M + Nc- B 4- C = A + D. But A +. 
O c- M + N. Therefore A ■+- O c- A . 
+ D. And fo O cr D. Therefore M + 
Oct B 4- D = A + E. But A + P cr 
M + O. Therefore A 4- P cr A + E j 

K and ^ 
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and fo P c- E. And you may reafon on 
in the fame Manner as long as you pleaie. 

14. Hence again, if A, B, C, D,E,F be 
continual arithmetical Progreilionals, and 
A> M, N, O, P, Q^be continued geometri- 
cal ones ; and if the laft F be not lefs 
than the laft Qj^ B (hall be greater than 
M. 

For if B be faid not to be greater than 
M ; F will then be lefs than Qj_ Whidi 
is contrary to the Suppoiition. 

Alfo the (ame Suppofition remaining, 
the lad Term but one E, will be greater 
than the lafl: Tenn but one P. 

1 5 . For if F =: Q^, it is evident from 
our laft, th«t E cr P (viz. by inverting 
each Series;) butifFc^Q^, we ftiall 
have, a ftronger Reafon to conclude 
EcrP. 

16. Moreover, every Term in the a- 
rithmetical Series, is greater than the cor- 
refpondent Term in the geometrical Se- 
ries, as fuppofe C greater than N. 

ForicisEcrP^andfoDcr 0:Whencc 
C cr N. 
Fig. 68. 17. It follows from hence, if there 
69- be four Lines HBH,GBG, FBF, EBE 
ioterieding each other in B, and fo related 
to one another, that drawing a right Line 
D H any how parallel to D B given in Po- 
fition (viz. terminating in the Line DDD) 
or drawing DH from a given Point D^ 

DG 
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D G may be always an arithmetical Mean 
of the fame Order between D H, D E, with 
D F a geometrical Mean between them ; 
the Lines G B G, F B F will mutually join 
one another. 

For it is evident from our laft that the 
right Line G B H falls quite without the 
LineFBF. 

18. From, hence alfo (obferve briefly by Fig. 70. 
the way) the AJymtotes of innumerable 
Hyperbola\ or Hyperboliform Figures may 
be determined thus : For let the right 
Lines VD, BD be given in Pofition; 
alfo let A B, V I be two other right Lines ; 
and drawing the right Line P G at plea- 
fure parallel to D B, let Pp be always an 
arithmetical Mean between P G, P E of 
the fame Order with P F a geometrical 
Mean between them. Then becaufc (a) (a) 12. of 
the right Lines E G, E/, are always in '^'• 
the fame Ratio; the Line ppp is a right 
Line : But the Line V FF is an Hyperbola^ 
or fome one of the Hyperboliform Figures. 
(viz.xht commori orAppoUonianHyperbola^ 
when P F is a fimple Mean between P G, 
P E 5 but fome Hyperboliform Figure, 
when P E is a Mean of another Order.) 
But it is manifeft (by N^ 16.) the Line 
ppp is an Ajymtote correfpondent in the 
fame Order to the Line VFF. I know 
not if it be worth while to obferve this 

K 2 here t 
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here : However it may certainly be c- 
fteem'd an Acquificion gain'd in our paf- 
fage. 

19. Let three right Lines B A, BC,BQ^ 
Fig 71- be drawn from a given Point B to the 
right Line AC given in Pofition; then in 
Q^C continu'd out afliime any Point Dj 
k right Line (fuppofe BR) may be drawn 
(on either fide BQ) fuch, that any right 
Line, as D N, being drawn from D, the 
Part EF of it intercepted between the right 
Lines BQ,BR,can beleis than the Part NM 
of the fame intercepted between B A, B C. 
For firft, if B R falls beyond the An- 
gle ABC with refpedi to the Point D; 
make QJR = C A, and Joyn B R 5 then 
draw D£ any how cutting thefe Lines 
as per Scheme. And it is manifeft * it 

Lea* 6.' wiUbeFE-nNM. 

If BQ^ falls on this fide the Angle 

^%\ ABC towards D 5 (a) draw the right 

Left. 6. Line B H fuch, that the Intercepts B Q^, 

B H be lefs than the Intercepts BQ^ B A, 

and aflfume H R r= QC, and joyn BR ; 

alfo draw D N any how interfering the 

Lines, as fer Scheme. Now becaufe it 

aj is KF (i) -3 NF,andKE*c- MP, 

^'''^'' it is plain there remains FE -dNM. 

So alfo a right Line BR may be drawn 
on one fide BQ^, which can intercept 
leffer Lines than MN; but (aj a right 
Line may be drawn too on the other fide, 

inter- 
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intercepting Icls Lines than F E. Whence 
the whole Thing propofed is evident. 

20, Let D, E,F be three Points in the Fig. 73. 
right Line D Z, and let F be the Vertex of 
thfe right-lin'd Angle B FC, whofe Sides let 
the right Line D BC cut, and thro' E draw 
E G : From E we may draw a right Line, 
as EH, fuch, that any right Line DK 
drawn from D, the Part in it intercepted 
by the right Lines E G, E H may be lels « 
than the Part intercepted by the right 
Lines FC,FB. 

DrawES,.ER parallel to FC, FB; 
and in the firft Cafe where the Point F 
is nearer to the Point D, (becaufe of the 
Similarity of the Triangles ENM, FKI) 
it is manifeft that it (hall be MN -ts IK; 
but a right Line, as E H, may be drawn 
(a) fuch, that the intercepted Lines P O 
may be lefs than the intercepted Lines ^jjj' '9- of 
M N. Therefore the Thing is manifeft. 

In the other Cafe, where the Point F ?'g- 74- 
is neareft the Point D, take S L equal to 
CB, and joyn EL. Then is I K: MN :: 
FK: EN :: DF:DE::FC : ES :: 
BC:RSrr;::LS: RS (d) cr ONij^.^-A- 
M N. Wherefore itisIKcr QN. r^^S.^^ 
But a right Line as EH, may be drawn 
from E fuch, that the Parts O P inter- 
cepted by E G, E H may be lefs than the 
intercepted Parts QN. Wherefore the 
thing propofed is fufficiently manifeft. 

K 3 21. Let 
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^'^Z'7S' 21. Let the right Line BO touch the 
Curve BA in B, and let the right Liee 
B O be equal to the Curve B A ; then ta- 
king any Point K in the Curve, joyn the 
Points K, O ; the Line K O will be greater 
than the Arch K A. 

For becaufe a right Line is the fliorteft 
Diftance between two Points, it is B K -4- 
,KOcr BO=BK +KA. Therefore 
• KAc- KO. 

22. Hence^ any how taking two Points 
K,L on the fame iide the Point c^ Con* 
tadt, and joyning the right Line K L ; it 
IhallbeKL + LOc-KA. 

For, above the Contad towards A, it 
isKL 4- L O cr KOcr KA. Butbelow 
the fame, it is KL 4- LBcr- KB (accord- 
ing to the Hypothefis of Arcbifnedes) $ and 
foKL + LOc-KA. 
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Doubtlefs appear to my 

felf (and believe fliall feem 

alfo to you) to be t&at lotje 

Scoffer who laughed at 

great Gates which were to 

be fet upy in a very/mall 

City : For all our Endeavours hitherto 

have been only to get fomcihing nearer 

our Bufinefs ; which we are now entring 

upon. 

■ 1. We affume thefe Propofitions in the 
Nature of Axioms. If two Lines OMO, ^'s : 
T M T do mutually touch one another, 
they comprehend Angles (OMT) lefs 
than any right-lin'd Angle. And contra- 
riwifej if two Lines OMO,TMT do 
contain Angles lefs than any rlght-Hn'd 
K 4 Angle, 
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Angle, thefe will touch one another ; at 
leaft may be efleem'd as Tangents. 

The Reafon of this, if I miftake not, has 
been already (hewn. 

2 . Hence, if two Lines O M O, T M T, 
do touch a third Line P M P, thefe Lines 
OMO,TMT will alfo touch one ano- 
ther. 

For becaufe the Lines O M O, P M P 
do touch one another ; the Angle O M P 
will be greater than any right- Hn*d An- 
glp. Alfo fince the Lines T M T,P MP 
do touch one another, the Angle T M P 
will be greater than any right- lin'd Angle. 
Therefore the Angle T M O will be greater 
than any right-lin'd Angle. And fo the 
Lines O M O, T M T will touch one ano- 
ther mutually. 

3. Let the right Line FA touch the 
p. g Curve FX in F, and let the right Line 

F E be given in Pofition 5 alfo let the 
two Curves E Y, E Z be fuch, that draw- 
ing any how the right Line I L parallel 
to EF (cutting the given Lines as per 
Scheme) it may be always, the intercepted 
Part K L equal to the intercepted Part 
IG : the Curves E Y, EZ will alfo touch 
one another. 

If they do not touch, a right-Hn*d An- 
gle, as fi E C, may be conftituted between 
thems which is cut by the right Line 
IL drawn any how parallel to FE ; take 

GH 
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G H = B C, and joyn F H ; therefore 
the Parts of the Parallels to F E intercep- 
ted by the right Lines FG, FH will be 
equal to the Parts intercepted - by EB, 
EC, that is, lefs than the Parts intercepted 
by the Curve FX and the right Line FA; 
and fo the Angle FX A is greater than 
the right-lin'd Angle H F G ; wherefore 
the right Line F A does not touch the 
Curve FX. Which is contrary to the 
Suppoiition. 

4. Moreover, let FA be a Tangent ta 
the Curve FX, and let two Curves E Y, ^'^' ^9- 
E Z be fuch, that any how drawing the 
right Line D L from a given Point D, 
(cutting the faid Lines 2Lsper Scheme; it 
may be always KL =: IG; then the 
Curves E Y, E Z will touch one another. 

For if you deny it, conftitute the right- 
lin'd Angle B E C between them, which 
the right Line D L drawn any how from 
D, interfedb. Now we may draw (a)('^) -'=^' 
from F a right Line (as F H) fuch, that ^'^^ ^' 
the Parts of the right Lines drawn from 
D, intercepted by F G, F H may be lefs 
than the Parts intercepted by E B, E C ; 
that is, much lefs than the Partsjintercept- 
ed by the right Line E A and the Curve 
FX. Whence it follows, the Angle AFX 
is greater than the right - lin'd Angle 
9FH; and fo the right Line AF does 

not 
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: D M. Therefore fincc it is D K c- 
D N ; it (hall bcDIcr D M; and fo the 
whole right Line RE will fall without 
the Curve X E M. 

The right Lines N K, M I have always 
the fame Ratio. Wherefore the Thing 
is otherwiie evident. 

8. Let three Curves X E M, Y F N, 
Fig. 82. ZGO be fuch, that anyhow drawing, 
from a given Point D, the right Line 
DEFG, the Intercepts EG, EF may 
have always the fame Ratio, fuppofe that 
of R to Sj and let ET, G T touch two 
of the Curves (fuppofe X E M, Z G O) in 
the Points E, G ; it is required to draw 
a right Line to touch the Curve Y F N in 
the Point F. 

Conceive the Curve T F V fuch, that 
drawing any how from D the right Line 
D M L K (which cuts the right Lines T E, 
TG in the Points I, L, and the Curve it- 
felf in K) I L may have the fame Ratio 
(a) 2. toIKasR to S. ThmfaJislK— IN; 
up- 8. and fo the Curve T F M touches the Curve 
Lea 6 YF N. But (A) the Curve TFK is 
(0 2. of an Hyperbola, let F S touch this : Then 
'^''' will (cj FS touch the Curve Y FN too. 
Becaufe we have here firft happened to 
make mention of the Tangents of Hyper^ 
bola\ we (hall determine at the fame 
Time not only that of the common Hy* 
perbola^ but thofc too*of all other reci- 
procal 
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procal Lines generated after the fame way 
with that. 

9. Let VD be a right Line, and the Fig. 83. 
two Curves X E M, Y F N fo related, that 
drawing at pleafure a right Line E D F 
parallel to a right Line given in Pofition, 
the Redangle under D E, D F may be 
always equal to fome given Space; and 
let the right Line ET touch the Curve 
X E M in E, meeting the right Line V D 
in the Point T; affume DS = DT; 
joyn F S : And this will touch the Curve 
YFNinF. 

For any how draw I N parallel to EF 
(cutting the Lines as per Scheme.) Then 
i$TP:PMcr (TP:PI::)TD:DE. 
Alfo SP : PK::SD:DF. Therefore 
TP X SP:PMxPKc-TDx SD: 
PE X DF::TD xSD:PM X PN. 
But TD X SDc- TP X S Pj and 
thence TD X SD:PM X PKc-TD 
X S D : P M :P N. Wherefore PM X 
PK -aPM X PNorPK-D PN. And 
fo the right Line F S will fall quite with- 
out the Curve YFN. 

Obferoey If XEM be a right Line (n)t%. 
co-inciding with TEI) YFN will be 
the common Hyperbola 5 T being its Cen- 
tre, T S one of the AfymptoteSy and the 
Other T Z will be parallel to E F. 

10. More- 



s 
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lo. Moreover let D be a given Point, 
and two Curves XE M,YFN fo related, 
that drawing any right Line EF from D; 
the Rcdlangle under D E, D F may be 

FJg. Sjl. pcrpcwally equal to a given Square, fup 
pofe that of the Line Z. And let the 
right Line £ R touch one of the Curvies 
X E M 5 the Tangent to the other (at F) 
may be thus determined : Draw D P per- 
pendicular to ER ; and make D P : Z :: 
Z:D B; biffea DB in C, joyn CF, and 
draw F S normal to C F ; this will toud 
the Curve Y FN. 

Far defcribe a Circle DOB from C 
thro* the Point F, and thro* B draw any 
how the right Line I N (interfedting the 
lines as you fee.) Then is D O x D I 

(a)27. (a) = DP ^DB(l^) = ZqCc) = DU 

Iffct/f^ X DN or DO : D M :: D N : D I. 

y ^5/.'^' Therefore fince DM(c) -dDIi it (hall 
be DO -^ DN; and fo the Circle DOB 
will touch the Curve YFN. Wherefore 
the right Line F S will touch the fame 
Curve YFN. 

Fig. 85. II. Let the Curves X E M, Y F N be 
fuch, that drawing any right Line F E pa- 
rallel to a right Line given in Poiition, 
this may be always equal to the fame 
Line ; and let S F touch the Curve YFN; 
the right Line RE parallel to this will 
touch the other Curve XE M. 



For 
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For any how drawing M K parallel to 
FE it is NI -3 (KI = F£=) NM. 
Wherefore the Point I, will fall without 
the Curve XEM,Gfc. 

The Line X E M is really no other 
than the Curve Y F N put in another Si- 
tuation. This Trifle is only propofed for 
Method's fake. 

1 2 Let X E M be any Curve, which the Fig 86. 
right Line E R touches in E ; al/b let 

Y F N be another Curve fo related to the 
other, that drawing the right Line DEF 
any how from a given Point d, the inter- 
cepted Part E F may be always equal to 
fome determinate Line Z ; it is required 
to draw a right Line to touch the Curve 

Y F N in the Point F. Take D H = Z, 
and thro' H draw A H perpendicular to 
D H, meeting E R in the Point B, and 
thro* F draw F G perpendicular to AB, 
and aflfume G L r=: G B ; then if you draw 
LF S it will touch the Curve YF N. ' 

For conceive an Hyperbola O F O to be 
dcfcribed thro' F to the AJymtotes E R, A B, 
which any right Line DO drawn from 
Dcuts. Then is (a) QP = D P; and W ^nverfe 
foMCr-DPr^; c-DHr^; =- M N. 9^||;^/- 
Therefore the Hyperbola O F O touches (c) Ekm. 
the Curve Y FN. r^;9-of 

But the right Line L S (d) touches the ^ "* 
Hyperbola OFO: Wherefore this will 
touch the Curve Y F N too. 

Note^ 
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Note^ If X E M be fuppofed a flraic 
Lijpe (or coincides with ER); YFN 
will be the firft Common, Conchoid^ 'oiz. 
that of Nicomedes. And therefore you 
have the Determination of its Tangent, 
from a certain general Method. 

fig. 87. Let LA be a right Line and BE I any 
Curve ; as alfo let there be fome other 
Curve DFG fuch, that drawing at Plea- 
fure the right Line P F E parallel to a 
right Line given in Pofition, let the Square 
of the right Line P £ be equal to the 
Square of P F together with the Square of 
the given Line Z ; alfo let the right Line 
£T touch the Curve BE I; and then 
make VEqi ?Yq :: PT:PS. This 
done, if S F be join'd ; it will touch the 
Curve DFG. 

For conceive the Curve VFH to be 
fuch, that drawing QK parallel to P E 
(cutting the given Lines as you fee) QK^ 
may be perpetually equal to Q^ q 4- 

(a) Supp Z q : Whence, becaufe it is {a) Qjt cr 
Q^I; it (hall beQ^Ky — Z?c-QJ? 
—Zqi that is, QJly cr QGy: There- 
fore the Curve VFH will touch the 

ua" ^"^^^ DFGF, But the Curve VFH (b) 
is an Hyperbola^ which the right Line 

Left. 1 . 8 F touches (c) : Wherefore thi^ will alfo 

( ) ^oT.zz. ^oych the Curve DFG. 

14* If 
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14. If the fame Things remain ; but 
now P E^' ^ Tj q = PF y, and youp. g^^ 
makePEy rPFj'xPT: PS. Then 

F S (joyn'd) will again touch the Curve 
DFG. 

The Demonftration is the fame ; but 
the 23^ of the firft Lefture muft be ta- 
ken. 

15. Let two Curves A F B, CGD, having Fig. 89. 
the common Axis AD, be fo related to one 
another, that drawing any right Line FEG 
perpendicular to A D (cutting the given 
Lines, as per Figure) the Sum of the 
Squares of E F, EG may be equal to the 
Square of a determinate Line Z \ and let 

the right Line F R touch one of the 
Curves, as A F B, Then if you make 
EF3^:EGy::ER:ET, andjoyn G T. 
This will touch the Curve CGD too. 

For conceive the Curve O G O to be 
fuch, that drawing the right Line K QjO 
(which Interfeds the right Lines ER, 
F R in the Points Q,, K, and the Curve 
OGO in O) QK J + Q^) q may be = 
Zf, and fo it will be QK q + Q^ q ==:: 
Q1 q + QJL q 5 and becaufe it is C^y 
(a) cr QJ^gr, it fhall be QOy -a QL q.(^) Supp. 
Wherefore the Curve OGO will touch 
the Curve CGD inwardly. But (b) from W 24- 
what has been already demonftrated, the ^^^ ^* 
Curve OG O is an ElUpp, which the right 

h Line 
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Line G T touches. Therefore GT will 
touch the Curve C G D too. 

Fig 90 16. Let there be any Curve AFB (whofc 
Axis is A D, and Ordinate to it D B) let 
alfo another Curve V G C be fo related to 
it, that drawing the right Line Z F any 
how from a given Point Z in the Axis 
A D, and thro' F the right Line E F G 
parallel to DEC; we may have EG e- 
qual to ZF J alfo let P Q be perpendicular 
to the Curve AFB; and aflume QR e- 
qual to Z F : Then if the Line G R be 
drawn, it will be perpendicular to the 
Curve VGC. 

For draw F T perpendicular to FQ, or 
touching the Curve AFB; and conceive 
the Curve O G O to be fuch, that drawing 
any right Line HKO parallel to EGF 
(cutting the right Lines T E, T F, and 
Curve OGO in the Points H, K, O) and 
joining ZK; we may have HO =: ZK; 

W % alfo draw ZL Becaufe UK fa) c- HI, 
it (hall beZKc-ZI, orHOcT- HL: 
Wherefore the Curve OGO touches the 

(^) 25. Curve VGC. (6J But OGO is an Hjj- 

Lc6L6. perbola^ to which the right Line GR is 
perpendicular: Therefore the fame GR 
will be alfo perpendicular to the Cune 
VGC. 

Fig 91. ^7' ^^ DQ be a right Line, and the 
two Curves D R S, D Y X fo related, thai 
any how drawing a right Line REY pa- 

raUel 
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rallcl to the right Line D B given in Por- 
tion (which cuts the faid Lines as you fee) 
and joyning D Y, it may be always R Y : 
D Y : : D Y : E Y ; and let the right Line 
RF touch the Curve DRS in R. It is 
required to draw a right Line to touch the 
Curve D Y X in Y. 

Conceive the Line D Y O fuch, that any 
how drawing GO parallel to DB (which 
Interfeds the Lines FR, FP, DYO in 
the Points G, P, O) and joyning DO, it 
may be always GO : DO:: D O : P O : 
the Curve DYO will touch the Curve 
DYX in the Point Y. For let the right 
Line GO cut the Curves DRS, DYX ^ 
in the Points S, X, and joyn D G, D S, D X. 
Then it is evident (from the Nature of the 
Curve) the Angles X D P, D S P, as al- 
fo the Angles O D P, D G P are e- 
qual; and fo becaufeDSP is greater than 
the Angle D G P ; the Angle X D P will 
be greater than the Angle O D P, and fo 
PX greater than PO: Therefore the 
Curve DYO will touch the Curve DYX^^; ,i, 
in the Point Y. But the Curve DYO (aj Lea. 6- 
is 2in Hyperbola ^ let YS touch it: There- 
fore this will alfo touch the Curve DYX. 

Note, If the Curve DRS be a Circle, 
and CtP B a right Angle, the Curve DYX 
will be the common Cijfoid \ and fo the 
Tangent to this, as well as innumerable 
Curves generated in like manner^ is here 
determined. L 2 18. Lee 
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Fig. 92. 18. Let D B, B K be right Lines given 
in Pofition, and the Curve D Y X fuch> 
that drawing any right Line D Y H from 
the Point D (which cuts B K in H, and 
the Curve D Y X in Y) the Subtenfe D Y 
«iay be always equal to the right Line 
B H. It is required to draw a right Line 
to touch the Curve D Y X in Y. 

From the Centre D thro* B draw the 
Circle BRS, which the right Line YER 
drawn parallel to BK meets, and joyn 
D R. Then (becaufe the Ang. D Y E r= 
Ang.DHB,ftndDY = BH, and DR = 
B D) the Triangle R D Y is fimilar and 
equal to the Triangle D B H. Wherefore 
RY : YD :: (DH: HB) :: Yp:YE. 
Therefore (by our laft) a right Line may 
be drawn to touch the Curve D Y X in 
the Point Y. 

19. In like manner let DB, BK be 

Fr. 93. " right Lines given in Polkion, and the Curve 
B X X fuch, that drawing any right Line 
D X from D (which cuts the right Line 
BK in H,and the Curve BXX in X) HK 
may be always equal to B H. It is requi- 
red to draw a right Line to toudi the 
Curv« B M X in the Point X. 

Conceive the Curve DYY fuch,that it may 
be always DY=BH fw^. jfuch, as touch- 
ed upon in our laft) and let the right Line 
Y T touch this in the Point Y, meeting 
B K in the Point R. Then let an Hyper^ 

boJa 



LECTURE VIII, I4P 

Bola NXN be defcribcd thro' X to the 
AJymtotes RB, RT, to which any how 
draw the right Line DN (cutting the faid 
Lines as you fee) Now OM {a) = DI) .^fa) gj f *>: 
D L (6) -) O N. Therefore the Byper- 9 iJ.t 
bola NXN touches the Curtc B X X in 
the Point X. And fo draw the right Line 
XS touching the fiyper&olaNXN. This 
will alio touch the Curve B X X. 

We feem to have trifled fufficiently 
for this Time, and fhall now refl a while. 
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E are forthwith moving direft- 
ly forwards in the Way al- 
ready entered upon. 

I. Let the right Lines AB, 
V D be parallel to each other, and the 
right Line DB given in Pofition cut 
them; and let the Lines EBE, FBF 
raffing thro' B be fo related, that draw- 
ing any Line PG parallel to DBj PF 
may be always an arithmetical Mean of 
the fame given Order between PG, P E, 
and let the right Line B S touch the Curve 
EBE; it is required to draw a right 
Line to touch the Curve FBF in the 
Point B. 

Let the Numbers N, M be the Expo- 
nents of the Proportionals PF, PE (fuch 
(a) as have been explained above j) make 
ea.?- N :M:;DS:DT, andjoynTB: This 

(hall 
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fhall touch the Line F B F. For draw 
the right Line P G any how, cutting the 
faid Lines, as per Scheme. Then it is 
FG:EG '.'.(b)^ :U:: (c)'D S: DTW m. 
::r^; LG,KG; and (o fxnct (ej KG -3 1;;%J„. 
E G, it fhall be L G -n FG: Confcquent- r^; 3. 
ly the right Line TB falls quite without f;*^'- 7- 
the Curve FBF. ^ ^''""'- 

2. Things remaining the fame, let P F 
be now a geometrical mean Proportional 
(of the fame Order it was before, when 
an arithmetical Mean) between P G, P E ; 
The fame Line B T will touch the Curve 
FBF. 

For the Lines conftrufted after this man- (aj 17. ^ 
ner from arithmetical Means and geome- Left. 7. ^ 
trical mean Proportionals faj do touch one 
another in the Point B : Therefore becaufe • *" 
the right Line BT touches the one,.. this 
will touch the other alfo. 

Example. Let PF be the third of fix 
Means between PG, P E : then \viU M 
= 7, andN = 3; and fo DS : DT :: 

3-7- . . , 

3. The Suppofition in the laft Number p- 

remaining, if any Point F be taken in the 
Curve FBF; a right Line may alfo be 
drawn after the fame Manner to touch 
the Curve in this Point. 

For thro* F draw the right Line P G 
parallel to D B, cutting the Curve EXE 
in E, let E X touch the Curve E B E in 

L4 Ei 
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E; make N:M::PX:PY5 joyn the 
right Line FY: this will touch the Curve 
FBF. 

For draw the right Line C E thro' E, 
parallel to A B (or VD); and conceive the 
Curve H E H paffing thro' E to be fucb, 
that drawing any right Line QL parallel 
to D E (cutting the Curves E B E, H E H 
in L and H, and the right Lines C E, V P 
in I and Q) J QJH may be always a Meaa 
of the fame Order between Q^I, QL, as 
P F is between PG, P E. Then it is evi- 
dent (from the laft Number) that the right 
Line EY (being joyn'd) touches the Curve 
(') 7. HE H. But the Curve E BF is (aj ana- 
^'^- 7- logous to the Curve H E H. Therefore 
W ?. ^ (0 the right Line FY will touch the 
^'^' ^' Curve FBF too. 

4. You may obferve when EBE is a 

right Line, the Line FBF will be fome 

one of the Paraboloids. And fo what has 

been here and there obferved concerning 

them, (deduced from Calculation and made 

maniifeft by a Sort of Indudtion, but not 

to my Knowledge, any wher* Demonftra- 

ted geometrically ) does flow in abun*- 

dancc from a moft plentiful Spring difRj* 

fing it felf to innumerable Curves of other 

kinds. 

Fig. $6. 5. Hence it evidently follows, if T D 

be a right Line, and two Curves EEE, 

. FJ'F be?^ fo related, that drawing the 

A^^ right 
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right Lines P E F parallel to B D given 
in Pofition, let the Ordinates PE be al- 
ways as the Squares of the Ordinates P F, 
and let the right Lines E S, F T (drawn 
from the Bounds of the fame common Or- 
dinate) touch thefe Curves: Then will 
TP =z 2 S P; if the Ordinates PE be as 
the Cubes of PF; it (hall be TP = 4 
S P J and fo on ad Infinitum according to 
this Law. 

6. Let (again) there be a Circle ABC, Fig. 97. 
whofe Centre is D, and Radius D B, and 
let the Lines E B E, F B F paffing thro' B 
be fo related, that drawing any right Line 
DG thro' Dj DF may be always an 
arithmetical Mean of the fame Order be- 
tween D G, D E ; alfo let the right Line 
BO touch the Curve EBE in the Point 
B.. It is required to draw a right Line to 
touch the Curve F B F in the fame Point 
B 

This is in fome fof t generally efFedted, 
(N. 8. of the Eighth Ledlure) But wc 
(hall perform the thing here more plainly 
and largely. Let D Q^be perpendicular 
CO D B, which B O cuts in S, and make 
N : M : : D S : D T ; joyn the right Line 
TB. Then (hall this touch the Curve 
FBF. 

For let the right Line PB touch the p. 
Circle AB G, and fo divide the Lines D S '^ ^^' 
in X and B S in Y, that it may be D S : 

DX:: 
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DX::M:N::BS:BY} and draw XZ» 
Y V thro' the Points X,Y parallel to BS, 
D S, meeting one another in the Point C ; 
conceive an Hyperbola LBL to be defcrib- 
ed thro' B to the Afymtotei "^QTis alfo 
draw a right Line D P any how from D, 
interre(%ing the faid Lines, as per Scheme. 
('*;/»wr> Then is PK: P L \\(a) M:N :: (b) GE: 
J^g GF(^f;t:rPE:PFc-PK:PF: Where- 
(i) II. fore PL -n PF; and fo the Hpperbola 
Left 7. LBL touches the Curve F B F. Now 
Lea '7 continue out TB meeting XZ in Rj then 
' itisRZ:ZB::BS;ST. Confequent- 
lyRZxST = BSxZB=BSxSX. 
M Confir. But becaufe D S : S X : : ^d?; B S : S Y. We 
have DS X S Y = B S X SXj and fo 
RZ xST = DSxSY=DS x CX. 
Or RZ:CX::DX:ST,and(byCom- 
pofition)RZ:RZ4.CX:;DS:DT:: 
^i/; N:M:: CZtCZ +CX. And fo 
(by Divifion) R Z : C X : : C Z : C X. 
Therefore R Z = C Z. Wherefore R B 
touches the Hyperbola LBL. Whence 
R B T will touch the Curve FB F, conti- 
guous to LBL. 

7. Hence if (things remaining the fame) 
the right Line D F only be perpetually 
made a geometrical Mean between D G, 
D £, of the fame Order as before; the 
fame B '^ will touch the Curve F B F 
alfo. 
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For Lines formed from arithmetical 
Means and geometrical mean Proportion- 
als, of the fame Order, do couch one ano- 
ther ; and fo one right Line will touch 
them both. 

8. Moreover (things remaining as in our pjg, ^g^ 
laft) a right Line may in like manner be 
drawn from any given Point F in the 
Curve FBF. 

For joyn the right Line D F interfe6l- 
Ing the Curve E B E in the Point E ; as 
alfo draw D Q^ perpendicular to D G cut- 
ting EO in X; make DX:D Y::N: 
M ; joyn E Y, and draw F Z parallel to 
E Yj this will touch the Curve FBF. 

For with the Centre D draw a Circle 
C E I thro' E ; conceive the Line H E H 
to be fuch, that drawing from D any right 
Line DI (cutting the Circle CE in I, the 
Curve HE H in H, and EB E in L) D H 
may be always a mean Proportional of the 
fame Order between D I, D L, as D F is 
between D G, D E ; then it is plain (from 
our laft) that the right Line E Y will touch 
the Curve H E H. But the Curve FBF 
(a) is analogous to the Curve H E H : (n) 9. 
Wherefore (b) the right Line FZ will Left. 7. 
alfo touch the Curve FBF. (f^Jg^ 

Hence we may very fpeedily determine 
not only the Tangents of innumerable Spi- 
rals, but thofe of infinite Numbers of o- 
(hers of different Kinds. 

9. Hence 
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Fig. 99. 9. Hence it is manifeft, if two right 
Lines E E E, F F F be fo related to each 
other, that any how drawing right Lines 
D E F from the Pomt D 5 the right Lines 
D E may be to each other as the Squares 
of D F, at the Ends of which let the right 
Lines E S, F T touch the Curves, meeting 
the Perpendiculars to D E F in the Points 
S,T: Then will always DT= 2DS. 
If DE be as the Cubes of DP; it will 
always be DT = 3 D S. And fo on after 
the fame Law. 

Fig 100 ^^* ^^^ ^^^ right Lines VD,TB meet 
one another in the Point T, and the right 
Line DB given in Poficion cut them; 
alfo let the Lines EBE, FBF, paffing 
thro* B be of fuch a Nature, that draw- 
ing any Line PG parallel to DBj PF 
may be always an arithmetical Mean of 
the fame Order between PG, PF; and 
let B R touch the Curve EBE; it is re- 
quired to draw a right Line to touch the 
Curve F B F in the Point B. 

Take N M (the Exponents of the Or- 
ders in which are P F, P E) and make 

HxTdIn} xRD:MxTD 

:: RDrSD; joyn BS, and this will 
couch the Curve FBF. 

For any how draw P G, cutting the 
faid Lines as per Scheme* Then k £ G: 

FG 
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FG::(a)M:l^. And therefore FG X TD : r^; m . 

EGxTD::NxTD:MxTD. AlfoEFL«^,7- 

XRD:EG X TD::M— NxRD:M 

X TD. Wherefore {joyning the Anre- 

cedents) it fhall beEGxTD + EF 

xRD:EGxTD::NxTD + 

M— NxRD:Mx TD, (that^i;o»A- 
k ) y. (hj RD:S D. But (c) L G(0 4- 

X TD -i-KLx RD:KG x TD \:^'^-7- 

RD : SD. Therefore FGxTDJf-EFy. (j) Hyp. 

RDtEGxTDxEGxTD+KLxRD: 

KG X TD. And fo, fince EG (JJ c- KG ; it 

fhall beFGxTD + EFxRDc- 

LGxTD-v-KLxRD. OrFGtEF 

+ TD:RDc-LG:KL -fTD: 

R D J or (taking away the common Ra- /,; , 

tio) FG:EF-LG:KL. Or (Com- Left. 7. 

pmenJo) EG:EF^KG:K L(e) cr 

E G : E L. Whence it is E F -tj EL. 

And fo the Point L is fituate without the 

Curve FB F. Confequently the Thing pro- 

pofed is manifeft. 

1 1. Things remaining as before, if PF 
be fuppofed a geometrical Mean of the 
fame Order, it follows (cxadly as in the 
Method above) that the faid Line BS will 
touch the Curve F B F. 

Example. If P F be the third of fix 
Means, or M— 7, and N=3 ; it fhall be 
3TD-i- 4RD:7MD::RD:SD, or 

s n - 7MD X RD 

'^-3TD + 4RD- 

12. It 
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Fig. 101 . 1 2. Ic is alfo evident, that a right Line may 
be drawn after the fame Manner from a 
given Point (as F) in the Curve F B F to 
touch it. For draw the right Line P G 
thro* F parallel to DB, cutting the Curve 
£BE in £ ; thro' £ draw £R touching the 

+ M> 
Curve E B E, and make N x TP — N> 
X RP: M X TP ::RP:SP, andjoyn 
S F : this will touch the Curve F B F. Be- 
ing dcmonftrated after the very fame Man^ 
ner as the 3/i Number of this Ledurc; 
only here (a Parallel is not drawn to VD 
thro' E but £ T is joyn'd) and the eighth 
Number of the feventh Ledlure is of ufc. 
13. Obferve, if £ BE be a right Line 
(viz. coinciding with the right Line BR) , 
the right Line F B F is fome one of the 
HyperhliformCutvcSfthcMtthod of draw- 
ing Tangents to which, as well as to an 
infinite Number of Curves of other Kinds, 
we have laid dowii in one Theorem. 
Fig. 102. 14. If the Points T, R do not both fall 
on the fame fide of D or P; the Tangent 
(BS) of the Curve FBF will be detcrmi- 

ned by making NxRD — N; ^ ^ ^• 
M X TD::RD:SD. 

This is evident by the very fame Way 
of Reafoningy and from the fifth Number 
of the feventh Ledt inftead of the fourth. 

15. Hence 
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15. Hence may be determined at once, 
not only the Tangents to all kinds of £/- 
liptick Figures, (fuppofing E B E to be a 
right Line, coinciding with the Line B R) 
but likewife thofe to innumerable Curves 
of other kinds. 

Example. Let PF be the fourth of four 
Means, or M= 5, and N=4. Then will 
u on STD X RD 
•"S^^iRp— TD- 

Obferve. If it fhould happen that 

ND X RD = ^^J xTDiDSwould 

be infinite, or BS parallel to VD. Other 
Obfervations may be made, but I fhall 
leave them. 

Among innumerable other Curves, the Fig. loj, 
CiiToid and all kind of Cifibidal Curves 
have their Tangents determinable by this 
Method. As fuppofe DSB be half a 
right Angle, and, the two Curves S G B, 
SEE,ro related to one another, that draw- 
ing at pleafure the right Line G E parallel 
to BD (cutting the given Lines, as you 
feeO PG, PF, PE be continual Propor- 
tionals, and the right Line «GT touches 
the Curve S G B in G ; you will find the 
Line touching S E E in the Point E, in 
making 2TP— SP:TP::S P:RP. 
For when the Points R,E are joyn'd, it 
will touch the Curve S E E j as is cafy to 
infer from what has been already faid. 

Now 
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For Lines formed from arithmetical 
Means and geometrical mean Proportion- 
als, of the fame Order, do couch one ano- 
ther ; and fo one right Line will touch 
them both. , ^ ^ 

8. Moreover (things remaining as in our pig. ^g, 
laft) a right Line may in like manner be 
drawn from any given Point F in the 
Curve FBF. 

For joyn the right Line D F interfer- 
ing the Curve E B E in the Point E ; as > 
alfo draw D Q^ perpendicular to D G cut- 
ting EO in Xj make bX:D Y :: N: 
M ; joyn E Y, and draw F Z parallel to 
E Y; this will touch the Curve FBF. 

For with the Centre D draw a Circle 
C E I thro' E ; conceive the Line H E H 
to be fuch, that drawing from D any right 
Line D I (cutting the Circle CE in I, the 
Curve HEHin H, and EBE in L) DH 
may be always a mean Proportional of the 
fame Order between D I, D L, as D F is 
between D G, D E ; then it is plain (from 
our laft) that the right Line E Y will touch 
the Curve H E H. But the Curve FBF 
fa) is analogous to the Curve H E H : f^ij 9. 
Wherefore (ij the right Line FZ will^j|t- 7- 
alfo touch the Curve FBF, L^^s. 

Hence we may very fpeedily determine 
not only the Tangents of innumerable Spi- 
rals, but thofe of infinite Numbers of o- 
thers of different Kinds. 

9. Hence 
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Fig. 99. g. Hence it is manifeft, if two right 
Lines E E E, F F F be fo related to each 
other, that any how drawing right Lines 
D E F from the Point D 5 the right Lines 
D E may be to each other as the Squares 
of D F, at the Ends of which let the right 
Lines E S, F T touch the Curves, meeting 
the Perpendiculars to D E F in the Points 
S,T: Then will always DT= 2DS. 
If DE be as the Cubes of DP; it will 
always be D T = 3 D S. And fo on after 
the fame Law. 

Fig 100. ^^' ^^^ ^^^ right Lines VD,TB meet 
one another in the Point T, and the right 
Line DB given in Pofition cut them; 
alfo let the Lines EBE, FBF, paffing 
thro* B be of fuch a Nature, that draw- 
ing any Line P G parallel to D B ; P F 
may be always an arithmetical Mean of 
the fame Order between PG,PF; and 
let BR touch the Curve EBE; it is re- 
quired to draw a right Line to touch the 
Curve F B F in the Point B. 

Take N M (the Exponents of the Or- 
ders in which are P F, P E) and make 

;: RD:SD; joyn BS, and this will 
touch the Curve FBF. 

For any how draw P G, cutting the 
faid Lines as per Scheme* Then k £ G: 

FG 
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FG::(a)M: N. And therefore FG X TD : r-*; 1 1 . 
EGxTD::NxTD:MxTD. AlfoEFLea7- 
XRD:EG X TD::M— NxRD:M 
X TD. Wherefore (joyning the Ante- 
cedents) it ftiall be EG x TD + EF 
xRD:EGxTD::NxTD + 

M— NxRDrMx TD, {that ^ij onjir. 
k) :: (ij RD : S D. But (c) L GCO 4- 
X TD +KLxRD:KG x TD::^'^ 7 
RD : SD. Therefore FG x T D 4- E F X c^?; ^;. 
RD:EGxTD::EGxTD+.KLxRD: 
KG X TD. And fo, fince EG (JJ c- KG 5 it 
fhall beFGxTD+EFxRDc- 
LGxTD+KLxRD. OrFG:EF 
4. TD: RD c- LG : KL -\- TD: 
RD} or (raking away the common Ra-/-,; ,, 
tio) FG : E F - LG : K L. Or (Com- Left. 7. 
ponenJo) E G : E F c- K G : K L/^; cr 
E G : E L. Whence it is E F -3 EL. 
And fo the Point L is fituate without the 
Curve F B F. Confequently the Thing pro- 
pofed is manifeft. 

II. Things remaining as before, ifPF 
be fuppofed a geometrical Mean of the 
fame Order, it follows (exadly as in the 
Method above) that the faid Line BS will 
touch the Curve F B F. 

Example. If P F be the third of fix 
Means, or M— 7, and Nr:-3 ; it fhall be 
3TD-i- 4RD:7MD::RD:SD, or 
cr>-7M D X RD 

■"3 TD + 4RD- 

12. Ic 
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Fig. 1 01 . 1 2. Ic IS alfo evident, that a right Line may 
be drawn after the fame Manner from a 
given Point (as F) in the Curve F B F to 
touch it. For draw the right Line P G 
thro* F parallel to DB, cutting the Curve 
EBE in E j thro* E draw ER touching the 

+ M> 
Curve E B E, and make N x TP — - N> 
X RP: M X TP::RP:SP, andjoyn 
S F : this will touch the Curve F BF. Be- 
ing dcmonftrated after the very fame Man- 
ner as the 3/i Number of this Lcdure; 
only here (a Parallel is not drawn to VD 
thro' E but E T is joyn'd) and the eighth 
Number of the feventh Ledlure is of ufe. 
13. Obferve, if EBE be a right Line 
(viz. coinciding with the right Line BR) , 
the right Line FBF is fome one of the 
HyperhliformCurwcSfthe Method of draw- 
ing Tangents to which, as well as to an 
infinite Number of Curves of other Kinds, 
we have laid down in one Theorem. 
Fig. 102. 14. If the Points T, R do not both fall 
on the fame fide of D or P; the Tangent 
(BS) of the Curve FBF will be detcrmi- 

+ ^^1 X TD' 
ned by making NX RD — N; ^ ^ ^• 

M X TD::RD:SD. 

This is evident by the very fame Way 

of Reafoningy and from the fifth Number 

of the feventh Ledt inftead of the fourth. 

15. Hence 
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15. Hence may be determined at once, 
not only the Tangents to all kinds of £/- 
liptick Figures, (fuppofing E B E to be a 
right Line, coinciding with the Line B R) 
but likewife thofe to innumerable Curves 
of other kinds. 

Example. Let P F be the fourth of four 
Means, or M= 5, and N=4. Then will 

Obferve. If it fhould happen that 

ND X RD = ^^} xTDiDSwould 

be infinite, or BS parallel to VD. Other 
Obfervations may be made, but I fhall 
leave them. 

Among innumerable other Curves, the Fig. loj. 
Ciflbid and all kind of Ciflbidal Curves 
have their Tangents determinable by this 
Method. As fuppofe DSB be half a 
right Angle, and, the two Curves S G B, 
S E E,ro related to one another, that draw- 
ing at pleafure the right Line G E parallel 
to B D (cutting the given Lines, as you 
fee;) PG, PF, PE be continual Propor- 
tionals, and the right Line *GT touches 
the Curve S G B in G ; you will find the 
Line touching S E E in the Point E, in 
making 2TP— SP : T P: : S P : RP. 
For when the Points R, E are joyn'd, it 
will touch the Curve S E E j as is cafy to 
infer from what has been already faid. 

Now 
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Now if the Curve SGB be a Circle, and 
the Angle SPG of Application bearight 
Angle, the Curve SEE is the commoif 
Cifloid, "viz, that of DiocUs ; if not, it is 
a CilToid of another Kind. We have juft 
touched upon this by the Way, and ihall 
now detain you no longer. 
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ll E are ftill continuing on the Bii- 
linefs of Tangents. 

I. Lee there be two Curves pjg ,o^. 
AEG, AF I fo. related to one 
another, that drawing any right Line EF, 
parallel to AB given in Pofition, cutting 
the Curve A E G in E, and the Curve 
AFI in F i EF be always equal to the 
Arch AE of the Curve A EG, reckoning 
from A ; and the right Line ET ipuches 
the Curve A E G in the Point E, and FT 
be made equal to the Arch AE: If TF 
be drawn, it will touch the Curve AFL 
For draw the right Line GK any how 
parallel to A B, cutting the given Lines, 
as you fee. Then isGK = GH + HK. 
n^ GH 4- HT fjj c- Arch AG = G If") ^t. 
M Whence '-'^■?- 
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ft 

Whence the Point K is fituate without the 
Curve A F I J and fo the right Line T K 
touches it. 

2. If the right Line E F has any given 
Ratio to the Arch AE, the right Line 
FT will neverthelefs touch the Curve 
AFI; as evidently follows from hence 
and the fixth Number of the eighth Lc- 
fture. 

The prefent l*beorem we have fome 
time ago demonftrated otherwife. But 
this Demonftration here, feems to be 
fomewhat more fimple and evident ; and 
more fuitable to our Method in hand. 
Fig. 105. 3- Let there be any Curve AGE, and 
the given Point D ; alfo let A I F be ano- 
ther Curve fuch, that drawing any right 
Line D E F from D, the intercepted Part 
E F be always equal to the Arch A E, 
and let the right Line E T touch the 
Curve AGE; it is required to draw a 
Tangent to the Curve A I F in F. 

MakeTE= the Arch AE, and let 
the Curve TKF be fuch, that drawing 
the right Line D K any how from D (cut- 
ting the Curve TKF in K, and the right 
Line TE in H) It may be always HK 
= H T. Then let the right Line F 8 
touch the Curve (aj TKF in the Point F. 
This will alfo touch the Curve A I F. 

Left. 8. For 
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ForGKis = GH 4- HK = GH +W". 
H T, and fiJOA^^OI. Confequently, ^'^' ^^ 
the Point K falls without the Curve AI F ; 
and fo the fight Line F S touches the 
Curve A IF. 

4. If the right Line E F be fuppofed 
to hav? any given Ratio to the Arch A E, 
its Tangent may be eafily determined by 
this and the eighth Number of the eighth 
Lcdure. Fig: ^^s. 

5. Let there be a right Line AP, and 
two Curves A E G, A F I fo related to each 
other, that any how drawing the right 
Line D E F, cutting the right Line A P, 
.and the Curves A EG, A F I in the Points 
D, E, F; it may be always, the right Line 
D T equal to the Arch A E j alfo let the 
right Line E T touch the Curve AEG 
in E; take ET equal to the Arch EA, 
let TR be parallel to BA, and joyn the 
Points R, F; The Line RF will touch 
the Curve AFL 

For conceive the Curve LFL to be 
fuch, that drawing any right Line PL pa- 
rallel to AB, (cutting the Curve AEG in 
G, the right Line T E in Hand the Curve 
:LFL in L) the right Line PL may be 
perpetually equal to T H, H G together ; * Suff. 
thenisi^i'jPLc-AEG^zziPL Wherefore 
the Curve LFL touches the Curve AFI^,; ^g. 
Alfo the right Line IK (c) is equal to the Left. 6, 
jright LincTH; and fo tlie right Line 

M z R,FK 
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W i. RFKf^jtouches the Curve LFLj and 

^ef'z' (^) confcquently the Curve A F I. 

LclI 8. 6. Alfo if the right Lines D E have a 
conftant Ratio to the Arch AE; the right 
Line RF will neverthelcfs touch the Curve 
AF I ; as is eafily manifefl from hence, and 
and the fixth Number of the eighthLefhire. 
7. Let D be a given Point, and two 

Fig. 107 Curves AG E, D I F be (o related to each 
other, that drawing any right Line DF E 
from the Point D, the right Line D F may 
be equal to the Arch A E, and let the right 
Line E T touch the Curve A G E in the 
Point E 5 it is required to draw a right 
Line D I F to touch the Curve D I F in 
the Point F. 

Affutnc E T equal to the Arch F S, and 
conceive the Curve DKK to be fuch, 
thac drawing the right Line DH any how 
from D (cutting the Curve D K K in K, 
and the right Line T E inTI,) D K may 
be perpetually equal to T H. Then let (a) 

hUi the right Line FS touch the Curve D KK 
in F; this will alfo touch the Curve 
D IF. 
For let the Curve LFL be fuch, that draw- 
ing any right Line DH from D (which cuts 
W 22. the right Line T E in H, and the Curve 

rrf A L F L in L) it may be always D L = 

(d) 4 TH + HGj Chen is 'Dh(b) cr Arch AG 

\lf'2: (0'=DI; and fo (^j; the Curves D I F, 
Lca/s. LFL (b) will touch one another. Alfo 

the 
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the Curves KF K, L F K do touch one an- 
other. Wherefore the Curves DIF,KFK 
will alfo touch one another. Therefore 
the right Line FS will touch the Curve 
DIF. 

8. If the right Lines DF have any given 
Ratio to the Arch A E; the Tangent to 
the Curve DIF may be determined from 
hence, a.nd the fecond Number of the laft 
Ledture ; it being parallel to the Tangent 
FS. 

9. Hence may be determined not only Fig. 108. 
the Tangents iq\ circular Spirals^ but alfo 

to infinite Numbers of other Curyes ge- 
nerated after the fame Manner. 

10 Let AEH he any Curve, AD ji- 
ny right Line (in which is the determinate 
Point D) and D H a right Line given in 
Pofition: Alfo let the Curve AGB be 
fuch, that taking any Point G in it, and 
drawing thro' G and D the right Line 
DGE (cutting the Curve in E,) as alfo 
drawing G F parallel to D H ; A JS may 
have to A F the given Ratio of X to Y 5 
and let the right Line E T touch the Curve 
A E H ; it is requir'd to draw a right Line 
to touch the Curve AGB in G. 

Make the right Line E V equal to the 
Arch E A, and conceive the Curve OGO 
to be fuch, that drawing any right Line 
DOL (cutting the Curve OGO in the 
Point O^ and the right Line E T in L) 

M 3 and 
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and O Q^ parallel to G F ; let V L : AQ 
: : X : Y ; then (from what has been a- 
bove demonftratcd) the Curve O G O will 
be an Hyperbola. Let the right Line G S 
touch this : Then will it touch the Curve 
AGB too. 

For conceive another Curve NGN 
fuch, that when a right Line DL drawn 
at pleafure cuts it in N, the Curve AEH 
in K, the right Line TE in L, and when 
N R is drawn parallel to G F, it may be 
V L 4- L K: A R :: X : Y ; then it is ma- 
nifcft that the Curve NGN does touch 
both the Curves A G B, O G O. [For let 
the right Line DL cut the Curve AEB 
in I, and draw IP parallel to GF: Then 
fmce VL + LK: AR:: X:Y::AK: 
A P, and it is VL+ LK c- AK; it 
fhallbeARc- AP, orDR-nDP; and 
fo D N -ID D L Whence the Point N 
will always fall within the Curve AGB; 
and fo the Curve NGN will touch the 
Curve A G B.] Therefore the Curves 
A G B, O G O do touch one another. Con- 
fequendy becaufe the right Line G S tou- 
ches the Curve O GO; it will touch the 
Curve O G B too. 

Let the Curve AEH be a Quadrant 
of a Circle and D the Centre; the Curve 
AGB will be the common ^adratrix. 
Therefore the Tangent of it may be de- 
termined 



LECTURE X. 167 

termined afc^r this manner, as may thofe 
too of all Curves generated like it. 

I might here infer t feveral other 
Thoughts on this Subjedt, but in my Opi- 
nion, thefe are fufficient to explain the Me- 
thod by which Tangents to Curves may 
be found without any troublefome Cal- 
culations, and the Conftru£tions demon- 
ftrated at the fame Time. I (hall only fub- 
joyn one or two general Theorems, not to 
be defpiied. 

1 1. Let there be any Line Z G E, whofe p. ^ 
Axis is V D; and firft, let the perpendicu- 
lar Ordinates VZ,PG,DE to it, any how 
increafe continually from the firft VZ; 
alfo let the Line V I F be fuch, that draw- 
ing any right Line E D F perpendicular 
to V D (which cuts the Curves in the 
Points E, F, and V D in D,) the ReSlangle 
under DF and any given right Line R, 
may be refpeftively equal to the inter- 
cepted iS/tfr^ VDEZj and make DE: 
DF : : R : D T, and joyn the right Line 
TFithis will touch the Curve V IF. 

For take any Point I in thq^ine VIE pjc. j,q. 
(firft above the Point F, towards the be- 
ginning V) and thro' this draw the right 
Lines I G, K L parallel to V Z, V D (cut- 
ting the Lines, as per Scheme) then it is 
LF:LK::(DF:DT::) DE:R5 and 
foLFx R = LKxDE. But(bySup. 
pofition) L F X R is equal to the Space 

M4 PDEG. 
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PD EG. Therefore L K x D E — PD 
EG-nDPxDE. Whence it is LK 

•n D P, or L K -D L I. 

Again take any Pdint I, below the Point 
F> and make the reft as before. Then by 
the like Reafoning it will atrpear, that LK 
X DE= PDEGcrDP X DE; and 
fo it will be L Kc- DP, or LI. From 
whence it is manifeft that the whole right 
Line T K F K falls within (or without} 
the Curve V I F L 

Things remaining as before, if the Or- 
dinates VZ, PG, DE, &c. do continually 
decreafe ; the Cdnclulion and Reafoning 
will be the fame^ with this difiercnce only^ 
that the Line VIF ii Concave towards 
the Axis V D. 

Coroll. We may obferve that D E X 
DTzufpaccVDEE. 
p. 12. From hence is this Theorem mani- 

' ^' • feft. Let two Lines ZGE, V KF be fo 
related, that any right Line EDF being 
made an Ordinate to the common Axis 
V D ; we have always the Square of D E 
equal to t\i^ce the Space V D E Z. Take 
D Q^m D E, and joyn F Q^: this will be 
perpendicular to the 'Curve VKF. 

For conceive the Line VIF, paffing 
thro' F, to have the Property but juft men- 
tioned (^a;/2; . whofe Ordinaftes to the A*is 
be^tbtyne another as the Space VDEZ, 
that is, in the prefen^ Suppofiticn, as the 

Squixrts 
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Squares of the Ordiaatcs of the Curve 

V K F) and let the right Line FT touch 
the Line VI F; alfo let the right Line 
F S touch the Line V KF. Then is SD 

(a) z=: 2rD. But D E X D Tfi; = (^)i' 

V D E Z. Therefore D E X S D = (a fi) c,^/ 
VDEZ=)FDy. Confcquently QF S ^Mg. 
is a right Angle. 

To ihefe we will add the following 
theorem of the fame Kind. 

13. Let there he any Curve A GEZ, % "2- 
4nd fome Point D (from whence are 
drawn the Lines D A, D G, D E, &c. con- 
tinually decreafing from the firft DA;) 
ai alfo ianocher Curve DKE (incerfefting 
the firft in E) of fiich a N^ure, that jny 
how drawing from D a righc Line D KG 
(cutciflg the Curve A E Z in G, and the 
Curve D K E in K) the Redlangle under 
D K axKi fome (landing Line R, may be 
always «qual to the Space ADG^ and 
dfawifig DT perpendicular to DE, lee 
D T = 4t R, and joyn T E; this will touch 
the Curve too* 

For taking any Point K irj the Curve 
DKE, draw the right Line DKG ; and 
affuming D L = D K, xiraw LR parallel 
to D T (cuttirigD G in tliePodnt Y.) Then 
thro' E draw E X perpendicular to D E 
(which will fall towards Z without the 
Curve, becanfe the Lines drawn* from D 
towards Z do xltcre^e ; aand fo E2C will 

fall 
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Fig. 113. fall within the Curve EGA towards A; 
fo far at leaft, as anfwers our purpofe.) 
Now let the Point G, in the firft place, be 
above £ towards the beginning A. Then 
becaufe TD : D E : : R L: L E, and fo 
(a) Supp-R L X DE =TD X LEr^; = 2R x 
'^ ^^LEr^; = 2GDEcr 2DEX = EX 
X D E. Therefore RL cr E Xcr L Y. 
But the Point Y is without the Curve, be- 
caufe DYc-DL=:DK: Confequently 
the Point R falls more without the Curve. 
Let the Point G be below the Point E 
towards Z. Then it is again, as at firft, 
RL X DEinGDE -n 2Triang.EDX 
= E X X D E. Wherefore again R L 
-r] E X -D L Y. But the right Line L Y 
falls quite without the Curve E K (for 
if the Arch I K of the Curve K E be nao- 
ved round, it will fall quite without.) 
Therefore the Point R does again fall with- 
out the Curve. Confequently the right 
Line TER touches the Curve DKE. 
And if any other Point, fuppofe K, be 
taken in the Curve DKE, DKG be 
drawn thro' itj and you make DG : D K 
:: K:P; aflume DT= 2P5 joynTG; 
and draw KS parallel to GT : the right 
Line K S will touch the Curve DKE. 

For conceive the Curve DOG, pafling 
thro' G, to be fuch that drawing any right 
Line DON from D (which Interfedts the 
Curve D O G in O, the Curve D N E in 
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M, and the Curve A G E in N) we may 
always have D O x P equal to the Space 
A D N. Then (hall DM X R = D O 
X P;and foDM:DO::P:R, Where- 
fore the Lines DKE, DOG are analo- 
gous. But (from what has been already 
demonftrated) G T touches the Curve 
DOG: Therefore KS will touch the 
Curve DKE. 

Obferve that it isDGj't DKj' :: 2 R: 
DS. 

For itisDGj'iDKyzirDG ! DK 
+ DG:DK = R:P +DT:DS = R 
:P4.2P:DS = 2RP:P X DS=2 
R:DS. Therefore DGj'iDKj':: 2 R 
:DS. 

This is alfo true, and demonftrated af- 
ter the fame Manner, when the right Lines 
D A, D G, D E, &c. drawn from D are e- 
qual (in which Cafe the Curve A G E Z 
(hall be a Circle^ and the Curve DKE 
the Spiral of Archimedes) or do conftant- 
ly decreafc from D A. 

Hence may be eafily deduced the follow- 
ing theorem. 

14. Let two Curves A G E, D K E be p^g, ,t^. 
fo related to each other, that drawing the 
right Lines D A, DG from a given Point 
D in the Curve DKE (the latter of which 
cuts D K E in the Point K) the Square of 
D K may be four times the Space A D G j 
drawing D H perpendicular to D G ; ma- 
king 
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kingDK:DG::DG:DP; andjoyn- 
ing H K : this Line H K ihall be perpen* 
dicular to the Curve DKE. 

For conceive the Line D O K E, pat 
iing thro' K, to be of fuch a Nature that 
Lines (fuch as we have mentioned in our 
laft) as D K, drawn from P to it may 
have the fame Ratio as the Space A D G ; 
and let the right Line KT touch the 
Curve DOK; the right Line KS the 
Line D K E $ thefe meeting H D in the 
Points T, S. Then (by Prop. Preced,) 

DGj: DKy::-.5LL : D T. That 

is, (becaufe from what has been demon* 
un2.of ftrated * D S = a D T,) D H : D K 

^^ ^^::)DK:DS. Therefore 
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it is manifeft the right Line H K is per- 
pendicular to the Tangent KS« 

Thus I have in fome fort accompli{hed 
the chief Part of my propofed Defign. 
As a Supplement to which, I (hall annex 
our Method of determining Tangents by 
Calculation. Tho' I fcarcely perceive 
the Ufe of fo doing, confidering the feve- 
ral Methods of this Nature now become 
common and publifhed. I do this at 
leaft by the Advice of a Friend ; and in- 
deed fo much the more willingly, as it 
feems to be compendious and general, 

with 
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with refpedt to what elfe I have handled. 
The Thing is thus. 

Let AP, PM be right Lines given in Fig. 115- 
Pbfition (whereof PM cuts the propofed 
Curve in M,) and let MT touch the 
Curve in M, and cut the right Line A P 
in the Point T. Now to determine the 
length of the right Line FT, I fuppofc 
the Arch M N of the Curve to be inde- 
finitely fmall, and draw the right Lines 
NQ, NR parallel to MP, A P; I call 
MP,w; PT, ^; MR, tf; NR,^5 and 
give 'Names to other Lines ufeful to our 
purpofe, determined from the particular 
Nature of the Curve; and then compare 
M R, N R exprefled by Calculation in an 
Equation, and by their means MP, PT 
chemfelves ; obferving the following Rules 
at the fame Time. 

I. I rgea all the Terms in the Calcu- 
lation, affefted with any Power of a or f, 
or with the produft of them ; for thefc 
Terms will be equal to nothing. 

a. After the Equation is formed, I re- 
jedl: all the Terms wherein are Letters 
ejcprefling conftant or known Quantities , 
or which are not afit£ted with a, or ^ ; 
for thefe Terms brought over to one fide 
of the Equaticm will be always equivalent 
to nothing. 

3.1 
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3. I fubftitute a for m (M P), and t 
(P T) for e\ by which means the Quanti- 
ty of P T will be found. 

When any indefinitely fmall Particle of 
the Curve enters the Calculation, I fubfti- 
tute in its ftead a Particle of the Curve 
properly taken ; or any right Line equal 
to it, becaufe of the indefinitely Small- 
nefs of the Part of the Curve. 

All this will appear more evident by the 
following Examples. 

E XA MP L E I. ' 

Fig. 116 ^ Let ABH be a right Angle, and let 
the Curve A M O be fuch, that drawbg 
any right Line AK thro' A, cutting the 
fight Line B H in K, and the Curve A M O 
in M, the Subtenfe A M may be equal 
to the Abfcifs B K ; it is required to 
draw the Tangent (at M) of this Curve, 
or find the Value of the right LinjC P T. 

Proceed according to the Diredtions a- 
bove, and (drawing ANL) call AB, r, 
and AP, q. Then A G = y — ^ ; alfo 
Q^ =: ;» — a. Therefore it is y y -^^ ee 
— zqe ^ mm ^ aa — zmaz=. (A Q^q 
+ C^N q) = ANjf) = BLy; that is, 
(rejedting according to the Rule above) 
qq — 2qe'\'mm — 2«itf = BLgf. A- 
gain it is A C^lQ^ : : A B : B L> that 

is. 
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IS, q — c\fn — tf : : r : B L = i— . 

Wherefore !Z:^ Ji.C:jf fjrilC^^ 

qq Ar e e — 2 q e 

= B L ^. Or (cafting away what is fuper- 
iluous) I = BL<7 =: 

qq — 2qe -^ mm — 2 ma. Ox rrmm 

— 2rrma:=iq^ — 2ql e ^^ qqmm — 
2qqma — 2qi e ■\' /^qqee — 2qmm e 
^ 4,q m a e, that is (rejeding as /^r Rule) 

— 2rrm a=z — 45^3^ — 2qqm a—* 

2q mmey or rrm a — q q m a =: 2qi 

e -^-q mme. Or at length fubftituting 

m for tf,and tfor e/itisrr m m — qqmm 

^^,. ^ ^rtnm — qqmm 
=: 2^3/ — qmmty or • " 

— :/ = PT. 

Let E A be a right Line given in Po- 
fition and Magnitude, and the Curve EMO p. 
of fuch a Nature that drawing any how ^^' ' * ^" 
from it the right Line M P perpendicular 
to E A, the Sum of the Cubes of A P and 
MP may be equal to the Cube of the 
right Line AE. 

Let A E = r, and A P =/. Then 
is hC^—f 4- e. And AQCub. = 

f ^ -^ ^Z if ^ ^ 3 / ^ ^ + ^^, or 
(throwing away Superfluities, as per di- 
rection 
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redion above) = /3 4. 3 ffe. Alfo 
N QjCub. = Cub. m — a z=zmi — 
3 >X7 /» tf -4- 3 m aa — ai (thatis)w3 — 
2 m ma. Whcrcforc/3 4- 3 ffe -\- m 3 
— imm a is = (A QjCub. + N Q 
Cub. = A E Cub. =) r 5. And cafting 
oflf given Qt»ntittc«, it is 3 fy e nr 
^mmaznL 0. Ox ffe -mmma^ and put- 
ting m and /, for a and e^ it will be fft 

m 3 
= » 3, or / = -^, Therefore P T is a 

JJ . , 
• fourth Proportional in the continued Ratio 

ofAPtoP^. 

In like manner, if it be PiV qq ^ 

MPj^y = AEjTjr; you will find PT to 

m 4 
be = -2?-, or P M a fourth Proportional 

in the Ratio of AP to P M ; and fo on, 
I do not know whether it be 'worth while 
to make this Obfervation of thefe Cycla^ 
form Lines. 

EXAMPLE III. 

Fig* 1 1 8. Let the right Line A Z be given in 
Pofition^and AX in Magnitude; alfo \^t 
the Curve A M O be fuch, that any how 
drawing the right I/ine M P perpendicu- 
lar to AZ, it may be AP Cub. + PM 
Cub. = AX X APx PM. 



Let 
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Let AX = ^,and A P =/, then is A Q 
^ff-i e, and A Q Cub. -/3 — 3 //?, 
andQ^N Cub. = m 3 — 3 w/?^^, and AQ^ 

— fa — me. Whence AX x A q]j< 
Q^ = i^/w — hf a^—b me\ hence 
the Eouation /3 — 3^^ ^-m^ — 2^^^ 
t=z ijm *-^bfa — 6 mey aftd (rejeaing 
and fubftuuting) bfa — 3 mm a=z. ^fje 



, bfm — 7 m3 



E XA M P L E IV. 

Let C M V be a ^adratrix^ (belonging Fi^ 1 19. 
to theQrck CS B whofeCenrre it A) and 
the Axis VA, and let the Ordinates AC, 
P M be perpendicular to the Axis V A. 

Cbntinuing out the right Lines AM E^, 
AMFi ftnd drawing fhe right LiAes EK. 
L F ptrpenciicular to A 8, Jet the Aroh 
CB —f, thfc Radius A G ^r, the righc 
Line hV =rt /; and AM zi^*- Now it 4^ 
C A t Arth C B :: N R : Arth f" E. That 

i«,rt^ t:^7i ^^ Arcb FE. An4 

AiM : MP :: AE :E.K. That is, k : 

N Arch 
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ArchFEiLK. That is, r : ~ ::^ 

k r 

^.tUL^^—l^Yi. ButAM:AE::AP: 

r f 
AK} that is, iJ:r::/:-^ = AK. Therc- 

k 

r ^f p m a . ^ ^ ^ r r fir 
fore -^ — i— - ~ .— A L. And — =4^ 

• , , - (taking away what is fuper- 

fluous) = A L y ; and fo L F j' =: 
r r k k — r r ff -^ 2 f m p a 

r rm m -4- 2fmpa 

But it is AQ^: QNj' :: ALyiLFjs 
— -2 —-2 
that is, / — e : ^ +• ^ : : A L y : L F j. 
That is, ff — ife \ m m — 2 ma 11 
rrff — zfmpa\rrmm\^ zfmpa. 
Whence (rejedting as per Rule) we get 
ffpa +• mmp a — rrfaz=z rrme. Or 
kkpa — rrfa-zurrme^ or (fubftitu- 
ting as diredled)^^/ m — r r f m z= 

rrmt. or — - — /"= ^* Therefore 

rr "^ 

kk 
the right Line A T = — p\ that is, (bc- 

ca,ufc from the known Nature of the 

Curve 
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, Curve, A V is = — ) it fliall be At = 

4^^, orAV:AM::AM:AT. 
A V 

■ 

£ XA M P L E V. 

Let DEB be a Quadrant of a Circle, Fig. 120. 
and BX a Tangent to it; and let the »**• 
Line A MO be fuch, that taking AP 
any how in A V, equal to the Arch BE, 
and eredting P M perpendicular to A V ; 
let P M be equal to the Tangent B G of 
the Arch BE. 

Aflume the Arch B F = A Q., and draw- 
ing C F H, as alfo the Perpendiculars E K, 
FL to CB, call CB, r; CK,/j KE,^. 
Then becaufe it is C E : E K : : Arch E F : 
L K, or CE : E K : : Q.F ; L K, that is, 

r:g :: e : 51 = LKj itIhaJl'beCL= 
f^^J, AndLF = ^Vr"2;^"Sf 

=:v'^^ — ^^. ButitisCL:LF:: 

(CB:BH::) CB-.C^N. That is,/ 4-! 

— '^ a ii-s— '.'. r: m — a. Or 

(by fquaripg)// ^^-l^-.gg^ ^^ 

N 2 ::rr 
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•.•.rr-.mitt — xmtl. V/bcaxMc&lng 
as TKCcISuy) we obtain the' Equation 
rfma=grre ■\- gmmt. Thtitibfe 
(bySubftituiion)r/»>«=j>-r«:+g»i«?. 

grr +gmm « 

U=^) itfliaUbe< = — — — m 

Tittft ExanpUa art liiSciia ftr ibe 
Oluftntiaa of our Method. 
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Lecture XI. 



I HE former Part ofourBu- 
flnels being in fooie Ibrt fi- 
nilhcd, I (hall now fubjc^n 
fome 'theoremi that offer 
relating to ihn Menfumtim 
of Magmtudti by Tan^ntt 
or Ptrfmdiculars to Cani«. Some of the 
Prifictpal of which are thefc._ 

I. toe there be any Curve VH, whofepigij;. 
Axis is V D, aqd Ordinate H D perpen- 
dicular to V0. Alfo let the Line ^Zy 
be fuch, that if from any Point, at E, ta- 
ken at PIcafure in it, the right Line EP, 
be drawn perpendicular to the Curve, and 
the ri^t JLine EAZ perpendicular to 
the Axis, let the right Line AZ be equal 
to the intercepted Part AP: then Ihall 
the Space ADyf be eqiial to one half 
the Square of lot right Line D I^ 

N 3 For 
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For let H D O be half a right Angle, 
and equally dividing the right Line V D 
indefinitely in the Points A, B, C i thro' 
thefe draw the right Lines EAZ, FBZ, 
GCZ parallel to the right Line HD, 
meeting the Curve in the Points E,F,G; 
from which draw the right Lines E I Y, 
FKY, G L Y parallel to V D or HO; 
as alfo let the right Lines EP,F P, G P, 
H P be perpendicular to the Curve. And 
let the Lines interfeft one another as you 
fee. The Triangle H L G is fimilar to the 
Triangle P D H. For (becaufe of the 
indefinite Seftion or Divifion) the fmall 
jPart G H of the Curve may be taken for 
a . right Line. Therefore HL: LG :: 
PD:DH. AndfoHLxDH=LG 
X PD. That is, HL x HO^DC 
' X P ^'^ In like manner, becaufe the Tri- 
angle G M F is fimilar to the Triangle 
PCG, it will beLK x LY = CB X 
CZ; andalfoKIx KY=:BA X BZ: 
And moreover ID xIY = AV X AZ. 
Therefore it is manifefi: that the Triangle 
H D O (not at all differing from the Rect- 
angles HLxHO+LKxLY+ 
KlxKY-fiDxIY) is equal to 
the Space VDyp. Which does not differ 
from the Reftangles DCxD^' + CB 
xCZ+BAxBZ + AV X A Z. 

^, . DH7 o ,,^ 

Th^t IS, i- ■=■ Space yuyp. 

This? 
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This may be demonftrated indiredly 
or ad abfurdum^ by a much longer Procefs. 
But for what Reafons ? 

2. Things being the fame, as toSuppofi-Fig.x22. 
tiofl and Conftrudion ; the Sum of the 
Rcftangles AZ x AE + BZ x BF ^- 
C Z X C G, S^r. is equal to three Times 
the Cube of the Bafe D H. 

For bccaufe HL : LG :: PD : D H :: 
PD X DHiDHyj it (hall be HLx 
DHy = LG X PD X DH. That is, 
HLxHOy = DCxD;f X DH. In 
like manner, LK X L Yy = C B x C Z 
xCG AndKIX KYy=BAxBZ 
xBF,G?c. But HLx HOy+ LK x 
LYy 4- KI X K Yj', &c. is equalto three 
times the Cube of DH. Therefore the 
thing propofed is manifeft. 

3 . By the like Reafon it is evident that 
the Sum . of A Z x AE^ + BZ x BFy 

4-CZx CGy, &c. is =z^^-J^^ ^, 

4 
the Sum of A Z X AECub. -\- B Z X 

BE Cub. -f CZ X C G Cub. &c. z=^ 

^«^ A AC 

— '■ — . And 10 on. 

5 Fig. 1 22. 

From whence by way of Confeftary we 
get the following (not contemptible) Ubech 
rem. Let VD^^ be any fpace, whofe 
Axis VD is equally divided as aforefaid. 
If each of the Spaces VAZ^ VBZ^ 
V C Z ^, &c. be refpedtively drawn into 

N 4 its 
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«8 OrdinaCM AZ, BZ, CZ, &c. The 
Sum arifing will be equal to half tbs 
Square of the Space V D^^. 

For (as has Iseen demooftrated already) 
the Space V D H may be adapted co the 
Figure VD^]9 iit fuch manner, thatdiaw* 
iog any right Line E P perpendicular td 
the Curve VH; AP may be eqilal to 
the correCpondent Ordinate AZ) and fo 

n) i.*Sf (^) the Space V AZ/ =: — -^ , wd 

thii. f> 

VBZ/=rH.t, a„dVCZ>= ££.^ 

t^c. M^creforc t\\ VAZ/XAZ4- 
VBZ/ X BZ+ VCZ/> X CZ, (^c 
are e^udl to all 
AE^ xAZ + BF^xBZ -f CGyxCg 

r'i 3. of th4l is, (c) r= 2L9-?-^ : or (^d =a 

VD /^ xVD j>/ 

« •• * 

5i^If_^ VTaZA V'VbZ)*, 

1/ V C Z / , ©■<:. be drawn into their 
Oidinates A Z, B Z, CZ , Be' r^)e- 
iftively, tbe Aggregate triSiig mili be 
«^^ xfy two fliird& of ditt ^otre Bfiot 
*f the Spece V D// Ctibtd, v/a. to 

toe 
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. For t he. C urve V H bdag adapted, 
it 19 v^VAZj>3:AE^4i tnd V^ 

VB 2/ =: BFv'4 , and ^VCZf =ss 
C O, &e. And fo fince all A 2 x 
AE+BZxBF + CZ X CG,^r.= 

Cub. we {hall have all A Z x 

3 __ 

VVAZ>+BZxV^BZ^ -f CZ X 
VVCZ/,fiftf. = — Cub. X v* 4 =5 

v/2-^. ButDHj=2VDjr/, ol- 

DH«»=; 8V%^. Wherefore aU A Z 

X VVAZ>, + BZxVVBZ^+CZ 
-3 

X Vvcz^e^c. sv'-j^ VTy^^f^^ 

5 

6. Let V D J? be a Quadrant of a Cir- pjg. , 23. 
cle, virhofe Radius call R, and Periphery 
P; the Segments V A Z, VBZ, VCZ, 
&r. drawn into the right Lines A 2^1 B Z) 

C Z, ®f . will be equal to ^ ^ J* ^ . 

Alfo Ae SusB A2 \/Ta Z 4* B Z 

VVBZ + CZ VTCUfi?^. =^^ 
R}Pj_ ,RaPi 

If 
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* If V Dy be a Segment of a Parahla ; 
the Produdt of the Segments into the Or- 
dinates (hall be -y V D y X Ayqiznd that 
of the Roots of the Segments into the Or- 

J 3 3 

dinates will be | V ^V V D X D y %/ 

—3 3 

4fr VD X D;f. 

From hence may be gotten feveral the 
like things, concerning the Produds of the 
Powers or Roots of Segments drawn into 
the Ordinates or right Lines. 

7. It follows too from what has been 
faid) if the feveral Abfcifles V P be made 
Ordinates AY,BY,CY,©r. at the Points 
A,B, C, &r. equal to them; the Space 
AD xt (hall be equal to Half the Square 
pf the Subtenfe V H. 

For becaufe VA + VB+VC, &c. 

= ^!^,and allAP +BP + CP, &c. 

= ^. it is evident that all the VP ? 

_VH£ 

2 

8. Again, (fuppofing the fame things) 
Let the Curve R X X S be fuch, that if I X 
= AP,andKX=BP,andLX = CP, 
&c. then the Solid generated by the Ro- 
tation of the Space VT^yp about the Axis 
y D will be one half the Solid generated 

by 
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by the Rotation of the Space DRSH a- 
bout the Axis V D. 

For becaufe HL:LG :: PD : D H :: 
Dy:DH:: D;'^: Dy X DH::D^^: 
HSXDH; it will be HL x HS x 
DH = LG X D^y = DC X T>yq. 
By the very fame Way of Reafoning it fliall 
beLK xLXx DL=CB x CZ^; 
and KI X KX x D K = B A x BZ y, 

&c. But the former Solid is — : A Z g 

P 
J^BXq ^CZq, &c. And the latter 

Solid is ~:DIxIK + DKx 

KX +• DL X LX,&c. And confe- 
quently the thing propofed is manifeft. 

Note, — is the Ratio of the Diameter of 

a Circle to the Circumference. 

9. All thefe theorems take place and are pig, i j4- 
demonflrated after the fame manner^when 
the Curve V E H is Convex towards the 
right Line VD. As, for Example, taking 
any Point E in the Curve, and drawing 
thro' it the right Line E P, perpendicular 
to the Curve V E H, and E A Y perpen- 
dicular to the right Line V D, and ma- 
king AZ = AP ; the Space VD;^ fhall 

be = —^ And if you make A Y nr^ 

y P J the Space V D x will be = ^-^ 
find ihp like of the re|l. Expo- 
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Experience wUI eafily ibew wh«t 4 74ft 
Number of Magnitudes do receive tbcir 
I>imen/kn$ from (he immediate Cooftru- 
aion of thefe Theorems. 
Fi-. 125. 10, Aeain,let there be any Curve VH, 
wbofe Axis is AD, and Bafe DH, and cbf 
Line D Z Z O fuch, that dr^wins; the 
right Line ET from any Poiat E in th« 
Curve to touch the fame, and the right 
Line E I Z parallel to the Bafe^ we fhall 
have always I Z equal to AT. I fay tha 
Space D H O is equal to the Space 
VDH. ^ 

For let the right Line PH befqM)^ 
but indefinitely divided, in the Pgicus 
I,K,L, thro' which draw the right Lines 
E I Z, F K Z, G L Z, parallel to V D mcct^ 
ing the Curve in the Points E,F,G, Irom 
whence draw the right Lines E A, F B, G C 
parallel to HD,and the right Lines £T,FTf 
Q T, as alfo H T twchiMg the Curve. And 
let the Lines interfeft one anodher as per 
Scheme. Now the Triangle GLH is 
fimilar €o the Triaiigle TDH, for ^y 
Reafon of the iaid indefinite Divifioo, chc 
ffoall Arch G H may be looked upon as 
a right Line, in as much as it coincides 
wih the Tangent. Thepcfcaje L G : L H 
::TD;DH. AndLGxDH = LH 

X TD,or CDx DH = LHx Jia 

In like manner BC X CG = KL X LZ, 

andAB x BF =IK x KZ, and VA 

X AE 
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xAftiiiDlxlZ. ButiheSumCD 
X DH + BC X CG+. ABx BP 
^. VA X A£ doee not differ from the 
SpaCb VDH, and the Sum LH x DO 
+ KL XLZ4. IK X KZ +DIx 
t Z does DOC differ from the Space DHO; 
atod (o die SptiCe VDH is equal to the 
SpftceDHO. 

We are indebted to the learned Dr. Gre- 
fftry of Mtribteriy for this ufefol Theorem, 
To ^whfch tve fubjoyn thefe that follow. 

II. The fame mings being fuppofed^ 
the Solid generated by me Rotation of the * ' ''* 
Space DHO about the Asfls VDR is 
twice the Sofid eenerated by the Rotatioa 
«f theSpaoe VDH about the Axis VD. 

PorftlsHLtLG;: (DM-.DT :: 
DH:HO::)DHf:DHxHO. Whence 
HtxDHxHO=LGx bHa = 
€D X DMf In like manner LK x 
DLxLZistBCxCG^andKI x 
!>K X K2^ AB X BF:^, And laft- 
ty. ID X DIXIZ==:VAX AEy. 
' But it i& wefi known that tbe Sumof C D 
>l>Hf + fiCxCG4f 4- AB xBFf 
'4-1 V A. X A£ ^, ^C. is twice the Sum 

lofDlX it + DKxKF -i-DLx 

1. G, fSc, Hierefore the Solid jenerated 
'1t^ the fLduf ion of the Space H D O about 
"l^e Ax& DR is twice the Solid generated 
by the Rotation of die Space VDH about 
t&AxiiVD. 

12. Hence 



2 
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12. Hence the Sum of D I x I Z Vr 
DK X KZ -h D L X LZ, Gfr. is equal 
to the Sum of the Squares of the Ordi- 
nates to V D, viz. equal toAEg-vBFjr 

13. By a like Reaibning it is evident 
that the Sum of Dlq xIZ + DKgf X 
KZ+DLgxLZ^ &c. is three times 
theSumof DIjr x IE +DKy X KF 
+ D L 3^ X L G, Gfr. that is, equal to the 
Sum of the Cubes of the Ordinates A E, 
BF,CG, &c. to VD. The Tenor of 
the Conclufions is obferveable as to the 
reft of the Powers. 

14. The fame things fuppoied, let the 
Curve DXH be fuch, that any Ordinate, 
as IX to D H is a mean Proportional 
between the correfpondent Ordinates I E, 
I Z ; the Solid generated by the Ro- 
tation of the Space V D H about the Axis 
D H is twice the Solid arifing from the 
Generation of the Space DXH about the 
fame Axis DH. 

Forbecaufe VA x AE = DIx IZ; 
it (hall be V A x A E X EI = D I x 
I Z X IE =ID x I X jr. And by the 

fame Reafon AB X BFx FK=IK x 
KXy,andBCxCGxGL=KL x 
L Xy, &c. But the Sum of V A X AE 
In lo. of X F I +; A B X B F X F K + BC x 
this. C G X G L, e^r, is one half of the Sum 
of VD^ + EIy + FKy 4- GLj'. There- 
fore 
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ibre the Sum of I X y + KX y ^ + LXq 
-f' H X y is one half the Sum of V Dq 
1+ Ely + ¥Kq + GLy. Therefore 
what was propofed is manueft. 

15. If the Curve DXH be fuch, that 
any Ordinate! as IX, be a Bimedial be- 
tween the ' congruous Ordinates I £, I Z ; 
the Sum of the Cubes of I X, K X, L X, 
&€. will be one third Part of the Cubes 
of D V, IE, KF, &c. If IX be a 7r/. 
medialy the Sum of l^qq + Yi^qq 4-^ 
L X y J', &c. will be = 

4 
on with regard to other Powers, 

Note^ I call a Bimedial^ the firft of two 
mean Proportionals ; a Trimedial^ the firft 
of three, &c. 

This is gathered and demonftrated after 
the fame Manner. Repetition is irk- 
fome. 

16. Again let the Line VYQ^befuch 
that the Ordinate A Y be equal to A T, 
and the Ordinate BY, &c. be equal to BT ; 
then fhall IZq ^\KZq J^hZq, &c. 
(the Sum of the Squares of the Ordinates 
of the Curve D Z O to the right Line 
D H) be equal to the Sum of V A X AE 

X AY-fABxBFxBY + BCx 
CG:X CY,e^c. That is, equal to the 
Figure VDH drawn into the Figure 
VDQ^ 17. Alfo 

s 

\ 
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17. Alio, the Sum of I Z Cab. 4- KZ 
OA>. + LZ Cub. €^. » V A X A E K 

AYf4. ABkBEx BYf + BCx 
CG X C Vf) Q^. thtt it, equtl to the 
F%ur« V D H drtwa into the Scjoaits of 
cheP^reVDQ. 

The lite RMfon hoMs of other ]>MV»f» 
•00. 

Thde fntff be eefily brought to the fiime 
Law with tKofe «bote» 



Fig. 1 26. 1^* AH diis k tm^ and demcaftitied 
in like (ore, when the Oirve V H Is Con* 
▼ex towards die right Line V D : For 
Example, if the Line D Z O be fuch, thdt 
drawing dxo' aoy Point E, in die Curve 
die Tangent £T, And EA panlkl to 
H D^ and £12 fiamttel to V D» we have 
always IZ = AT: The Space DHO 
itaa be equal todaeSpatae VDH, and 
die Sdid generaoed by. uie &statioa of die 
Space DHO about the Axis VR wiii be 
twice the Solid generaeed b^ die Rotation 
of fhe%)ace VDH eboot die £mm Aide 
VD. And £> of the felt. 

Fi '. 1 27. ' 9' Again, let there be any Curve AM fi^ 
wbo& Akis is A D, aod 'BD po-peadicidajr 
to it ; and let the Line RZL be fucb, 
diat taking die Point Many twfaere in Al^ 
and drawing diro' tbifi (be ri^c Line MT 
toudting tbe Ctvve A B, the d^t Line 
MFZ parallel to DB (cutting tbeiiioe 
JLJL in Z, and die right Line AP in F) 

and 
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and raking any right Line R, it may be 
T F : FM :: R : F Z. Then will the 
Space A D L K be equal to the Redtangle 
under R and D B. 

For let D H be rz R, and compleat 
the Reftangle B D H I And taking M N 
an indefinitely fmall Part of the Curve 
A B, draw N G parallel to B D, and M E X, 
NOS parallel to AD. Then is NO: 
MO::TF: FM :: R:FZ. Whence 
NO X FZ = MO X R, that is, FG 
xFZi=ESxEX. Therefore fincc 
all the Reftangles FG X FZ do not dif- 
fer from the Space A DL K, and the fame 
Number of Redangles E S x E X dd 
make up the Reftangle DHIB. The 
thing propofed is fufficiently manifefl:. 

20. The fame things fuppofed, if the 
Curve P YQ^be fuch, that taking the Or- 
dinate EY in the afibmed right Line MX 
equal refpeftively to F Z : The Sum of 
the Squares of F Z (computed on the right 
Line AD) will be equal to the Space 
D B Q B drawn into R. 

For it is FGrES ::NO :MO :: 
R X FZ :FZy :: R X EY:f Z^. 
And fo FG X F Z ^ = ES x^^R X 
E Y. 

21. In like manner, the. Sum of the 
Cubet of FZ is equal to the Sum of the 
Squares of the right Lines E Y (apply'd 
CO B D) drawn iitto R. And a like Law 

O holds 
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holds with regard to the reft of the Pow- 
ers, 
Fig. 12S. 22. Let there beany Curve DOK» in 
which the Point D is taken at ple&fure, 
and fuppofe D K to be a Subtenfe. Alfo 
let the Curve AE be fuch» that drawing 
any right Line DMF from D, cuttijag 
the Curves in the Points M^ F, and draw^ 
ing D S perpendicular to D M, and M S 
touching the Curve DOK, meeting in 
the Point S, and let R be fome given right 
Line, I fay when this is done, let DS: 2 R 
:: DMy.DFy. Then (hall the Space 
A D E be equal to the Kedangle under 
RandDK. 

For let the Subtenfe D K be conceived 
to be indefinitely divided in the Points 
P,Q,Gf^. thro* which let the Arches PM, 
QR N defcribed from the Centre D pais, 
cutting the Curve D OK in the Points M, 
N; thro' which draw the right Lines 
D M F, D N G. Alfo let D T be perpen- 
dicular to D K, and D S perpendicular to 
D M, meeting the Tangents K T, M S. A- 
gain from the Centre D dcfcribc the Arch 
E X thro' the Point E, and the Arch F Y 
thro' F. Now bccaufe of the indefinite 
SeiSion, the Triangle KPM is fimilar to 
the Triangle K D T. And fo M P : P K 
::TD:DK- Alfo it is DP : PM :: 
D E : E X, Or for the faid reafon, D K 
fMP::DE:EX. AndfoMPxDK: 

PK, 
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PK X MP::TD x DEjDK x EX. 
Thatis, DK;PK::TD X DEy:DK 

X E X X D E. Therefore D Ky x E X 

X DE=PKxTDx DE^. (aJBui^.^ 
DT:2R :: DKy : DEy, or D T X '^'^ ^"P*"' 
DEq=2K%DK.q. WhereforeDK^ 

kEXxDE = PKx zRxDKy. 
AndfoEX X DE = 2R x PK. That 
i8,3Sc<aorDEX=4RxPK. Whence 
fhcScftor DEX = R x P K. By the 
fame Way of Reafoning the Seftor D F Y 
is equal to R x R M, or R x Q^P. And 
fo the whole Space ADE made up of 
theile Sectors is equal to the whole Re<ft- 
angle R x D K. Which was propofed. 

23. The fame Suppofition andConftru- pv jjg, 
diion remaining, draw KH perpendicular 
to K T, and MI to M S, and conceive the 
Curve AE now to be of fuch a Nature, 
that D E be rr: ^ DK X D H, and DP 
= ■/ D M X DI, and fo on continually : 
The Space ADE will be one fourth of 
the Square of D K. 

ForitisMP : PK :: DK : DH:: 
DKy:DKxDH::DKy:DEy. 
Alfoit isDP:PM::DE:EX. That 
is, DK: PM :: DE :EX. Therefore 
MP X DK:PK X PM;: DK^ x 
DE:DEyxEX. Thatis, DK:PK 
::DKy:DExEX. OrDKy:DK 

x PK:: DKy:DE X EX. Whence 
PKxPK = DExEX. InUkeman- 

O 2 ncr 
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nerDM x MR (or DP xPQ)=:DF 
X FY. But all the Rcdlangles DK x 
PK, D P X P Q, ^^* are equal to one half 
t he Square of D K, and all the Redan- 
gles DE X E X,D F x F Y, &c. are c- 
qual to twice the Space EDA. Wherc- 
tore the Proportion manifeftly follows. 
'g- "29 2^. Lret there be any Curve D OK, and 
the Point D in the fame, and let D K be 
a Subtenfe thereof; alfo let t^e Curve 
D Z I be fuch, that taking any Point M 
in it, joyning D M, drawing D 8 perpen* 
dicular to DM, and MS to touch the 
Curve D OK, and taking D P =D M,and 
and drawing PZ perpendicular to D K ; 
letPZ = DS. Then will the SpaceDKI 
be twice the Space DKOD. 

For conceive the right Line KP to be 
indefinitely fmall, and let D T be perpen- 
dicular to D K, and K T touch the Curve 
D O K. And fo (drawing the Arch M P) 
it is again K P : PM :: K D : DT : : KD 
:KI. Whence KPxKI=PMxKD. 
Take another Particle P Q^and from the 
Centre D thro' Q^ draw the Arch Q^ 
cutting the Subtenfe DM in R. Then 
too we fhall have M R ; R N : : M D : 
DS. Thatis, PQ^RN :: MD: PZ. 
Wherefore PQ^x PZ = RN x MD ; 
and fo on continually. Therefore it is 
manifeil that all the Reftangles together 
KP X KI, PQ X PZ, &c. are equal to 

the 



^ 
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the aggregate of all the Reftangles P M 
X KD,RN X MD, &c. That is, the 
Space DKI is twice the Space DKO D. 

25. The fame Suppofition and Conftru- Fi^ 130. 
d:ion remaining, let the Ordinates P Z be 

now conceived refpe<5tively equal to M S, 
and to an aiTum'd right Line X ij and at 
the Diftances Xky Xm^Xn^ &c. equal to 
the Parts DO K, D O M, D O N, Gf^. of 
the Curve; let the right Lines kd^md^ndy 
&c. be apply'd equal to the SubtenfcsKD, 
M D, N D, &c. Then will the Space Xkd 
be equal to the Space DKI. 

For itisKM:KP::KT:KD. That 
h k m :KP :: KI : i d. Whence km x 
Jkd =iKP xKl. In like manner, M N 
: MR:: MS: MD. Or4nn:PQy.PZ 
: m d. Vfhtnctmn x w^ = PQ^xPZ, 
and fo on. Whence the Propofition is 
manifeft. 

26. Moreover, things remaining as he-p^ ^.^ 
fore, if any right Line kg be taken, the 
Redtangle Xkgh compleated, and the 
Curve DZ I be fuch, that M D: M S : : 
kgxPZi the Redlangle XiJ^/& (hall be 
equal to the Space DKI. 

For it is again KP:KM::DD:KT 
iikgxYLl. And foKP X KI-(KM 
.X kg =) km X kg. In like manner 
PQ^X PZ= mnx kg. And fo on. 
Therefore the Propofition is manifeft. 

3 Hence 
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Hence the Space D K I being known j 
the Qoandty of the Curve D O K will be 
known too. 

Any one who has leifure and inclinati- 
on, to make a narrower Search, and ex*- 
tend this Miney will difcover many oiher 
Conclufions of this kind. 

27. The following Theorem deduced 
too from the PremifTes will perhaps be of 
fome Ufe ; it has been fo to me often* 
times. 
Fig 131. Let there be any Curve VEH, whofe 
Axis is VD, and Bafe DH, which the 
right Line E T, any how touches, and 
draw E A parallel to H D. Conceive anr 
other Curve G Z Z to be of fuch a Nature, 
that drawing a right Line E Z from the 
Point E parallel to V D, cutting the Bafe 
D H in the Point I, and the Curve G Z Z 
in the Point Z, and taking any determi- 
nate Line R, let it be always DAgiKq 
::DT:IZ. Then fhall it beDA : AE 
::Kq: Space D I Z G. (Or making D A 
: R : : R : D P, and drawing P Q_paral- 
Icl to D H) The Reaangle DPQJ 
will be equal to the Space D G Z I. 

Let this Theorem be fubjoyn*d ; of fome 
Ufe hereafter. / 

Fig. 132. 28. Let there be any Curve A MB, 
whofe Axis is A D. Alfo let the Line 
KZLhave fuch a Nature, that taking 
any Point M in A M B, and drawing from 

.it 
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it the right Line M P perpendicular to the 
Curve A B, cutting the Axis A D in the 
Point P, and the right Line MG perpen- 
dicular' to AD, interfering the Curve 
K Z L in the Point Z, it may be always 
GM : MP :: ArchAM:GZ. Then 
ihall the Space ADLK be equal to half 
the Square of the Arch A M. 

There is no great Difficulty in deducing 
thefe 'theorems from thofe that go before, 
which Admonition let be fufficient : For 
I have now a Mind to reft a while. 



APPKN- 
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J. HAVING fome Years ago 

I fully confidcr'd the Cy^o- 

a metry of the Celebrated Mr. 

H U*^yg'^» I obferv'd that 

he ufes two Ways more 

efpecially for that purpofe. The Pirjl 

is, his (hewing the Segment of a Circle 

to be a Meaja between two parabolick 

Segments; the one ipfcribing, and the 

other Cir'cumfcribing, and thence prc- 

fcribes the Limits of it. And the other ^ 

his demonftrating the Centre of Gravity of 

the Segment of a Circle lying between the 

Centre of Gravity of a Parallelogram and 

Segment of a Parabola of the fame 

Height, docs thereby aflign other Limits s 

^ Thought came into my Head, that in- 

ftead of a Parabola ii# the firft Method, 

gnd ^ Parallelogram in thf ffcond, Ibme 

I one 
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on€ of the Paraboliform Figures, circum- 
fcribing the Segment of a Circle might be 
ufed, and fo the Bofinefs obtained fome- 
thipg nearer ; prefently upon Refledlion I 
found the Thing was true, and obferv'd 
withal that the like Methods might eafily 
be accommodated to the Menfuration of 
the Segment of an Hyperbola. The fol- 
lowing Demonftration of which, being 
brief and clear (in refpedt of others, per- 
haps, that may be devifed) and withal 
flowing from or depending upon what 
foregoes, I have thought fit to lay down 
here. 

2. For this purpofe, we muft aflumcFig. 133 
thefe common Theorems whofe Demon- 
ftrations are not difficult to be deduced 
iibveral Ways from what has been already 

cftabliihcd. If — be the Exponent of a 

m 

paraboliform Figure BAE, whofe Axis is 

A D, Bafe or Ordinate B D E, Tangent 

B T, and Centre of Gravity K. Then 

m 

fliall the Area B AE = AD x 

n ^ m 

BE,andTD=^ AP, and K P = 

n 



m 



ft -^^ 2m 



A p. % 



3. Let 
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'jg 134- 3. Let there be any two Curves AEB, 
AFB (whofe common Axis is AD, and 
Ordinate D B) fo difpofed that drawing a- 
ny right Line EFG parallel to BD, cut- 
ting the Lines (drawn) in the Points E, 
F, G) and fuppofing the right Lines E S» 
F T to touch the Curves, the former AEB, 
and the latter AFB; T G be perpetually 
greater than SO: I fay no part of tho 
Curve A F B wUl fall within ABB. 

If poflible, let the Part N F M fall; viz. 
fo that the Curve AFB interfe(£b the CurVe 
ABB in the Points M,N, between which 
* conceive the indeterminate Ordinate EFG 
CO fall. And kc die Lines LXK, R YQ 
be fuch, that drawing the right Lines ED, 
F P perpendicular to E S, F T, and con* 
tinning out the right Line EG, Cutting 
die faid Lines L K, QR in the Points X» 
Y; GX be =G0, and GY = GP. 
Now from what has been demonftrated^ 
it is manifefl that the Space I HK L =:;: 

5M£.-riNf = Space IH«1R, and fo 

the Space I H K L is equal to the Space 
I H Q^R. But becaufe G E : G O (G X) 
::SG :GE -n SG :GF-d TG:GF 
^GF: GP (GY) -d GE:GY; it is 
pG X c- G Y. Consequently becaufe this 
is always fo, the Space I H K L is greater 
than the Space IHQR. Which is con- 
trary 
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rtary to* what has been demonftrated. 
Therefore the Propofition is evident. 
Hence the whole Curve AFB falls en- 
tirely without the whole Curve AEB, nei- 
ther can that ever Interfe<3: this. - / 

4. Let there be any Curve B AE, whofe Fig. 135. 
Axis is AD and let BDE be an Ordinate 
or Bafe to the fame. Alfo let the Point 
H be the Centre of Gravity of the Seg- 
ment B A E, thro' which let the right Line 
R S be drawn parallel to B E. Moreovet 
thro* the Points R S let fome other Line 
MRASN pafs, having the fame Axis 
A D, and interfering the former Curve 
6 AE in fuch manner, that its upper Part 
RK APS falls within the Curve BAE, 
and the lower Parts RM, S N (remaining) 
without the fame. Then will the Centre 
of Gravity of the Segment MRS AN 
fall below the Point H towards the Bafe 
MR 

For when RIAK 4- AOSP is taken 
away from the Segment RIAOS, the 
Remainder BRKAPSE falls down to- 
wards the Bafe BE;fuppofe now that the 
Centre of Gravity of this Remainder be 
at X; then adding BRM + ESN it 
will ftill caufe the whole M R K A P S N 
more to decline, and foits Centre will fall 
low X, fuppofe be at Y. Thcrefcre the 
Propofition is manifeft. 

« 

E' Let 
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Fig. 136. ^. Let two right Lines B T, E S toucH 
the Circle A F B, whofc Centre is C, meet- 
ing the Diameter C A in the Points T,S j 
and let the right Lines B D, E P be per- 
pendicular to C A J and let A D be greater 
than AP. Then will TD: AD cr SP : 
A P. 

For it is, CT : CA :: CA : C D. 
AndfoCT — CA:CA — CD ::CT: 
C A. That is, T A : A D: C T ::CA. In 
like manner it is manifeft that S A : A P : : 
CS : CA. But CT:CAcr CS:CA. 
Wherefore TA :ADc-SA:AP. Or 
(Componendo) TD:ADcr SPrAP. 

Fig. 137- 6. Let two right Lines BT, ES touch 
the Hyperbola AE B, whofe Centre is 
C, and fuppofe all things elfe, as in our 
laft, it will beTD : A D -n SP : AP. 

For it isCA :CD ::CT :CA. Whence 
CA — CT : CD — CA::CT:CA. 
Thatis, TA:AD::CT:CA. In like 
manner it is S A : A P :: C S : C A. But 
C T : C A -D CS : C A. Wherefore T A 
: A D -3 S A : A P. Or (Componendo) TD 
: AD - SP:AP: 

Fig 138 7. Let the Circle AE B, whofe Centre 
is Cy and parahliform Figure A F B have 
the fame Axis D A D, and Bafe B D, and 
let the Exponent of the paraboliform Fi- 

gure be -, and AD = ► C A (or 

m m — n ^ 

m — n\ 
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m—n : tn — 2 « : : C A : A D) and the right 
Line B T touch the Circle : This will alfo 
touch the paraboliform Figure A F B. 

For becaufe B D touches the Circle, it 
isCT:CA::CA:CD. Whence T A. 
: AD :: C A : CD. And (Ctmponendo) 
TD : AD :: CA 4- CD:CD. Alfo 
becaufe (by Suppofition) C A : A D : : m — n : 
m — 2 /r. It will be (by Inverfion) C A : 
CD:: m — n : n. And (Componendo) C A 
+ CD : CD :: m : n. That is, T D : 
AD::/w : ». Whence (a) it is evident 
that B T touches the paraboliform Figure 
AFB. 

8. We may obferve that this theorem ^^j 2 of 
may be inverted, viz. the Ratio oi h\i this Appen. 
to CA being given, ^t paraboliform Fi* 
gure may from thence be determined, that 
will touch the Circle A E B in the Point 

B.ForifAD = ~CA; then will *~' 



t 2t — s- 

be the Exponent of the fa id paraboliform 

Figure. For let — : be =: - ; and 

(multiplying crofs-wife) it will ht mt — 
fns=i 2 t n — s Hj and by Tranfoofition 
m t — 2ntz=:m s — ns. And fo redu- 
cing the Equality to an Analogy, m — n 
I m — 2n :: t : s :: CA :AD. And 
therefore the Thing is evident by our laft. 

9 The 
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9. The SuppofitioQ of N. 7. remaioiiw, 
the paraboUJirm Figure A F B will fauU 
entirely without the Circle A E B. 

For draw the right Line GEF any 

.how parallel to DB, cutting the Circle 

in E> and the para&oliform Figure in P, 

and conceive the right Line E S to touch 

the Cirde^ and the right Line FR the 

Parahhid. Then it is : KG : AG :: 

(a)i. of(^)^*-^ ::TD: AD^'^jrr SG:AG. 

this Appen^ Wherefore R G cr S G. And confequent- 

^blsA fr ^y (^^ ^^ follows that the v^holt Paraboloid 

\cj y^of A F B falls without the Circle* 

tbtsAppetf. 10. Things remaining as they were. 

Rg. »39- jf j^ Paraboloid of the fame kind widi 

Mm 

AFB, viz. whofe Exponent is — ,befup- 

pofed to (land upon the Bafe G E any how 
parallel to DB, and having AD for itt 
Axis. This will fall above G E towards 
A quite without the Circle. 

For taking any Point M in the Arch 
AE, and drawing MP parallel to EG, 
and M V to touch the Circle. We have 
VP:AP-riSG:AG-3RG:AG::w 
: n. Therefore {a) the Proportion is a«* 

^h' At ^^ S^^"^ nianifeft. 

//^'- II. It follows too that the faid Para- 

Fig. 1 39. bohid (alike to A F B and ftanding upon 
the Bafe G E) continu'd out below G E to- 
wards D B will intirely fall within the 

Circle. 

That 
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That it will fall below E within the 
Circle, fcdlows hecaufe R E touching it 
cuts the Cirdc, fince SE touches the 
Circle. That it will no where meet the 
Circle is evident from hence ^ if it be fup- 
pofed to meet it any where as at N, it 
will (a) entirely^ fall without the Circle (a) 3. < 
above N. Which is contrary to what ^^^ "^^^''^^ 
has been but now aiTerted and demon- 
ftrated. 

12- Again, let the Hyperbola A EB,pig ,.q 
whofe Centre is C, and the Paraboloid 

A F B, whofe Exponent is - have the 

m. 

fame Axis A D and Bafe D B. Alfo let 

A D = ^~. C A, and BT touch the 

m — n 

Hyperbola. This will alfo touch the P^- 
raboloid A F B.- 

Foritis C D:C A::CA:CT. And 
fo AD: TA::CD:CA. And by (In- 
vcrfion and Compofition T D : AD:: 
C A + C D : C D. But (by Suppofition) 
vi\%m — « :2 » — ;w::CA:CD. And 
fo (by Inverfion and Compofition) C A : 
C\y wnk"^ n\n. And again (by Com- 
•porKion)CA 4- CD:CD:: »j :;^. That 
is, T D : A D : : ;;?: n. Wherefore BT 
touches the Hyperbola. 

13. Hence 



io8 APPENDIX. 

13. Hence again, when the Ratio o£ 
A D CO C A is given, xht Paraboloid touch* 
ing the Hyperbola at the Point B may be 

determined. For let A D = — C A j then 

If t -4- s 

(hall - = — . Now multiplying 
m 2t +,s ^^ ^ 

crofs-wife ztn ^^ snzizmt ^ mz. And 
(tranfpofing) 2nt — m t =im s — n s. 
Therefore /» — n: in — miitisii C A: 
A D. Confequently the Thing is evident 
by our laft. 
Fig. 141. 14- The Suppofition of N. 12. remain- 
ing, the Paraboloid AFB will fall quite 
within the Hyperbola A E B. 

For any how draw the right Line E F G 

parallel to BD, and let the right Line 

£R touch the Hyperbola^ and the right 

Line F S the Paraboloid. Now it is S G 

(ii)2of lAG:: (a) mm:. TD :AD(bJ-D RG 

[^'6^7*-AG. Whence RG c- SG. And fo (c) 

this Jppen, the Curve A E B will fall quite without 

Fig. H«^ '5' ^^^y things remaining the fame^ 
let a Paraboloid oi the fame Order be con- 
ceived to have G E for its Bafe, and A O 
its Axis. This will fall quite within the 
Hyperbola above G E. 

For if the Point M be taken any where 
in the Curve AE of the Hyperbola^ and 
the Ordinate M P, and Tangent M V to 

the 
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the Hyperbola be drawn, it fhall be V P 
ih^zr m\n^ And fo the thing propofcd 
is evident from ». 3 . 

16. Moreover, if a ParaboUform Fi- Pig. 141. 
gure of the fame Order fuppofed to ft and 

on the Bafe EG; be conceived to be 
continued out to D B ; the Part thereof 
intercepted between EG, B D, will fall 
without the Hyperbola. 

For that it falls without the Hyperbola 
below EG is evident, becaufe it makes a 
lefs Angle with the right Line E S the 
Tangent of it, than the fame right Line 
ES makes with the right Line ER touch- 
ing the Hyperbola. And that the fame 
will no. where meet the Hyperbola^ is c- 
vident from hence, that fuppofing it to 
do fo, as at N5 it would faU (a) entirely T^j 3- of 
within the Hyperbola AN. Which i%^^^fP^^ 
contrary to what has but now been 
(hewn. 

17. Let the Circle AE B and Parabola F]g. 14^, 
A F B have the fame Axis A D, and Bafe 

D B. The Parabola, will fail within the 
Circle above B D, and without it below 
BD. 

For let AZ be the Diameter of the 
Circle, and AH parallel to BD equal 
to the fame. Joyn Z H, and continue 
out BD meeting it in the Point L Then 
• is D I the Parameter of the Parabola 
AFB. Now if a right Line EFG K 

P be 
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be any how drawn above B D paraDd 
to B D cutting the Circle in E, the Pa- 
rabola in Fy and the right Lines AZ, 
H Z in the Points G, K, it is manifel 
that GEy= AG xGKcr AG x DI 
z=iG¥q. Whence G E c- G F. Mo 
if the right Line M N OL parallel to BD 
be any how drawn below B D, cuttii? 
the Parabola in M, the Circle, in N, and 
the right Lines A Z, H Z in O and Ly k 
is alfo evident MOq — A O x D Ir 
AG xOL=NOy. And fo MOr 
N O. Therefore the Propofiiion is evi- 
dent. 

If inftead of a Circle be put an Ellip- 
iis, the fame Conclufion follows from the 
fame Reafoning ; fuppofing A H to be the 
Parameter of the Elltpjis. 
pj 1 8. Let the Hyperbola AEB, (whofe 

Axis is A Z and Parameter A H) and die 
Parabola AFB have the fame Axis AD 
and Bale D B ; the Parabola will fall quite 
without the Hyperbola above BD, and quite 
within it, when continued below B D. 

For let BD continued out meet the 
Line joyning Z, H in the Point I ; then 
D I is the Parameter of the Parabola. 
Now if the right Line F E G K be any 
how drawn above BD parallel to BD, 
interiedting the Hyperbola in E, the Pa- 
rabola in F, and the right Lines AD,ZH' 
in the Points G, K^ it ihall hc¥Gqz:z 

AGx 
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A G X D I cr A G xGK = EGq. 
Wherefore F G cr E G. So alfo if the 
right Line M N O L be any how drawn 
below BD cutting the Hyperbola in N, 
the Parabola in M, and the right Lines 
AD.ZH in the Points 0,L, it ihall be 
NOy = AO X OL cr AOx DI = 
MOq. AndfoNO^MO. There- 
fore the Propofition is manifeft. 

19. From what has been faid may be Fig. '44. 
gathered the following Rules relating to 
the Menfuration of a Circle. Let B A E 
be a Segment of a Circle, whofe Axis is 
AD, and Bafe BE, and \tt C be the 
Centre of the Circle, and E H the right 
Sine of the Arch B AE, alfo let AD=: 

J C A. Then it fliall be 

a / — s 

1, ■- ADxBEc-Segm.BAE. 

2. E H + ii."!^!! B H cr Arch 

3/ — ax 

BAR 

3 TADxBE-^SegnLBAE. 

4. BH-i.4BH-3ArchBAE. 

) 

y 

Pa acln 
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of the fame Kind pafling thro' O P, and 
extending to B E. But this falls within 

(g) 15. of the Hyperbola above OP, and without (g) 

^5^^^it below OR Confequently the Point K 

(his Jfpen. fells {b) above H. 

24. The Centre of Gravity fuppofe L, 
of the Parabola^ falls above the Point K ; 
and (b K D tj r A D. As is manifeft 
from the 4*** and i8«** Numbers of this 
Appendix. 

25* Left the preient Speculations may 
ieem of no great Value, becaufe of the 
daily Publication of feveral of thefe Sort 
of Cyclometrical Methods, we (hall fubjoyn 
one or two Corollaries, by means where- 
of innumerable Maxima and Minima of 
their Kind may be determin'd^ for the 
(ake of which alone thefe few things 
may perhaps deferve our pains and at«^ 
. tention. 

Fig. 148. Let ABZ be a Semicircle, whofe Cen- 
tre is C, and in the Seement ADB there- 
of let the Paraboloid AFB be adap- 

ted, whofe Exponent is — j alfo let A D 

m 

r= — C A, and call the Parameter 

of the Paraboloid {viz. fuch a right Line^ 
fome Power whereof drawn into fome 
Power of the Abfcifs A D, (hall be equal 
to fome Power of the correfpondent Or^ 

dinate) 



i 



E 



12& 




n. 



tr. 2/^. 



1 
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^J iinate) p j then will /> be the Maximum of 



^i<cs kind. 




\ For draw GE any how parallel to 

^~~^ B, and at G E conceive a Paraboloid 
-fr — 3 be fet of the fame Nature with AFB, 
vhofe Parameter call q. Then becaufe 
he Paraboloid AFB touches the Circle 
utwardly, it will be GFcrGE, and fo 

I^JGF^c-GE'". That is, ^ "" ■" " X 

AG" ^q"*'"" xAG": Where- 
fore pc q. 

^__, You are to obferve that p 



2m — 2 ft 



7 



ZD*" X AD ^-^". And 




2«-2«^2G"'x AG"'"~^''. 



Therefore Z D'* X AD '^ "" "^ " 



m A r> m — 2« 



'4 



'AC 



Z G"" X A G "'—^". Wherefore 



ZD'^X AD '"-^" is a Maxi^ 



,i 



P4 EXAM' 
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E XAMP LE I. 

1. Iax. «= I, and « = 3. Then will 

/4=ZD'xAD— ZD^X 
BDy. Or^» = ZDxBD. Alfo 
AD= ;CA. 

2. Let « = 3, and m = 10. Then 

wai^Mrr:ZD° X AD*. Or/7 

=rZD'X AD'=ZD' xBD\ 
And AD = 4 C A. 

Fig. 149. 26. Alfo lee there be an equilateral 
Hyperbola whofe Centre is C, and Axis 
Z A, and let a paraholiform Figure A F B 

be infcribcd in it, whofe Exponent is — , 



m 
2n — m 



and Parameter p^ and let A D = 

/« — n 

C A. Then ihall / be the Maximum of 
its kind. 

For draw E G any how parallel to B D, 
and conceive a Paraboloid^ of the fame 
kind with AFB, to ftand on EG, whofe 
Parameter is q. Then becaufe iht Par a^ 
Moid A F B touches the Hyperbola in- 
wardly, it will beGF^-aGE^. 



Thatis,/^-^ X AG'' -ny^-^ 
; V A G ^* Therefore p n q. 

Obferve, 
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Obferve, that « is / ^ "* "" ^_^ 2 D *" 



AD^«-"'« 



ZG*" 



And^^«-^«=—r^;=== There. 



AG 



2» — «. 



ZD 



m 



fore it fhall be *•" -— 

A D ^ «—« 

ZG *" Z D '^ 

^qIT-T^- ConfequentIy^j^2„_«, 

is a Minimum. 

E XA MP LE. 

1. Let »= 2, and « = 3. Then will 

ZD3 BD« . . ^ 

^^ = AD-=AD4 ^^>^ = 

BDj^^.^foAD = CA. 
ADg^ B D 

2. Let « =. 3, and «» =^ 4. Then will 

ZD4 ^ ^ ZD» 

^'=ACM- ^'■^=ADr = 

^^^ 2^^. AlfoAD^.2 



AD3 BD» 
AC. 



3. Let 
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t. Let » = 5, and m=:S. Then fliall 
. ZD« ^^ ZD4 

^ AD* ^ AD 

BD« ZDs ^,. ^^ 

AD5 BD* ^ 

CA. 

ig. 1 50. As we have touched upon the Bufinefs 
of Cyclometry in this Appendix^ why may 
we not annex by the bye a few Theorems^ 
at Hand relating thereto? But firft we 
muft lay down the following general 
One. 

If there be any Curve A G B, whofe 
Axis is A D, and the right Lines BD, 
G E Ordinates to the fame. The Curve 
A B, will have a greater Ratio to the 
Curve AG, than the right Line BD to 
the right Line G E. 

For draw the right Line G H paral* 
lei to A D, and conceive the right Line 
B H to be divided in the Points Y, into 
an indefinite Number of fmall Parts, and 
the right Line G E into an indefinite 
Number of fmall Parts in the Points Z; 
and chro' the Points Y, Z draw the right 
Lines YM, YN, ZO, ZP parallel to AD, 
cutting the Curve in the Points M,N, 
O, P, thro' which draw the right Lines 
MR, N S,OT, P V parallel to BD. Then 
the Angle BMY (as is evident from what 

has 
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has been already (hewn) is lefs than the 
Angle NGS, and foMB:BYc- GN: 
N S. And by the like Reafon it is N M : 
MR cr ON : NS*. Wherefore con- • m^Afp. 
joyntly it is BM ■+■ MN + N G : BY + ^'^- "• 
MR + NScrGN:NS. Thatis, the 
Arch GB :BHcr GN:NS. Again 
(by the like Reafoning) the Ratio of G N 
to N S is greater than each of the Ra- 
tio's of OG to GZ, OP to OT, and 
A P to P V ; and fo conjoyntly it is G N: 
N S c- Arch A G : G E. Wherefore it 
(hall be G B : B H c- A G : G E. And 
by Permutation GB : AG c- B H :GE. 
Wherefore ( Componendo) it is A B : A G 
cr BD:GE- 
28. Let A M B be a Circle, whofe Radius Pig 151. 
is CA, to which the right Line DBE is 
Perpendicular. Alfo let the Curve A N E 
be fuch, that drawing the right Line 
P M N parallel to D E, (cutting the Cir- 
cle in M and the faid Curve in N,) the 
right Line P N may be equal to the Arcb 
A M. Alfo with the Axis A D, and Bafe 
D E, let a Parabola A O E be dcfcribcd: 
This will fall quite without the Curve 
ANE. 

For let the right Line P N cut the P^i- 
rabola in the Point O, and joyn the Sub« 
tcnfes AB, AM. Then is DE:PN:: 
Arch AB;ArchAMcr AB: AM::DE 

:PO. 
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:PO. Wherefore PN-nPO. Whence 
the Propofition is evident. 
Fig. 1 52. 29. Hence (from the well known Men^ 
Juration of the Spaces A D B, A D E) we 

n u u- D / 3CA xDB 
eafily gather this Rule JcaTTcD ^ 

Arch AB. 

Alfo if you put the Arch A B =: 30 
Degrees, and 2AC=:ii3. By Compu- 
tation according to this Rule the whole 
Circumference will come out greater than 
355 lefe a Fraction of Unity. 

30. Hence alfo the Arch A B being gi- 
ven, and calling AB,/, and CA, r, and 
D B, ^ s the right Sine D B may be found 

by this Equation -^^ — i^— = e 

9^^\Pt 9^^^PP 

^ee. Or putting ^ = -^ ^ ; it 

grr-^pp 

fl iall b e ^/ z=zj^,ke — ee. Or x ife — 

Fig. 153. 31. Let A M B be a Circle, whofe Radius 
is C A, and let the right Line D B £ be 
perpendicular to it. Alfo let the Curve 
A N E be a Part of the Curve of the C/- 
cloid belonging to the Circle A M B. And 
laftly, let a Parabola A O E be defcribed 
with A D as an Axis, and DE as a Bafe« 
This will fall quite within the Cycloid. 

For draw the right Line P M.O N paral- 
lel to D E, cutting the Lines as you fee» 

and 
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and joyn the Chords AB, AM. Then 
js DE :PO:: AB: AM:: Curve AE: 
ANc- DE:PNj and foPO -riPN. , 
Wherefore the Propofition is manifeft. 

32. From hence we get this Rule p. 
(from the known Dimenfions of circular 
and Cycloidal Segments) viz. 

2C A X DB + CD X DB 

CA4- 2C D "^ ^^^^ 

AB. 

Befides, if the Arch A B be = 30 De- Fig 1 52, 
grees, and you put 2Ca = ii3. By 
this Rule we infer that the whole Cir^ 
cumference is lefs than 355, more by a 
Fradion. 

Hence you fee Metius*s Proportion 
of the Diameter to the Circumference 
immediately arifes from thefe two Rules. 

33. Becaufe the 0)^^/lwV appears here Pig. 151* 
out of due Order I (hall take Notice of 

a Propernr thereof, which as far as I can 
perceive has efcaped the Notice of thofe 
who have largely treated of this Curve, 
and it is this. If the Redangle A D E G 
be compleated^ the Space A E 6 is equal 
to the Segment A D B of the Circle. I 
omit the Demonflration, having deviated 
too far from our purpofe already. But 
it may be deduced from this general 
Tieorem. • 



Let 
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Fig. 223. ' Let A M B be any Curve, whole Axis is 
A D, and Bafe B D, alfo let the Curve ANE 
be fuch, that draviring P M N at pleafure 
parallel to D B E and fuppofing the right 
Line T M to touch the Curve ANE let 
TN be parallel to the Chord A M : 
Then if the Reftangle A D E G be com- 
pleaced, the trilineal Space AEG will 
be equal to the Segment A D B. 

Moreover if the Segment A D B toge- 
ther with the Space AEG revolves a- 
bout the Axis AG; the Solid generated 
by the Segment A D B is twice the Solid 
generated by A E G. 
154. 34. Let two Circles A I M G, AKNH 
touch one another at A, and fuppofe the 
right Line DNM be drawn any how 
perpendicular to the common Diameter 
AHG. The Segment AIMD, to the 
Segment A K N D will have a lefs Ratio 
than the right Line' D M has to the right 
Line D N, 

For let A R be perpendicular to A G, 
and equal to AH; and joyn H R, meet- 
ing the right Line MD in X; draw the 
right Line G X S. Then conceive an El- 
lipfis ALNG to be defcribed thro* N to 
the Axis A G with the Parameter AS; 
this (as is enough evident) will fall quite 
within the Arch AKN^ But theSegm. 
AIMD:Segm. ALNl5:: DM:DN, 
Therefore the Segm. AIMD: Segmu 
AKND-dDM:DN. 35. Let 
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3?. L«DEC,DFC be Segments ofF's 'SS- 
Circles, whole common Chord is DC and 
Axis GFE. I &y the Segment DEC 
lus a \eis Ratio to the Segment DF'C, 
than the Axis G E has to the Axis G F. 

For draw the right Light N M L any 
how parallel to G E, and let fall the per- 
pendiculars MX, L Y} to G E. Then it 
may be eafily demonftrated that YE cr 
XFi andfoYE+YG:XF4-XG(^ 
YG:XG. Thati8,GE:GFtr NL 
; N M. And the fame Reafon holds with 
r^ard to odier Parallels to G E. There- 
fore GE: GFc-Segm.DEC: Segm. 
DFC 

From thefe Tlbeorems may be gotten 
Rules alike to thofe above laid down. But 
I feem to hear you crying out aAA^r S^r 
0et?Mvi^i, 'Treat of fometUng elfe. 
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E are profecutlng ^e ASiuT 
I in Hand, which tliat we 
may contra£t and avoid Pro- 
lixity, as much as may be, 
obfervc this common PrepO' 
ration, viz. the Line A B 
is always fome one of the Curves treated 
of herotfter, whofc Axii is AD; all the 
right Lines BD,CA, MF.NG being 
perpendicular Ordinatesto it; ME, NS, 
C B parallel to it ; the Point M taken at 
pleauire ; the Line MN infinitely fmall }the 
right Line a b equal to the Curve AB,am 
equal to the Curve A M, n> n equal to 
the Arch MN, and the Ordinates to the 
right Line ab perpendicular to the fame, 
this being granted, 

I. Let 
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1. Let M P be perpendicular to the Fig- 1 56. 
Curve AB; and let the Lines KZL, '^^' 
ap dbt fuch, that FZ be ^qual to M P, 

and mp be equal to MF: Then will 
the Space ^^^ be equal to the Space 
ADLK. 

For the Triangles MRN, P FM, are 
fimilar, and fo MN : NR :: P M : M F. 
Wherefore MNxMF = NRx PM, 
that is (fubfticiKing equals) mn X nip^rz 
F G X F Z, or the Reftangle m t — Redl* 
ahgle FH. But the Space abd does not 
differ from an indefinite Number of Reel- 
angles, fuch as mSyZnA the Space ADLK 
is equivalent to the fame Number of Rect- 
angles, fuch as F H. Therefore the thing 
propofed is evident. 

2. Hence, if the Curve A MB revolves ^.j.^ ,.5 
about the Axis AD; the Superficies ge- 
nerated will be to the Space ADLK, as 

the Circumference of a Circle is to the ^^- 
dim. Therefore if the Spate ADLK 
be known; the faid Superficies will be 
known too. The Reafon affign'd for 
this has been given fome time ago. 

3. From hence may be had the Men^ 
furatim of the Superficies of a Sphere^ that 

of each of the Spheroids^ with that of 
Conoids too. For if AD be the Axis of 
a cortick Sedion generating thefe Figures ; 
the Line KZL will be always fome one 
of the conick Sections, of no great difficul- 

Q_ ty 



\ 
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• 

ty CO determine. I do buc juft hint this, 
becaufe this Bulinefs is now well known 
and publifhed. 

Fig. 1 56. 4. The fame remaining, let the Curve 
»57 A Y I be fuch that the Ordinate F Y be 
a mean Proportional between the anfwer- 
able ones FM, F Z ; the Solid generated 
by the Rotation of the Space adb about 
the Axis ab will be equal to the Solid 
generated by the Space AD I revolving a- . 
boiit the Axis A D. 

For it is MN :NR:: PM:MF:: 
PM X MF ; MFy :: FZ X FM : 
MFy. Whence MNxMFj = NR 
X F Z X FM. That is, /^ » x ntp q 
=: N R X F Y y. Whence the thing pro- 
pofed b evident. 

5. In like manner we gather, if F Y 
be a Bimedial between F M, F Z 5 the 
Sum of the Cubes of the Ordinates, as 
mp (of the Cnxvtapdy) to the right 
Line a by is equal to the Sum . of the 
Cubes of the Ordinates (of the Curve 
A Y I) to the right Line A D. This is 
alfo true of other Powers. 

Fig 156. 6. Moreover^ things remaining as be- 
fore, Let the Curve VXO be fuch, that 
EX be equal to MP, and the Curve 
oxy fuch, that mxh^ equal to PF; 
the Space aoyb will be equal to the Space 
DVOB. 



F#r 
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For it is MN:MR:: MP : t>F: and 
fo MN X PF= MR X P. That is, 
mn\ m x =E S X EX or the Rcdtang. 
E T = Rcftang. m s. Wherefore the 
thing propounded is evident. 

7. Hence we may obferve, as a Corollary Fig. 1 56. 
to this. That if the Curve A B be a Pa- 
rabola, whofe Axis is A D, and Parameter 

R : the Curve V X O will be an Hyfer- 
bola^ whofe Centre is D, and Axi^ D V, 
and whofe Parameter is equal to the Axis 
R. Since EXjr = (PMj'^PFy 4- 

F;M^ = ^ + FMy = 5-2+DEy 

=) D V y + D E y. Alfo the Space 
ab yo will be a ReBangle. Becaufe c- 

R 

very Ordinate tnx h equal to — . There- 
fore it is manifcft that if the Hyperbolick 
Space D VOB be given; the Curve 
A MB is given toos and contrariwife. 
But this by the bye. 

8. We may obferve alfo that all the Fig. 157* 
Squares together of the Ordinates (of the 
Curve ox y) to the right Line a b^ are e- 

qual to all theRedangles under PF,EX 
Apply'd to the right Line DBs all the 
Cubes of mx equal to P Fy x EX ; and 
fo on. 



0^2 We 
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i^ig- 1 S7' $. We may forcfaer take Notice, that coi^ 
tinuing out PMQ, and making FZ c*^ 
qual to P Q, and w * = A Q^ the Space 
abd\s equal to the Space A D LK. 

Forbccaufe MN:NR:: PM: MF:r 
PQjCLA;it (hall be MN x CLA x= 
N R X QJV.. That is, the Re£tang. m t 
r= the Redang. F H. 

Fig. 1^8. lo Again, lee the right Line MT 
^SS* touch the Curve AB, and let the Curves 
DX O,^ / d be foch, that E X be equal 
to MT, and mp equal to MF, thea 
/hall the Space abdhc equal to the Space 
DXOB. 

ForMN:MR::MT:MF. Where- 
foreMNxMP = MRx MT. That 

iS/w«X)Wj& = ESx EX 

{.*: g II. Hence again, the Superficies of n 
Solid generated by the Rotation of thc^ 
Space AB D about the Axis AD is to the 
Space DXOB, as the Circumference of 
a Circle is to the Radius. Therefore if 
this be known,, that will be fo too : And 
fo we may again get the Dimenfi6ns of 
the Superficies of Cmoids and Spheroids. 

*ig.i?8. 12. If the Line DYI be fech, that 
'59- EY = -• EX X M F: the Solid produced 
by the Rotation of the Space aod about 
the Axis a b^ is equal to the Solid produ« 
ced by the Rotation of the Space D B I 
about the Axis DBi 

For 
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For it is MN : MR:: MT X MF: 
MF^.: EXx MF:MFy:: EYy: 
MFy. WhcreforcMNxMFj = MR 

X E Yf Tliat is, mn x mpqz=z ES 

xEYy. 

13. After the like manner may the Sum$ 
of the Cubes or other Powers of the Or^ 
dinates m p^ be compared with the Spaces 
apply'd to the right Line D B, 

14. Let moreover the Lines AZK,ng. 158. 
€1 xy h^ fuch, that F Z be equal to MT, *^^ 
and m x equal toTF ; then will the Spac^ 

ab yh^ equal to- the Space A D K. 

FQrMN:NR;:MT:TF. That is. 
mn:¥G i\TZ I tnx. Wherefore mn 
X m x=VG X FZ. 

15. Alfo the Sum of the Squares of the Fig 1 58- 
Ordinates ;» x is equal to the Sum of the ^^^ 
Jlcftangles under T F, F Z. And the Sum 

of the Cubes of »^ at is equal to T F ^ X 
FZ. Suppofing the computation to be 
made at the right Line A D. And the 
like is to be underftood of other Powers. 

16. Suppofe again, the right Line Q^M P Fig. i6o, 
CO be perpendicular to the Curve AM B, '^'• 
and let the right Line ^ ^ be equal to 

BD, and compleat the Redtangle Abdz. 
Then let the Curve K.ZL be Ibch, that 
FZ be equal to Q^P. Then will the 
Reftang. abdz be equal to the Space 
ADLK. 

Q 3 For 
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For itisMN:NR;:(PM:MF;;) 
PQj^IF. Thcrefor(^ M N X I F = 
NR X PQ:_ Thatis,»»« y.mx~FQ 
X F Z. Therefor? the thiqg is (nanifeil. 
Hence if the Space AKLD be known; 
the Quantity of the Curve A M B will be 
known too. 

4 

Fig 1 60. 1 7. Alfo fuppoGng the right Lipc MTY 
*^'* to touch the Curve AM B, ipaking 6 c =: 
B C, and complecting the Rcilangle a b cy^ 
let the Curve O XX be fuch, that F X 
be equal to T Y : Then fhall the Space 
A D O X X infinitely continued, be equal 
Xo the Redtangle abcy. 

For MN :NR :: YT: DA. That 
h, »^»:FG ::FX: /!» /r Andw«Xm/ 
=: F G X F X. Wherefore the thing is 
manifeft. 

Hence again, if the Space A D O X X 
be known, the Curve A M B will be known 

\QO. ' 

Fig 1^0. xS- So likewife, if you take any deter- 
161. rainateLine R,and making the right Lin? 
hd — R, if the Curve O X X be fuch, 
that M F . M P :: R : FX : the ReStangh 
a b d X will be equal to the Space 
A D O X X, and thence we get this 
Space, tho* the Curve be altogether un- 
known. 

ForMN:NR::MP:MF::FX:R; 

andfoMRx R = NRx FX, ov mn 

X ;7;x = FGx FX. 

We 
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We may add many more fuch like Pro* 
pofitions, but I am afraid thefe here will 
feem more than enough. 

1 9.-^ Yet we may obferve, at leaft, that 
all thefe Propofitions are equally true, 
and demonftrated after the fame man- 
ner, when the convex Side of the Curve 
A M B is next to the right Line A D. 

20. From what has been fhewn cafily 
flows a Method of laying down tbeore-^ 
mat teal' Curves, which admit of fomc 
kind of Menfuration, and this you do 
thus, 

Take any right angled right lin'd 7ra- F^s » 62. 
pezium having its Area fome how or other 
known, contained under the two Paral- 
lels AK, DL, the right Line AD, and Fig 163 
and any right Line KL, and let another 
A D E C be fo referred to this, that dra w- 
ing any right Line F H parallel to DZ, 
cutting the Lines AD, CE, KL in the 
Points F,G, H, and afluming fome deter- 
minate right Line Z, let the Square' of 
FH be equal to the Squares of FG and 
Z. Alfo let the Curve A I B be fuch, 
that continuing out the right Line G F I 
to it, the Redangle under Z and F I be 
equal to the Space A F G C. Then will 
the Reftangle under Z and the Curve 
A B be equal to the Space A D L K. 

0^4 The 
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The Method is juft the fame, if chc 
right Line AK be even ipfinue* 

Fig. 162. Exam. I. Let K L be a right I^ine ^ 
then the Curve C G E fhall be an My^ 
ferbola. 

Fig 163. 2. Let the Line KL be an ^rcb of a 
Circle^ whofe Centre is D, an4 let A IC 
be r= Z : then (hall the Curve AG F be 

A D 

a Circle^ and the Curve A B = '' 4-' 

—jT.r ArchKL. 
2 AK 

p; 5 3* ^^^ ^^^ lATi^ KL be an equilateral 
Hyperbola whofe Centre is A, and Axis 
A K = Z. Then will C G E be a right 
Line, and the Curve AB a Parabola. 

Fii.163. 4 Let the Line KL be a Parabola^ 
whofe Axis is AD: the Curve C G E 
will be a Parabola too; and the Curve 
A B fome one of the parabolick Kind. 

Fig. 165. 5. Let the Curve KL be one of the 
faraholick Kindy viz. fuch that F H r::ii, 

AFV 

Then will the Curve AB be s^ Cy-^ 

doiJ, belonging to a Circle, whofe Diar 
nieier is equal to Z. 

With due Circumfpeftion you your 
felves will perhaps find out more elegant 

EKamples, 

APPEN- 
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Come now at laft to rouch 
upon Particulars by Way of 
JlfpendiXj of which it would 
be no difficulc Matter to 
compile a 'large Volume an- 
fing from thefe our general Propofitions, 
tho' indeed I had no Inclination to do fo^ 
had not a Friend of mine defired me, 
and approved of what is here fubjoyn'd, 
relating to the Tangents and Secants to 
a Circle^ as Confeflaries for the moft 
Part flowing from what has been already 
faid. 



A common Preparation. 

Let A CB be a ^adrant of a Circle, Fig- 1 
and let the right Lines AH, BG touch 
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F*^.i67. it, and in HA, AC continued, take AK, 
C B each equal to the Radius C A ; des- 
cribe in Hyperbola KZZ thro* K with 
the Afymtotes A C, C Z, and another Hy-^ 
ferbola L O E thro' E with the Afymtotes 
B C, B G. Alfo take the Point M in 
the Arch A B at pleafure, thro* which 
draw the right Line CMS, and the right 
Line MT touching the Circle, and let 
CMS meet the Tangent AH in S. Alfo 
draw the right Line M F Z parallel to 
B C, and the right Line M PL parallel 
lo AC* Moreover let the right Line ab 
be equal to the Arch A B, and a m equal 
to the Arch AM, and let the right Lines 
ii€jX mp s be perpendicular to ag^ whereof 
ac z=i KCy m X z=i AS^ m s =: C S^ and 
mp=iMP. 

. L The right Line C S is equal to the 
right Line F Z ; and fo the Sum of the 
Secants belonging to the Arch A M, and 
apply 'd to the right Line AC is equal to 
the Hyperbolick Space A FZK. 

For itisCF:CA::{CM:CS::)CA 
:CS. AndfoCFx CS = CAy. Alfo 
CF X FZ — CAx AK = CAj. There^ 
foreCSr:=FZ. 
jTig. 167. IF. The Space amXy that is, the Sum 
of the Tangents in the Arch AMapply*d 
to am^ is equal to the Hyperbolkk Space 
AFZl^ 

This 
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This appears from the ^tb LeSture^ 

3. Let the Curve A XX be fuch that Fig. 166. 
P X be equal ^to the Secant C S or C T. 
Then the Space ACPX, that is, the 

Supi of the Secants belonging to the Arch 
A M, and apply 'd to CB, is equal to twice 
the Senior ACM, 

For (a) the Space A F MX is twice the ^^j ,^ 
Segment A F M, and the Redanglc Lea. xi. 
FCPM twice the Triangle F C M. 
Therefore the whole Space ACPX is 
twice the Sedor ACM. 

This is very evident too, from the tbth 
Number of the i itb LeBure. 

4. Let the Curve C V V be fuch, that Fig. i56. 
P V be equal to the Tangent AS. Then 

will the Space C V P^ that is, the Sum of 
the Tangents to the Arch* AM, and apply il 
to the right Line C B, is equal to ona 
half the Square of the Subtenfe AM. 

This evidently follows from Num. 7. 
of the wtb LeSiur^. 

5*. If you take CQ =: CP, and draw 
QP parallel to C E, meeting the Hyper^ 
hola L E in the Point O; the Hyperholkl 
Space PLOQ^drawn into the Radius 
C B, or the Cylindrical one having the Bafe ^^ 
PLOQ, and Altitude BC, is twice the '*^ 
Sum aftbe Squares of the right Lines C S 
or P X belonging to the Arch A M> and 
^pply'd \o the right Lipe C B, 

Fqr 
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For bccaufc PL:QjO:: (BQ^:Bl» ; 
that is, ::) BC + CP: BC — CPi it 
will be (Cmponendo) P L 4- Q.O : QO :: 
2BC:BC~CP; it is alfo QOiBC:: 
B C : BC + C P. Therefore (joyning the 
equal Ratio's) it is P L -f qIo X QO: 
QO X BC::2BC X BC:BC— CPx 
BC-»-CP; thati6,PL +QO:BC :: 
z B C^ : B C y -— C P^. That is, :: 
2 B C 7 : P M 9. But It is P X ^ : 
BC^ :: BCf:PM^ or (doubling the 
antecedents) 2VX.q : BC^:: 2BC^ ; 
P M f. Therefore PL + QO : B C :; 
2PXj':BC^. OrPLXBC+QOx 
BC:BC7::2PXf :BCf. AndfoPL 
X BC+QOx BC=2PXy. Con- 
iequently BC drawn into every P L 4- Q.O 
is equal to every anfwerable Square P X ^. 
Therefore the Propofition is manifeft. 
-fig- 167. 6. Hence the Space acsm, that is, the 
Sum of the Secants .in the Arch A M ap- 
ply 'd to tf ^ is equal to the one half of tnd 
Uyperbolick Space P L O Qj_ 

For take the indefinite fmall Arch M N, 
and the right Line m n equal to it, and 
draw the right Line NR parallel to AC. 
Then is MN:MR:: (MCtCF :: CS: 
CA :: PX: CA) :: P X y : P X x C A. 
And fo M N x P X x C A = M R X 
PXy. Or /w» X >wj X CA= MR X 
P X y. But (from the laft Number) thtf 
Sum of all M R X P X ^ is the half of 

the 
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lihc Space P L O Qdrawn imo C A. There- 
fore all the Rectangles m n'\-m s drawn 
into C A will be equal to the fame. Where* 
fore acs m (equal to all the Rectangles 
mfi X ms) IS equal to the one half of the 
Space PLOQ:^ 

y. All the Squares of the right Lines 
m s apply'd to the right Line am ^vc e^ 
qual to CA X C P x PX, that is, the^'S^^' 
Parallelepipedon with the right angled 
Bafe ACPD and Altitude C S. 

The Demonftration of this Propofition, 
altho' eafy, I (hall pafs over, as requiring 
another Scheme and a larger Procefs than 
moit of the reft ; neither does it &em to 
be a Thing of much Moment. 

8. Let the Curve AYYbe fuch, thatpig. ^^6, 
F Y be equal to A S. Then if the right 
Line Y I be drawn parallel to AC. The 
Space ACIYYA, that is, the Sum of 
the Tangents belonging to the Arch AM, 
and apply VI to the right Line A C, toge- 
ther with the Re^angle FCI Y is equal 
to one half of the Hyperbolick Space 
PLOQ, 

For the Spac^ acpm (a) is eqtial to .y ^ 
the ReSl angle ACPD', that is, to theLcalxil 
ReStangleYQlY. For it is CA: AS:: 
CF:FM. Or CA:FY::CF : CP. 
AndfoCA X CP=FY X CF. Alfo 
the Space cp s^ that is, all the right Lines 
T F apply'd to a ^, every one that do be- 
long 
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<^) 14. long to the Arch A M, is (b) equal to 
Lea xij, ^j^^ gp^^^ A F Y ; and fo the Space 

A C 1 Y A 18 equal to the Space ac im. 
That is, (as but now demonftratcd) c- 
qual to the half of the Hyperbolick Space 
PLOQ^ 

We may mcafure this otherwife by 
means of the following Lemma. 

Fig.i6P. Let there be an equilateral Hyperbola 
ERK, 'viz. having equal Axes, and let K I, 
KD be Ordinates to thefe Axes (CED, 
C !)• Alfo let the Curve E V Y be fuch, 
that afliiming the Point R at pleafure in 
the Hyperbola^ and drawing the right Line 
RVS parallel to DC, let SR,CE, SV 
be continual Proportionals, Then joyn- 
ing the right Line C K ; the Space C E I Y 
will be the double of the Hyperbolick Sc- 
aorKCE. 

For draw R T touching the Hyperbola^ 
and R H parallel to C L Then it is C H 
: C E :: CE : C T. Therefore C T = 
S V, or H T = R V. Confequcndy the 
Space E D K Y is twice the Segment E D K. 

taLca. Alfo theRedlangle IK DC is twice the 

XI. Triangle C D K. Confcquently the re^ 
maining Space C E Y I is twice the re- 
maining Sector E C K. 

Fig. 169. lo- Now refuming the circular Quad-r^ 
rant ACB, let CE= C A, and with the 
Axis A E, as al/o Parameter A E, let an 
Hyperbola E K K be defcribcd, and fup- 

poling 
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poling the Curve AY Y to be fucb, that 
drawing any Ordinate M F Y ; F Y be c- 
qual to the Tangent 'A S, draw the right 
Line Y I K cutting C Z in the Point I, 
and the Hyperbola in K, and joyn C K. 
Then the Space A C I Y A is twice the 
Hyperbolick SeBor ECK. 

For it is C I y : C A y : : A Sy : C A y Fig. 169. 
::FMy:CFy::CAy— CFyrCFy. 
And (Componemo) CI q +• C A y : C A y :: 
C hqiCF q. That is, (from the Na- 
ture of the Hyperbola) I K y : C A 5^ : : 
C A y:CFy,orIK:CE :: CE:IY^ 
And therefore it is evident from the pre- 
cedent Lemmay that the Space A C I Y A 
is twice the Sedlor ECK. 

11. Cor oil. Hence if a Conchoid AW 
be dcfcribed with the Pole E, Chord CB^ 
and Sagitta C A, and Y F M continued 
out to V meets it j we fliall have M V 
=: F Y; and fo t\it Space AM V is twic« 
the Space A F Y. 

12. Therefore the Menfuration of fuch 
Cone hoi dal Spaces as thefe are known. 

I do not know whether we may add 
this Corollary to the Work. 

13. Let the right Line AE be perpen- Fij. 170, 
dicular to the right Line RS, and CE = 

C A, and let there be two Conchoids AZZ^ . 
E Y Y, (inverfely fituatcd with regard to 
each other) dcfcribed from the iame Pole 
£j with the common Ruler R S, and from 

E draw 



240 APPENDIX I. 

E draw any bow the right EYZ (Inter- 
fering the Lines as you fee.) Alfo lee 
EKK be an equilateral Hyperbola^ whpfe 
Centre is C, and Semi-- Axis CE; draw IK 
parallel to A E, and joyn CK. Then 
will the ^adrilateral Space AEOYZPA 
(comprehended by the right Lines AE, 
YZ and the Conchoids EOY, APZ) be 
equal CO four times xht HyperboHck SeStor 
ECK 

For if with the Centre E, you defcribe 
thro' C an Arch of a Circle C X; it is 
eafy to gather from what has been faid 
that the Space A P Z I C is equal to twice 
the Hyperbolick SeSior ECK, together 
with the circular SeSior CE X. Alfo the 
Space E O Y I C is equal to twice the 
Senior EC Y^\t& the SeSor CEX. 

This alio we may eaiily infer: draw 
Z F, Y G parallel to C S, and continue out 
GYL,LIH. Then becaufe I Y = I Z, 
it is FZ -h G Y = 2 C L And the 
Trapezium FGYZ = ReSang. EGLH 
=; 2CG X CI. Therefore ih^ Corollary 
is manifcft. 

You may obfcrve by the way, if you 
will, that drawing AT parallel to C S, 
and continuing out EZT, if you put 
li = 2Triang. CEl — ^SeB.EC K; 
then will the Space EZT + EOYE 

be :zz. 2 N. 



For 
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For N + G X I = Space A Z T, and 
li ^ C XI = Space EO YE. 

14. We will like wife fubjoyn the fol- 
lowing like Menfuracion of the Cijfoidal 
Space. 

Let A MB be a Semicircle^ whofe Cen-Fig. 171. 
tre is C, and let A H be a Tangent to the 
fame. Alfo let AZZ be a Ctffbidzgvtt^ 
ing to the fame, whofe Nature is fuch, 
that taking a Point M at pleafure in the 
Circumference A MB, and a right Line 
B M Z be drawn thro' it, as alfo the right 
Line M F Z cutting the Curve in Z, we 
have M Z = A S. 1 Then if the right 
Line ab^ you tdkcVam equal to the 
Arqh AM, and 10 am apply the Per- 
pendiculars mx equal to the wrjed Sines 
A F of the jircbes A M. The trilineal 
Space MAZ will be twice the Space axm. 

For take the indefinitely^f^ j// Arch M N, 
and Xttmnbt equal to ic. Draw the right 
Line N R parallel to A B, and joyn C M. 
Now it is AS : AB (2 CM) 2: (FM : 
FB::)AF:FM. And2CM:2MN 
:: (C M : M N) F M : N R. Therefore it 
(hall be (by equality) A S : 2 M N :: A F : 
NRjandfoNR x AS=:^2MNx AF. 
That is, NRxMZ=2»««X/w:^. 
Wherefore the Space M A Z is equal to 
twice the Space amx. 

R There- 
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Fig 1 72. Therefore becaufe the Mcnfuraiion of 
the Space am x is well known ; we have 
the Dimenfion of the Cijfoidal Space 
M A Z. As any one who is willbg may 
try. 

I fhall conclude this Appendix with the 
following ConfeStary. 

15. Let A CB be z^adrant of zCixcle^ 
and let A H» B G touch the Circle. And 
let the Curves KZZ,L E O be Hyperbo- 
Fig. 173. la\ the fame, as (a) above. Let any 
(a) 7. and^ch AM of it be conceived to be divi- 
ded, in the Points N, into parts indefi*^ 
nitely mafiy in Number, thro' which draw 
the Radii C N, and let the right Lines 
NX meet thefe in the Points X; the 
Sum of the right Lines N X, drawn into 
the Radii^ is equal to the Space 

AFZK 

— P , ■ ; and the Sum of the tight Lines 

N X, into the Parallels to A S, is equal 

to the Space — p -^ for the Triangle 

X M N is fimilar to the Triangle C AC; 
and fo XM: MN:: AS : CA. And 
XN:MN::CS:CA. ThcrcforeXM 
MNxAS .^„ MNxCS 
=• — C^A— ' ^«d XN = — cir- 
And fo in the reft. Therefore the Thing 
is manifeft, from n. 2. and 7 of this Chap- 
ter. 

APPEN- 
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JOnfulting Brevity, but Perfpicui- 
ty chiefly, carried me to lay dowa 
our Proportions demonftrated 
after a direct Method, being fuch 
that the Truth, as I apprehend, is not on- 
ly fufficiently confirm'd, but Hkewife the 
Origine and Nature thereof made more 
evident* But left ibme who are not 
much accuftomed to this Way of Rea- 
fonlng {hould be at a (land, I (hall add 
the few things following, that both con- 
firm our Method, and will alfo aflift 
them to demonflrate our Propofitions ad 
ahfurdum^ without any great Difficulty. 

I. Let there be any Number of Ratio % 
A to X, B to Y, C to Z each greater than 
a given Ratio R to S ; the Ratio of all 
the Antecedents taken together to all the 
Confequents taken together will be greater 
than the Ratio R to S. 



R 2 



N 



A; 
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A : X. 
B : Y. 
C : Z. 



A : M 
B : N. 
C : O. 



Fig. 174. 



For let the Ratio's A to M, B to N,C 
to O be each equal to the Ratio R to S. 
Therefore X -3 M, and Y -3 N, and Z 
-=] O. Confequently it is manifeft that 
A+B4-C:X + Y+ZcrA4-B4-C 
: M + N + O. That is, A + B +C : 
X+Y + Zc-RrS. 

2. Hence it is manifeft, if there be any 
Number of Ratio's greater than a given 
Ratio ; the Sum of the Antecedents to the 
Sum of the Confequences will have a 
greater Ratio than the given Ratio. 

3 , Let there be any Curve A D B, whofe 
Axis is A D, and let B D be an Ordinate 
to the fame, let BT touch the Curve, 
and let BP be an indefinitely fmall Part 
of the right Line B D, and draw the 
right Line PO parallel to DT, cut- 
ting the Curve in N. I fay the Ratio of 
P N to N O is greater than any given Ra- 
tio, fuppofe R to S. 

For lctDE:ET::R:S, andjoyning 
the right Line B E let it cut the Curve 
in G, and the right Line PO in K; 
and thro' G draw F H parallel to D A. 
Then becaufe B P is put inqf finitely fmall, 

I it 
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itisBP-nBFjandfo PK-D PN (for 
the Chord B G falls quite within the 
Curve.) Therefore PN : NO cr PX : 
KO ::DE:ET::R:S. 

4. Hence, if the Bafe DB be divided pjg. 17 j; 
into an indefinite Number of Parts in the 
Points Zj and thro* thefe be drawn right 
Lines parallel to D A cutting the Curve 

in the Points E, F, G, and thro' thefe be 
drawn the Tangents B Q, E R, F S, G T 
meeting the Parallels Z F, ZE,Z G, D A 
in the Points Q^, R, S, T : The right 
A D will have a greater Ratio to all the 
Abfcifs*s E Q , F R, G S, A T taken toge- 
ther, than any aflignable Ratio. 

For draw the right Lines E Y, FX, G V 
parallel to B D. Then the right Lines 
Z E, Y F, X G, V A will have a greater 
Ratio to the right Lines E Q,F R,G S, A T, 
(each to each refpedlively in a right Line 
to one another) than any given Ratio. 
Therefore all thefe together to all thofe, 
will have a Ratio greater than any aflignable 
one. That is, the right Line AD has this 
Ratio to EQ^fFR-t.GS+ AT- 

5. Hence by the way, the Aggregate of 
.E Q, FR,G S, AT, are equivalent to no- 
thing ; ^r the right Lines Z E, Z Q; and 
ZF, Yk, Gfr. are equal. Alfo the Par- 
ticles of the Tangents^ B Q^, E R, &c. 
And the correfpondent fmall Portions 
BE, EF, &c. of the Curve are equal, 

R 3 and 
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and may be confider'd as coinciding, 
what evidently correfponds, with theie 
may be fafely taken as fuch. 

Jig. 1 76. 6. Again, let there be any Curve AB, 
whofe Axis is AD, and DB an Ordinate 
to it, and conceive DB to be divided into 
an indeiiniie Number of equal • Parts in 
the Points Z, thro' which draw right 
Lines parallel to A D, cutting the Curve 
in the Points X, which the right 
Lines ME,NF, OG, PH drawn from 
X parallel to ^D do meet. Alfo let 
the Figure ABpMXN XOXPXRA 
circumfcribing th^ Segment A D B, con- 
tained un^er the right Lines ii D> B D and 
the Curve A B, be greaierthan fonie Space 
S. I fay the Segment A D B is not Itfk 
than S. 

For if poflible, let A D B be lefs than S 
by a Rectangle ADLK. Then becaufe 
AR is indefinitely fmall, and fo leis than 
A K» it is evident that the Rectangle 
ADZR is lefethan theRcftangle ADLK. 
Alfo it is evident that the Segment A D B 
together with the Rcftangle ADZR is 
[reater than the circumfcribing Figure, 
"^or the Reftangle ADZR is equal to 

Fig 176. the Redlanglcs RH, P G,0 F, N E, M Z, 
and fo greater than the trilineal Figures 
AXR, XXP, XXO, XXN, XBM. 
Therefore the Segment AD B together 
with the Redlangle ADLK is much 

greater 



APPENDIX II. Z47 

greater than the circumfcribing Figure. 
That is, the Space S greater then the cir- 
cumfcribing Figure. Which is contrary 
to the Suppofition. 

7.1n like manner if HXGXEXZDH 
be an infcribed Figure, lefs than fome Space 
S : I fay the Segment A D B is not greater 
thanS. 

For if you will have it to be greater, 
let the Excefs be equal to the Re<5tangle 
A D L K, which will be, like as before^ 
greater than the Reftangle ADZR. But 
the Segment A D B, leflened by the Reft- 
angle AD ZR, is lefs than the infcribed 
Figure, Therefore the Segment A D B, 
leff^n'd by the Redlangle ADLK is much 
lefs than the infcribed Figure. That is, 
the Space S lefs than the infcribed Figure, 
Which 4^ contrary to the Suppofition. 

8 Hence, if there be any Space, as S, 
the circumfcribing Figure whereof is equal 
to A D B M N O PR A, as alfo the infcribed 
Figure, equal to the Figure H G F E Z D H, 
it is plain that the faid Space S is equal to 
the Segment A D B. 

For we have juft now ftiewn that this, 
can neither be greater nor lefs than that. 

What has been here faid may alfo be 
accommodated to other Ways of Circum* 
fcription and Infcription. Of which it 
may be fufficient to have juil hinted. 

R 4 A Method 
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^ Method to MeaJUre the Superficies of 

Cones. 

r«. 177. Let A MB be any Curve, whofe Axis 
is AD, in which lee C be an aflum'd 
Point, and let the right Line B D be an 
Ordinate to AD. From any Point M 
taken in the Curve draw the right Li^e 
M E touching the Curve, and fr<mi C 
let fall CG perpendicular to ME. Like- 
wife let the determinate Line C V be per- 
pendicular to the Plane DAB, and joyn 
V G, which will be perpendicular to MG ! 
fince if you draw C H parallel to G M, it 
is plain that C H is at right Angles to the 
Plane G^G^ and fo G M will be perpen- 
dicular to it alfo. 

Now let the Line RS be fuch, that 
drawing the right Line MIX parallel to 
A D, cutting the Ordinate B D in J, ^and 
the right Line R 8 in X, it be MP:ME 
: : V G : I X, or let the Line AL be fuch, 
that drawing MPY parallel to BD, cut- 
ting the Axis A^D4f^-P, and the Line A L 
in Y, we havi PE ; ME :: VG : P Y. 
Then will either of the Spaces B R S D, or 
A D L be twice the Sijperncies of the Cone 
generated by the Motion of a right Line 
(:ontinually paffing thro' V, and at the 
rap[ie time pioving along the Curve AMR 

fox 
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For take the indefinitely fmallPartMN 
of the Curve, and thro' N draw the right 
Line NOKT parallel to AD, and the 
right Line NQZ parallel to B D, cutting 
the other Lines of the Scheme, as you 
fee, and joyn the right Lines V M, V N. 
ThenitisMO:MN::MP:MF::VG 
: I X. Wherefore M N x V G =:r 
IVh O X I X = I K X I X. Alfo it 
is N O : M N :: P E*: M E :: VG 
: P Y. Therefore M N x V G = 
NOxPY = QPxPY. But MN 
xVG is twice the TriangleMVN. Con- 
fequently I K X I X and Q^P x P Y are 
each twice the Triangle M V K And 
this is always fo. Therefore the Thing 
propofed is evident. 



An E XA M P L E. 

Let the Curve A MB be an equilateral ^'^z «77^ 
Hyperbola^ and C the Centre^ and let C V 
£= C A be =:: V, and C P=x. (For of 
thefe things a Computation moil: common* 
ly {hortens the Bufinefs) and joyh M C. 

Then it is evident that E C = — , and 

MCqrz2Xx — rr. ForPMy=xx— rr. 
Alfoit U MCj'iCPyrrME q:M?q. 
That is, MCq :CPq :: ECf :CGy. 

That 
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r 4 

That is, 2XX — rrzxx:: — iCGg 

. Wherefore V G jr = 

2r r X X 
2XX — rr ■ 2XX — rr 

ThercforcVGtV A::(CP::MC) :: 
M P : ME. So that in this Cafe, I X 
is every where equal to V A, and the Line 
RS a ftrait one. Confequently the Reft- 
angle BRS D, is twice the conical Super-^ 
fcies AMBV. 

We have been furniflied with this ele- 
gant Example, by the Ingenious and ve* 
ry Learned Francis Jejfape^ Efq; an Or- 
nament of our College, being former- 
ly a Gentleman-Commoner thereof, with 
which very ingenious Invention in this 
Matter, I have made bold to adorn my 
own, as with fome precious Stone, th6' 
not indeed at his Deiire, but yet, I hope> 
not contrary to his Inclination. 



PROP. 
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If from the Point E in the ^xis A/^Pig. 17^. 
of a right Cone A B C/, an indefinite 
right Line E C paffes thro' the Superficies 
of the Cone, and while the Point E is at 
reft, let the right Line E C move round 
until it returns to the fame Place from 
whence it moved, fo that fome Part of it 
always cuts the Superficies of the Cone, 
fuppofe thro* the Hyperbola C F D and 
right Lines D A, A C fituate in the Super- 
ficies of the Cone. The Solid contain'd 
under the Superficies, or Surfaces gene- 
rated by the Line EC thus moved, and 
the Portion of the Superficies of the fame 
Cone terminated by a Line or the Lines 
CED,DA, AC, which the right Line 
E C defcribes by its Motion in the Super- 
ficies of the Cone^ will be equal to a Py- 
ramid whofe Altitude is equal to the Per- 
pendicular E n drawn from the Point E 
to the fide of the Cone, and Bqfe equal 
to the fame Superficies of the Cone termi- , 
nated by the Line or Lines CFD, D A, 
A C generated by the Motion of the Line ♦ 
EC 

For the Solid E C F D A C confifts of 
an infinite Number of Pyramids E C (? A, 
£ 1^ A, &c. of (he fame Altitude; (E » 

being 



1 



iy2 A P P B N D I X IL 

bdng the Perpendicular) all the Bafes 
whereof taken together will exhauft the 
Superficies of the Cone C F D, D A, A C. 



PROP. n. 

Fig. 178. Let the right Cone ABC/ be cut by a 
Plane CFD parallel to the Axis Am, 
and from the Vertex thereof to the Hy- 
perbola CFD draw the right Lines A C, 
AD, and upon the Triangle A CD let 
a Pyramid E A C D be eredted having its 
Vertex E in the Axis of the Cone^ and let 
E ^ be perpendicular to the Plane A C D, 
and E » to the fide of the Cone. 

I fay the Superficies of the Cone ter* 
minated^y the Hyperbola CFD and the 
right Lin^ D A» AC is to the Bafe A CD 
of the Pyramid E A C D, as the Altitude 
EJofthePyrtf;J»;WEACD is to the Per- 
pendicular E n. 

For becaufe the Cones ACFD,ECFD 
have their Virtices A and E in a Plane 
parallel to the Plane of the Bafe CFD, 
common to both Cones, therefore they 
are equal. Confequently if from a Solid 
• compounded of the Cone A C F D, and 
the Pyramid E C A D, be taken away the 
Cone E C F D, the Remainder will be the 
the Solid E C F D AC, fuch as is defcrib- 
ed in the firft Propt^ion^ being equal to 

the 
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the Pyramid EACD. But becaufe the 
Bafes and Jiltitudes of equal Pyramids are 
reciprocally proportional, it (hall be as the 
Altitude E ^ of the Pyramid E A CD is 
to the Perpendicular E ;z fo is the Super* 
ficies of the Cone bounded by the hyper-- 
bolick Line CFD and the right Lines D A, 
AC to the Triangle A CD. 

PROP. III. 

Let A B Cp be a right Cone. Cut it Fig. 17S- 
by a Plane, fuppoie the Triangle qr t^ 
which Plane let cut the Axis in the Point 
q^ continued out beyond the Vertex, and 
in the conninnion Sedtion with the Super- 
ficies of the Cone, let there be an Hyper^ 
bolick Line rS t. From the Vertex A of 
the Cone draw the right Lines A r, A /, 
and from the Point y, let fall the Perpen- 
dicular yX to the Side Ap of the Cone 
continu'd out, and from the Point A draw 
A Z perpendicular to the Plane qrt. 

I fay the conical Superficies comprehend- 
ed under the Hyperbolick Line r st^ and 
the right Lines r A, / A is to the hoU 
low Hyperbolick Figure q r s t q, as the 
Perpendicular A Z is to the Perpendicu- 
lar ^X. 

V 

For 



8 
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For while the Point ^ is at reft/ if the 
right Line q r moves along the Lines rst^ 
/A,Ar; it generates three Surfaces, the 
hollow Hyperbola qrstq^ and the two 
Triangles ^'A, q A,r^ which, together 
with the conical Superficies terminated by 
the Lines rst^tA^ Ar, will contain the 
Solid qrstkr. But this Solid is equal 
to a Pyramid^ whofe Altitude is equal to 
the Perpendicular q X. For the infinite 
Number of Pyramids y Ar V, y A V V, 
do exhauft the Solid q rStAr. But if 
we have a Mind to confider the Thing o- 
therwife, thb Solid may be taken as a 
conical Fieure ArStqr having the hol- 
low Hyperbolick Figure qrStqiot z, Bafe, 
and the Perpendicular AZ for the Alti- 
tude. Therefore making the Bafes and 
Altitudes reciprocal, it is. as A Z to ^ X, 
fo is the Superficies rStAr to the boi^ 
low Hyper boHck Figure qrStq. 



P RO P. W. 

Pig. 179- Let the right Cone AB bg he cut be- 
low the Vertex, by a Plane H F E G, thro* 
the Axis, and from the Point H where 
the Plane cuts the Axis of the Cone, let 
fall H K perpendicular to any fide of the 
Cone, and from the Vertex A, the perpen- 
dicular AL to the Plane H F£G, 

I fay 
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I fay the conical Superficies bounded by 
the Lines F E G, G A, A F is to the Plane 
HFEG as the Perpendicular AL, is to 
chc Perpendicular H K. 

The Demonflratton is much the lame 
as that of the laft Probk/n. 



APPEN- 
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fpifS^?gPON rc-confidcring what forc- 
;X U ^ goes, I find fome thmgs have 
^^^^^ efcap'd, which perhaps it may 
^^^^^1^™ be heceflary to add, whofe De- 
monftration any one may of himfelf ea- 
fily gather from t(ie Premifes, and in fo 
doing will reap both Pleafure and Ad- 
vantage extraordinary. 

* 

P RO B. L 



Fig. 1 So. Let there be any Curve KEG, whofe 
Axis is AD, and a given Point A in the 
fame. It is required to find a Curve, as 
L M B, of fuch a Nature, that if the right 
Line P E M be any how drawn Perpen- 
dicular to the Axis A D, cutting the Curve 
KEG in E, and the Curve L M B in M, 
and AE be joyn'd, and the right Line 
T M touches the Curve L M B, we (hall 
have TM parallel to AE. 



To 
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To do this you muft proceed thus* 
Thro' any Point R.takcn in the Axis A D 
dra.w tho right Line R Z perpendicular 
to AD, meeting the right Line E A con-^ 
tinued dot in the Point S, and in the right 
Line EP take PY^RS; thus will the 
Nature of the Curve OY Y be determi- 
ned. Then let the Redangle under A R 
and P M, be equal to the Space A Y Y P (or 

-^^ —5— ) s and the Curve L MM B 

AK / 

will have the propofed Condition. 

We may obferve by the Way, all things 

elfe being the fame, that if the Curve 

QX X be fuch, that when the right Line 

E P cues it in X, PX is equal to A S. I 

fay if it be fuch, the Space A X X P (hall 

be equal to the Redlangle under AR 

and the Curve L M, or - ^ — =. 

A K 

L M. 

E XA MP L E L 

Let AD G be a Quadrant of a Circle, Fig. 181. 
and any how drawing EP perpendicular 
to A D, fuppofe the Curve A M B of fuch 
a Nature, that if the right Line E P M 
continued cuts it in M, and the right Line 
M T touches it, we (hall have M T pa- 
rallel to DE. To do this, draw AZ pa- 

S rallel 
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rallel to D G, meeting D E continu'd out 
in the Point S, and let the Curve A Y Y be 
fuch, that if the right Line P E continued 
to Y cuts it, we may have P Y =: A S, 

Then take P M = -^^-k — • And 

AD. 

the thing required wrill be done. 

Obferv. If the Curve QXX be fuch, 

thatPX = DS, or if AQ=AD, and 

QJC X be an Hyperbola contained within 

the' Angle A DGj the Curve A M X A D 

will be = Space AQXP. 

EXAMPLE IL 

Fig. 182. Let the Curve AEG, whofe Axis is 
AD, be of fuch a Nature, that if from 
any Point E taken in the fame be drawn 
the right Line E P perpendicular to A D, 
and joyning A E we may have A P, a 
mean Proportional between A R and AP, 
acccording to the Order whofe Exponent 

is — : to find the Curve A M B which the 
m 

right Line TM parallel to AE touches. 

Concerning the Curve A M we may 

obferve that ni mv. A E : Arch A M. 

If — be m 4, or A E be a fimple 

mean Proportional between A R and A P j 
AEG will be a Circle, and AMB a Cy- 
cloid I 



/ 
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cloidi and therefore the Menfuration of 
it is had from the general Law. 

Thefe are alfo performed more intelligi- 
ble from the Prohkm adjoyn'd. 

P jR OB. It 

» 

To draw a Curve; fuppofe AMB,Fig. xSj, 
whofc Akis is AD, being fpch, that taking 
any Point M in it, and drawing M P per- 
pendicular to AD, and putting the right 
Line M T to touch the Curve j T P to 
P M may have a given Relation. 

Take any right Line R, and make as 

TP to PM, (viz. the Ratio given) fo is 

R to Py, taken in the right Line PM, 

as an Ordinate to the Axis A D, fo that 

the Curve Y Y K pafles thro' all the Points 

y thus found. Then if you make P M 

A PY 
= Space — =r— . The Nature of the 
, R 

Curve A M B will be thence manifeft, 

EXAMPLE \. 

Let AD G be a Quadrant of a Circle, pig. ,33, 
whofe Radius is equal to the affign'd 
Quantity R; and TP is to have to PM 
the fame Ratio that R has to the Arch 
A E. Therefore fince it is, (by Suppofi- 
tion) R :Arch AE::R:PY; PY fhall 

S 2 be 
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be equal to the Arch A E : and ib PM = 
A P Y 

EXAMPLE II. 

Fig. 184. ^^ ADG be a Quadrant of a. Circle, 
and fuppofe T P is to have the fame Ra- 
tio to PM as PE to R: Then PY is 
equal to the Tangent of the Arch GE, 
and the Space A P Y Y = R x Arch 
AE; andfo PM = Arch AE.. 

P RO B, III. 

Let there be any Curve Line A M B, 
whofe Axis is AD and Bale DB; to de- 
fcribe the Curve A N E, of fuch a Na- 
ture, that drawing the right Line M N G 

Fi 221 ^^y ^^^ parallel: to BD, cutting A N E 
ig.22i. j^ ^^^ Point N, the Curve AN may be 

equal to G M. 

Let the Curve ANE be fuch, that if 
MT touches the Curve A M B, and NS 
the Curve A N E, it be SG:GN::TG 
:%/GM?~TGy. Then will ANE 
facisfy the Demand. 



PROB. 



F/aCe. TW. : 




^-r;;;-' 
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The fame Suppofition and Conftrudion 
remaining ; to find the Curve ANE, fuch 
that the Curve A N be always equal to 
the intercepted right Line M N. 

Let now the Curve A N E be fuch, that 
it beSG:GN::2TG X GM:GMy 
— TGq. Then will A N E be the Curve 
wanted. 



PROS. V. 

Let D X X be any given Curve, whofepig. 222. 
Axis is D A. To find the Curve A M B 
of fuch a Nature, that if the Perpendicu- 
lar right Line G X M be any how drawn 
to A D, and 8 M T be a Tangent to the 
Curve AM; MS may be equal to GX. 

It is evident that the Ratio T G to 
T M, that is, the Ratio G D to M S or 
GX is given; and fo the Ratio TG to 
GM id alfo given. 

This ferves to lay down Superficies 
whofe Menfuration is ready at Hand. For 
drawing M E parallel to A D, the Super- 
ficies of the Solid generated by the Ro- 
tation of the plane B M E about the Axi* 

S3 DB, 
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D B, is equal to -^5~ X G D X, as 
you find it in ». ii. of the twelfth i>- 

P RO B. VI. 

|fig 1 8^. Lei there be any given Figure ADB, 
whofe Axis is A D, and Bafe D B, to £ind 
the Curve K Z L of fuch a Nature, that 
drawing the right Line ZPM any how 
parallel to D B cutting the faid Lines as 
you fee, and fuppofing the right LineZ T 
to touch the Curve, the intercepted Line 
If" P may be equal to P M. 

In Order to this. Let the Curve O Y Y 
be of fuch a Nature, that taking at Plea- 
fure any Line R, and continuing out 
PM Y, let PM : R :: R : P Y. Alfo ta- 
king DL at pleafure in BD continued out, 
let DL : R :: R : L E ; and with the J/ynt- 
totes D L, D G, defcribe an Hyperbola 
EXX thro' the Point E. Then let the 
Space L E X H be equal to the Space 
D O Y P, and let the Lines X H, Y P (con- 
tinued), meet in the Point Z ; and Z will 
be in the Curve required. Which if Z T 
touches it, we (hall have T P = P M. 

j^ig. 186. If the Figure propofcd be a right-an- 
gled Parallelogram ADBC; the Curve 
K Z Lr will be of fuch a Nature, that D H 

will 
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will be a geometrical mean Proportional be- 
tween D L, D O of the fame Order with 
D P an arithmetical Mean between D A 
and or nothing. And if the Curve 
K Z L be drawn according to this Proper- 
ty and the Tangent Z T mechanically de- 
termined ; the Q^iadrature of the hyper-- 
bolick Space L E H X will thereby be had, 
this being equal to the Rediangle under 
T P, A P. Hence we may obferve, i. 
That the Spat. A DLK = R x D L — 
DO. 2. ThattheSumof ZPy=Rx 
mj-^Oj And , he Sum of Z P 

2 

^ DL Cub. — DOCub. ,^ 
Cub. = R X &c. 

3 
3 . If F be the Cetre of Gravity of the Fi- 
gure A DLK, and you draw FN per- 
pendicular to AD, and FQ^ perpendicu- 
lar to DL; FN will be z=i ?t.±E?, 

4 

^T7n p ADxDO 
and FQ, z=zK ~f77 — • 
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Let B D H be a right Angle, and B F Fi-. 1 87. 
parallel to DH, and FXG be an Hyper-- 
Sola defcribed thro' F to the Afymtotei 
D B, D H- Let a Circle K Z L be . def- 

S 4 cribed 
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cribcd about the Centre D, and let the 
Curve A M B be of fuch a Nature, that 
taking the Point M any where in it, and 
drawing the right Line DMZ thro' it, 
and then taking D I = D M, and draw- 
ing I X parallel to B F, let the HyperboUck 
Space BFXI be equal to twice the circu- 
Ur SeSor Z D K : to determine the Tan- 
gent of the Curve A M B at the Point M. 

Draw DS perpendicular to DM, and 
kt D B X B F = R y, and make D K : 
R::R:P. And DK:P :: D M : DT. 
Then if TM be drawn, it will touch the 
Curve A M B. 

Obferv. The Nature of the Curve A M B 
is fuch, that D I is a geometrical mean 
Proportional between DB and DO (or 
D A) of the fame Order, with the Arch 
KZ an arithmetical Mean between o, or 
nothing and the Arch KL. That is, if 
D I be a Number in a Series of geometri- 
cal Proportionals beginning at DB and 
ending at DA, and o, KL be thq Lo- 
garithms of D B, D A ; K Z will be the 
Logarithm of DL Or in a Retrograde 
Way, (as the common Logarithms go on) 
if D I be a Number arifing from D O in 
a geometrical Series, and ending at DB, 
and be the Logarithm of D O^ And 
the Arch LK that of DB: The Arch 
L Z will be the Logarithm of D L 

And 
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And if the Curve A M B be acf^ually 
defcribed, and its Tangent mechanically 
determined: We may thence get a Cir- 
cle equal to an Hyper Aolick Space or vice 
verfa. The Nature of this Spiral^ as alfo 
its Menfuration, together with that of the 
Space B D A, is very well profecuted by 
the Ingenious Dr. Wallis, in his Book of 
the Cyckid. For which Reafon I {hall 
forbear faying any more about it. 

P tiO B. VIIL 

Let there be any Space EDG, con- pig. iss. 
tained under the Lines DE, DG and the 
Line E NG. And let R be a given right 
Line. It is required to find the Curve 
A M B of fuch a Nature, that if i right 
Line D N M be any how drawn from D, 
and D T be perpendicular to it, and M T 
touches the Curve A M B j it may be 
Dt;DM::R:DN. 

Let the Curve K Z L be of fuch a Na- 
ture, that DZ^y'R x DN, and ta- 
king the right Line D B at pleafure, let 
DB:R::R:BF. Alfo letBF,andDH 
be perpendicular to D B. Then let the 
Hyperbola FXX included within the An- 
gle BDH, pafs thro' the Points F; and 
let the Space BFXI (fuppofing IX pa- 
rallel to B F) be equal to twice the Space 

ZDL. 
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ZDL. Laftly,lctDM=DI; and the 
Point M will be in the Curve fought, 
which if the right Line T M touches, it 
ihallbeTD:DM::R:DN. 



PRO B. IX. 

Fig. 1 88. Let there be again a Space EDG, as 
in our laft^ to find the Curve A MB, to 
which if a right Line D N M be drawn, 
and D T perpendicular to the fame, and 
MT touches the Curve A MB, it may 
beDT = DN. 

Take any Line R, and let DZq =rf 

c^^. Alfo taking D B to which D H, 

Rj 

BF = -TTp—are perpendicular, and thro^ 

F, within the Afymiotes D B, D H defcribe 
an Hyperboliform Figure of the fccond Or- 
der, that is, one whofe Ordinates BF, ot XI 
be fourth Proportionals in the Ratio of DB 
to R, or D G to R. Then if the Space 
B I X F be taken equal to twice the Space 
ZDL, and DM = DI: the Point M 
will be in the Curve fought. Which if 
M T touches, we fhall have D T = D N. 



P RO B. 
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HJB P R O B. X. 

Let there be any Figure A D B, whofe Fig. 1 89, 

Axis jis A D, and Bafe D B, and any how 

drawing PM parallel to D B, let the Space 

AP M be any how given or exprefled. It 

G, is required from hence to determine the 

B, Ordinate P M. 

b Taking any Space R, let R X P Z == 

c,J A PM. From hence will arife the Line 
[I A Z ZK, to which find Z O perpendicu- 
lar. Then it will be P Z : P O :: R : 
PM- 

Examp. Let us call A P, at, and let 
A PM z=z^^rx^. Therefore VZ=\/ 

— : and fo we (hall find P Ozn i^^ 
r ' zr. ^ 

And it is v" — : ^ — w r \ \ V r x 

r 2r 

— PM. Whence AMB is a Parabola, 
whofe Parameter is -| r. 

Otherwife. Make P Z =:. V^^PM^ 
and let Z O be perpendicular to the Curve 
AZK. Then will PM = PO. 

Exam. Let A P = jc and A P M = 

— . Then will PZ=i/i^. Confe- 
r r 

qucntly P O will be = — ~ = P M. 

And 
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And fo again the Curve A M B will be a 
Parabola. 

P R O B. XL 

Fig. 1 90. ^' A D B be any Figure, contained un- 
der the right Lines DA, D B, and the 
Line A MB, and drawing the risht Line 
D M any how from D, let ADM be a 
given Space ; to deternaine the right Line 
DM, 

Taking any right Line R, let D Z = 

— = — , and let 2 O be perpendicular 
iv 

to the Curve A Z K, which D H perpen- 

dicular to D Z meets ; then will D M rx 

1/ R X D O. 

Otberwife. LetDZ = v^4 ADM,and 
\ ZO perpendicular to the Curve AZK, 
which D H perpendicular to D Z meets : 
Then will DM =i/DZ X DO. 

The excellent Geometrician, Dr. Gregory 
of Aberdeen, has given us very fine Specu- 
lations on involute and evolute Figures. 
And indeed, tho' I have no Inclination to 
ftrike my Sickle into tlie Harveft of ano^ 
ther, yet I may be allowed the Liberty of 
annexing to thefe Problems^ one or two 
Obfervations any-wife appertaining to the 
fame, that do occur to me, while I am o- 
therwife employ 'd. 

P.ROB. 
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P R O B. XII. 

Let there be any given Figure A D B,F;g, ,^,, 
whofe Axis is A I^, ^nd Bafc DB; tp de- 
fcribe the involute Figure anfwering to 
the fame. 

Defcribe a Circle LXX, about the Fig. 192. 
Centre C, with any Diftance C L, and let 
the Curve K Z Z be of fuch a Nature 
hat any hov;r drawing the right Line 
VI P Z parallel to B D, the Reftangle un- 
let P M, P Z be equal to the Square of 

Z t (or PZ = ^^)- Then let the 

Ik UT Y Space DKZP , ^ 
*lrch LX =: — 2^ — , or the Sc- 

aor LG X one half the Space DKZP, 
ind ia CX take Cm = PM. Then will 
the Line 6mm ht the Involute of B M A, 
Dr the Space C m 6 of the Space A D B. 

Exam. Let AD B be a Quadrant of a 
Circle. Then (from what is before def- 
monftrated) the Space DKZP (2 Scdl. 
LCK) : Sea. B D M :: C L 9 : D B y. 
Whence the Arch LX : Arch B M::C L 
: D B. Wherefore the Angle L C X ==: 
Angle B D M = Angle D M P. There- 
fore the Angle Cm6h s, right Angle, and 
(o the Line ^ ;;7 C is a Semicircle. 

Cor. 

8 
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Pig. 193. Cor. I. If two Figures ADB, ADG 
be analagous, and their Involutes hcCmb^ 
C«r, and itbc C» :C«::DB:DG : it 
ihall be reciprocally the Ang. b C mi 
^C«::DG:DB. 

Fig. 194* 2. This may alio be inverted. 

3. Let the Curves Cnc^CSb be ana- 
logous in their kind, that is, that the right 
Line C fi S any how drawn from C, always 
has the fame Ratio. Thefe (hall be In- 
volutes of like Lines. 



p Ro B. xm. 

Fig. 19$. Let bCnht any Figure comprehended 
under the right Lines Cb^Cn^ and another 
Line bn. To find the £^0/2^/^ anfwering 
thereto. 

Fig. 196. Abput the Centre C, deicribe any how 
the circular Arch LE^conftituting the Se- 
Qor LCE with the right Lines C^,C». 
And drawing C K perpendicular to L C, 
let the Curve ^ Y H refpedting the right 
Line C K be fuch, that any how draw- 
ing the right Line CmZ^ and taking 
C O =:i Arch L Z, and drawing O Y per- 
pendicular to C K ; O Y be =: C w. Tlien 
let the Curve B M F be fo related to the 
right Line D A that when D P = 

Space CAYO . o„. . 

"^T 9 and PM be drawn per- 

1 pendicular 



«.- 
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pendicular to D A, we have P M = C /». 
And the Space D B F A will be the Evo- 
lute of Con. 

Examp. Let LZ E be the Arch of a Cir- Fig. 197. 
cle defcribed about the Centre C, and 
bmC\^ a Spiral of fuch a Nature, that 
drawing at pleafure the right Line CmX 
the Arch E Z may have a given Ratio 
to the right Line C /», fuppofe as R to S/'^* *''' 
It is manifeft that ^ Y H is a right Line. 
Becaufe it is always B Z (K O) : C »i (O Y) 
: : R : S. Therefore the E volute B M F is 
a Parabola. Becaufe the Parts AP,AD 
of the Axis are one to another as the Spaces 
K O Y, K C ^, that is, as the Squares of 
OY,C^, orof PM,DB. 



Cor oil. Ttheor. L 

If a cylindrical Figure be fet to the Fi- Fig 195. 
gure bCn having its Altitude equal to the 
Periphery of the whole Circle, whereof 
C L is a radius 5 this fame cylindrical Fi- 
gure (hall be equal to a Solid ariGing from 
the Generation of the Figure C^HK a* 
bout the Axis C K. 



Theor. 



tyi A P P E N D I X Iir. 



Tbeor. II. 

p. Let there be any Curve A MB, whofe 

* ^' Axis is A D and Bafe D B, and let the 

Curve A Z L be fuch, that any how draw 

ing die right Line Z P M, it be Z P = 

^ 2 A P M. Alfo lot the Curve O Y Y 

be fuch that if the right Line ZP con- 

tinu'd meets it in Y, and taking any right 

Line R, it be Z P y : R y :: P M : P Y. 

And laftly, let D L : R :: R : LE. Then 

if an Hyperbola E X X be ddcribed thro' 

£ within the Ai^le L D G, and the right 

Line Z H K parallel to A D meets the 

lame. The Space P D O Y (hall be equal 

to the HyperboUck Space L H X E. 

PM 
Hence the Sum of all -rmni = 

APM 

2LEXH 



R 



Tbeor. IIL 



Fig. 200. ^' ^^^^ ^ *oy Curve AMB, whofe Axis 
is AD, and Bafe DB. And let the Curve 
K Z L be ftich, that taking any right Line 
R, and any how drawing the right Line 
ZP M parallel to B D, it be v' APM : 
PM :: R : PZ. Then will the Space 

ADLK 
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A D L K be equal to the ReSi angle under 

R X 2\/ADB. Or „~ = V 

2 R 

ADB. 

Exam. Let A D B be a Quadrant of a 

PM 

Circle. Then (hall the Sum of all -rrr^^^ 

t/APM 

bc=i/:^DA X Arch AB. 

7i&^e?r. IV. 

Let there be any Curve A M B, whofe pig, 201. 
Axis is A D, and Bafe D B, and let there 
be two Lines EXK, GYL fo related, 
that taking any Point M in the Curve 
AMB, and drawing the right Lines MPX, 
MXQ^parallei to BD, AD, and fup- 
pofing M T to touch the Curve, let T P 
: PM : : Q^Y : P X. Then fhall the Fi- 
gures ADKE, DBLG be equal to one 
another. 

The Inverfe of this is true too. That 
is, if theFigures ADKE, DBLG be e- 
qual to one another, and MT touches the 
Curve A MB, it fhall be T P : FM :: QY 
:PX. 

Obferv. This Theorem is the moft Fer- 
tile of all the Propofitions foregoing. The 
greater Part of them being either contain- 
ed in it, or deduced eafily from it. For 
iuppofing the Line AMB to be of 

T an 
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an indeterminate Nature, and either EXK, 
or G Y L to be any how determinate ; 
from thence will refult a T'beorem alike 
to many of thofe before laid down. I**or 
Example, if G YL be a right Line making 
half a right Angle with BD, (in which 
Cafe the P6ints D, G are conceived to co- 
incide) from thertce will arifc the firft of 
the Eleventh LeSiure. And if G Y L be 
parallel to D B, there will be had the 
I If b of ihc fame Lecture. 

Fi' ic- ^*g^5^> if PM — PX, or (the Lines 
'"' "* A M B, or E XK be the fame) ^^^tehtb 
of that LeSlure will be had. Fr*m hence 
alfo it is evident that raking any Space ; 
infinite Spaces of other Kinds may *e^- 
fily be laid down equal to it. As if 
the Space D L G B be fuppofed a Quadrant 
of a Circle, v/hofe Centre is D, and the 
Curve A M B be a Farabola^ whofe Axis 
is AD; the Curve EXK will arife ha- 
ving thisProperty, that calling DB, r^ AP, 

Xj P X, y 3 and k or — r~ be the Seniir 
•^ 2AD 

T T h. 

Parameter^ we (hall have rr: 

2 

kkx -{^ xyy. But if A M B be an j^- 
ferbolay the Curve EXK arifing will bre 
of another Nature. Here I cannot ibtft 
accufe my Forefight, for not having feft 
laid down this Theorem (as likewife thofe j 

following^ I 
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following, of almoft the like Nature and 
«fe) and then have deduced the reft from 
it, (as well as from the others but now to 
be fubjoyn'd) which I obferve may be done. 
But I have often made it appear in thefe 
LeSlureSy that Phrygian Wifdom of this 
kind is very familiar to me. 

I'keor. V. 

Let there be any Space ADB, con- Fig 203. 
tain'd under the right Lines D A, D B and 
the Curve A MB : Let like wife the Curves 
EXK, GYL be fp related, that if the 
Point M be taken at Pleafure in the Curve 
A MB, and DMX be drawn,DQ^be =: 
D M, QY be drawn perpendicular to D B, 
and D T perpendicular to D M, the right 
Line MT may touch the Curve A M B. 
I fay when thefe Conditions are fulfilled, 
ifTD:DM::DMxQJ:DXy: The 
Space D G L B (hall be the Double of 
the Space E D K. 

"Theor. VL 

Again^ let there be any Curve A MB, Fig. 204. 
whofe Axis is AD, and Bafe D B, and let 
the Curves EXK, HZ O be fo related to 
one another and the Axes AD, ab, that 
taking the Point M at pleafure in the Curve 
A M B, drawing M P X perpendicular to 

T ^ AD, 
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A D, afluming tf /w = Arch AM, drawin] 
m Z perpendicular to a b^ and fuppofii 
the right Line T M to touch the Cui 
AMB; itmaybcTP:TM::»»Z:P 
then (hall the Spaces A D K E, <r ^ O 
be equal to one another. 

Tbeor, VIL 



Fig. 2-»4.. 

205. 



Let there be any Space ADB, contaii 
ed under the right Lines D A,DB,and 
Curve AMB. Alfo let the Curves E X 
H Z O be fuch, that taking the Point 
in the Curve AMB, drawing the rij 
Line DMX, taking ^/r; = Arch A 
drawing 191 Z perpendicular to the rig] 
Line a\ and drawing D T perpendiculai 
to D M, and fuppofing the right Line M '" 
to touch the Curve A MB, it may be T 
:TM::DMx;wZ:DXy. Then (hall 
the Space abOH be the Double of th< 
Space E D K. 

But let us leave ofF here. 
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Lecture XIII. 



\JE^ A has (hewn the Nature 
of Equations from the Analogy 
I of the Terms, and Dejrartes 
' more dear by drawing or mul- 
tiplying them into one another. Now I 
Ihali endeavour to do the fame in fome 
Meafure, from the Defcription of Lines 
accommodated to each, which feems cer- 
tainly to be a Means of fctting their Na- 
ture in a good Light, and expofing it to 
View. Come on then. 

Obferve^ the Equations following are 
always brought co the fame Series, having 
rile ^me Coefficients. 

T 3 tht' 
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Tbejlrji Series of Equations. 

a -^ b =: «. 
aa ^ ba =. n n. 
a3 4- baa =: «3 
^44- ba3 =^ n%&c. 

Take the right Line B A equal to the 
Co-efRcient ^, continue it out indefinite- 
FjV -c6 ^y towards H, let the Angles R A H^ 
'"" " ' SBH,be femi-right Angles, and let the 
Lines A L L, A M M, AN N be fuch, 
that drawing the right Line GK any 
how perpendicular to AH (orderly cut- 
ting the laid Lines in the Points L,M,N, 
and the right Lines B S, A R in the Points 
K,Z.) G L * be a Media/, G M a Bimediat, 
G N a Trimedial between GZ and GK; 
^^ thefe Lines will fcrve to explain the Na- 

Ledi.ii. ture of the propofed Equations. For if 
AG (or GZ) be call'd A; then will 
BG (orGK) = b A- a. .And GLq=z 
aa +- ba; and G M Cub.rzz^B 4- baa-^ 
and GNyj' =: ^4-f ^tf 3. 

But obferve^ 

I. Drawing AD perpendicular toBH. 
If on it you take A E =r ;2 ; and draw F E 
parallel to AH; the Interfedlion of this 
with the Lines laid down will exhibit 
refpedtively the Roots of the propofed -E- 
quations; as FK, or EL, or EM, or EN is 
equal to a : That is, equal to the feveral 
Lines A G, by conceiving Perpendiculars 

drawn 
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drawn to AH from every Interfedicn, 
which will determine the Points G. 

2. The more remote the Point G is 
from the Point A (and indeed GA may 
be taken greater than any propofed Mag- 
nitude) the more do the Qrdinates G K, 
G L, G M, G N increafe too fo that let 
AE be of what Magnitude foever; the 
Parallel EF will meet the Curve; and 
confequently every one of thofe Equations 
will have one true Root, and but one on- 
ly J becaufe E F cuts thefe Curves in but 
one Point. 

3. The Curve ALL is an equilateral 
Hyperbohy whofe Axis is A B. The 
others A MM, ANN are Hyper bolif or m 
Curves. 

4. If AObe^AB; andAP:^ }AB, 
and A Qjr: 4 A B, and O T, P V, Q^X 
be drawn parallel to B S ; thefe fhall be 
the Afymtotes of the Curves A L L, A M M, 
ANN. 

5. Hence it is manifeft, in the fecoijd 

L 

Degree, that we fhall have a zr n - 



2 ' 



in the third, a^ n , in the fourth, 

b . . ^ 

a sz- n , which inequalities neverthe- 

lefs, if AE be moderately big, will be but 
fmall. 

T 4 6s There 
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6. There is no Maximum or Minimum 
agreeing to thefe Equations. 



Second Series 


» 

• 


a - 


- b — 


n. 


a a — 


-b a ^ 


nn. 


ai- 


- baa — 


ni. 


tf4- 


- bal =: 


tft.&C. 



Fig. 207. Let again A B be = ^ ; and fuppofe 
A B to be continu'd out towards I, and 
let the Angles R A I, S BI be half right 
Angles; then conceive the Curves BLL, 
B M M, B N N, to be fuch, that if G Z 
be drawn any how perpendicular td A I 
cptting the laid Lines in the Points K,L,M, 
N,Z, (as you fee) and G L be a Medial, 
G M a Bimedihl, G N a Trimedial, be- 
tween G Z, GK; thefe Curves will ex- 
plain the propofcd Equations. For if AG 
(or G Z) be call'd a, it will be ; B G (or 
G K ) ■= a — bi and GLq =: a a — 
ba i znd GMC\ib.= ai — baa-, and 
CNg g = tf4 — ba). 

Not. 

1. Drawing AD perpendicular to A I, 
and E F parallel to A I, if A E be put e- 
qual to n : EK,EL, EM, EN will be 
the refpe<aive Roots of the Equations, or 
equal to the fevcral a: 

2. Becauie 
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2. Bccaufe the Ordinates G K, G L, 
G M, G N do infinitely encreafe from B 
towards I, we fhall always have one true 
Root, and that but one. 

3. The Curve BLL is an equilateral 
Hyperbola^ whofe Axis is A B j and the 
others are Hyperbolijorm Curves. 

4. If A B be Bifeded in O, Trifedted 
in P, Quadrifed:ed in Q , and the right 
Lines O T, P V, QX be drawn parallel to 
AR; thefe will be the Afymtotes of the 
Curves B LL, B M M, B N N. 

5. Hence in the fecond Degree, it fol- 
lows that azr n '\' ; in the third a cr 

2 

» 4- — ^ in the fourth tf cr « ^- — ; and 

•r ^ • 4 

if n be big enough^ thefe inequalities 

nearly approach to an equality. 

6. Of the true Roots in thefe there is 
one Minimum^ viz. A B or ^. 

The Third Series, 

b — a =1 n. 
ha — a a zzz n n. 
ha — a^ z=i n 3. 

ha3 — a^ =. n % &c. 

Let A B be equal to b ; and the Angles Fig 2og. 
R A B, S B A half right Angles j and let 
the Curves ALB, AMB, ANB be fuch 
that drawing any how the right Line GK 
perpend xular to AB (cutting the faid Lines 

as 
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as you fee) and G L be a Medial, G M a 
Bimedialy G N a Trimedial between A G 
(or G Z) and G K, thefe Lines will ex- 
plain the propofed Equations. For put- 
ting AG— ^i; it willbeGK = ^ — a\ 
and Gh qz=: b a — aa-y and G M j =: 
baa — tf 3, and GNy=i^^3 — a^i. 

Not. 

I 
Fig. 208. ^ • If on A D (perpendicular to A B) be 
taken A E = », and E F be drawn per- 
pendicular to A B ; the Interfedions of this 
with the Curves will exprefs the Roots a 
refpedlively. 

2. Becaufe theOrdinates to thefe Curves 
are always of a finite Length, and fome on,e 
of them is a Maximum \ the Equations of 
this SerieSy according to the Module of the 
alTum'd Quantity A E (n), fometimes have 
two true Roots (viz. when A E fhall be 
refpedtively the greateft or leaft Ordinate, 
that is, when EF meets the Curve twice.) 
Sometimes only one, which is, when A E 
becomes tliQ Adaximum, ^nd fo E F touches 
the Curve. And fometimes none, viz. 
when A E exceeds the Maximum ; and fo 
E F does no where meet the Curve, 

3 . In the fecond Degree, if A O be = 
b B, and O T be an Ordinate; O T will 
be the Maximum-, and fo one of the 

Roots 
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AB 
Roots will be greater than — , and the 

other lefs. In the third, if A P be =: 
2 P B, and the Ordinate P V drawn ; P V 
will be the Maximum. Whence one of the 
Roots will be greater than 4 A B, and the 
other lefs. Laftly, in the fourth Degree, 
if A Q^ = 3 Q B, and QX be made an 
Ordinate; Q^ will be the Maximum. 
Therefore one of the Roots will always 
be greater than ^;f A B , and the other 
lefs. 

4. Hence it follows, that in the fecond 

Degree, if » cr — , in the third n^zr ^ — - 
° 2 9 

= ■^ — , m the fourth « 4 cr 

27 27 

27 , 81 , 27^4 , 

~- b ^ 7" * 4 = — — -, there can 

64 256 256 

be no Root had. 

5-. Of all the Roots AB or b i? the 

Maximum. 

6. The Point T is the common Interfe^i-* 

m or Nodus of all the Curves, and if // be 

b h 

r=r— ; AO or —will be always one Root. 

7. The Curve ALB is a Circle^ and 
the others A M B, A N B, have feme fort 
of relation to it. 



I. 



8 



1 
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The Equations aforegoing may other- 
vrife, and perhaps more conveniently be 
explained, by taking only one Line for 
each Degree of the three Series^ after the 
following Manner. 

Fig. 2O0. ^^ ^^^ ^^8^^ ^^"^ A H be indefinitely 
210. extended, and AD perpendicular to the 
fame ; on which take ABzzin^ and draw 
B K parallel to A H. Then let the Lines 
LX L, M X M, N X N be fuch that ta- 
king any Point G on A H, and drawing 
G K parallel to AD; in the Proportion 
of AG to G K (or A B) let GL be a third 
Proportion^ GM a fourth^ and GN /z 
fifth I thcfe Curves will fcrve to explain 
the Nature of the propofed Equations. 

For taking AE = ^; towards I for 
the firft Series^ and towards H for the fe- 
cond and third; make the Angle FEH 
half a right one, inclining towards H 
for the firft and fecond Series, and recli- 

nbg 
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ning therefrom, for the third, as the Figure 
fufficiently (hews. Then will the refpeftive 
Interfedtions of the right Line EF and the 
faid Curves determine the Roots a. For 
if the Perpendiculars L G, M G, N G 
be conceived to be drawn ; the intercep- 
ted Parts A G will be refpedtivcly equal 
to the Roots a. 

Not. 

From hence it it manifefl:, that 

1. In this Explanation the Cthejficient b 
is determinate, as n was in that afore- 
going. / 

2. In the firft and feflbnd Serieiy there 
is always one pofitive Root, and that one 
only. 

3. In the fecond Series the leaftRoot 
is equal to A B or n. 

4. The common iVi^i^j or Foint X is 
where B X (or a) -= n. 

5. In the third Series there are fome^ 
times two pofitive Roots, as when E F 
twice cuts the Curves; fometimcs one on- 
ly, when E F touches one of them ; (and * 
this happens, in the fecond Degree, when 

i 2, 

tf = — 5 in the third, when j rrz— ^ j in 

» 3 

the fourth, when ^ = — b)i and fome- 

ximes 
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times none, when EF falls below th 
Tangents 3 and fo no where meets tb 
Curves. 

6. The Curve of the fecond Degree is anj 
Hyperbola^ the reft are of the Hyperbolic^ 
Kind, and the common Afymtotes are th 
right Lines A H, A D. 

Fourth Series^ 



tf + -^ = «. 

a a -^ c c =inn. 
1X5 + C€a=,n3. 



pig. 211. Lc^ AH be a right Line indefinitely 
extended, and AD perpendicular to itj 
inake RAH half a right Angle, draw 
G Z K any how parallel to A D, and make 
AG : A C : : AC : Z K, and defcribe tb 
Hyperbola K X K thro' K within the An 
gle D AR. Then let the Curves CLL 
AMM, A NN be fuch, that GL be s 
Medial, G M a Bimedial, and G N a TW- f 
medial betwee n G Z, G K. Thefe Curvfcs 
will ferve to explain the Bufinefs. For if 
AG (or G Z) be call'd a, it will be G K = 

c c 
fi-\ ; GLq =aa -Sc cc,GM Cub. 



\ 



t=fi ■\- c c if s^ad Gl^ a q = ^4 ^ccaa.l 



1 







4 
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Not. 

1. The Roots are exprefs'd, as before, 
putting A. E = «, and drawing E F paral- 
lel to A H. 

2. If AP be = AC ; PX will be the 
leaft of the Ordinate^ to the Hyperbola 
K X K. Therefore in the firft Degree, if 
AE (or «) -n P X, there will be no Root. 

3. The Curve CLL is an equilateral 
Hyperbola y whofe Centre is A, and Semi^ 
Axis AC; which is the leaji of the Or- 
dinates too. Otherwife if « cr r, there 
will always be tone Root, and that but 
one. 

4. The other Curves A MM, ANN 
are of the ISyperbolick Kind running out 
ad Infinitum j 'w?i*ence there will be one 
true Root, and ho more. • 

, 5. IfYit= 4YX; V e^lYX, 
Y y m ^;^ Y X, and thro' the Points «, £, y. 
Hyperbola's * A, £ jtt, y v, be conceived to 
be drawn (having DA, AR for Afym- 
totes) thefe will be the Afytntotes of the 
Curves C L L, A M M, AN[N. (The 
Curve Lines afterwards to be defcribe4 
have alfo fuch fort of Afytntotes^ tho' we 
do not mention them.) 

6. Hence in the fecond Degree a 4-; 

c c c c 

— c- n. in the third J 4- — c- ;?, in 

za • 3^ 

the 
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c c 
the fourth tf -f" — cr n. Which inc- 

quality neverthelefs is fo much the lef$ 
as AE (or n) is the greater. 



cc 

a \\— =: «. 

a 

cc nn 

a a. 

cc n 3 

tf + - = — . 

a aa 

. cc «4 

Fig 212. This Series may be explained according 
to the fecond Way aforegoing, and that 
by exhibiting the fame Curves LXL, 
M X M, N X N of fuch a Nature, that 
drawing GK any how perpendicular to 

AH; GLmay be= ^, CM = 

^ AG 

xl^-» and GN = -^ Cub. For if 

Avjr q A vj 

H AR be a half right Angle, and GEO 
be any how drawn perpendicular to A H, 
and it be made GE:c :: ciEO ; and 
you defcribe a Hyperbola GO thro* O 
within the Afymtotes A D, A R ; the In- 
terfe^tions of this and the faid Curves LXL, 

MXM, 
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M'KM> NX'N, will determine the re- 
fpeftive Roots a. For drawing L G, M G, 
NG perpendicular to AH; the intercep- 
ted Parts^ AG will bfe relpedlively equal 
to the feveral a I 

After the like manDcr may all the fub- 
fequent Series be explained. But we (hall 
continue on the Bufincfe only according 
to the firft Wiay* 

Fifelf Series. 

CC 



a 






CC 


— aa-- 


— nn. 
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— a 3: 
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*— a^\ 


rz: «4. 


Sixth Series, 


a — 
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n. 


a a — 
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n n. 
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Make theAngleRAI half a right one, Fig 213. 
and let A D be perpendicular to A I, and 
make AC =£". Then drawing GZ any 
how parallel to A D, let A G (or G Z) : A C 
:: ACtZK, and thro' Kdefcribean By- 
ferbola KYK withm the AngleD AR. Thea 
let the Curves CLYH a, AM YH /14, AN YH'V 
be fuch, that G L be a Medial^ G M a Bime- 

U dial. 
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J/W,and G N a Trimedial between A G (or' 
GZ) andGKj ihcfc will fcrve to explain 
our Bufinefs. 

This is evident, as in what foregoes, 
and how the Roots are refpcdtively deter- 
mined. But we may obfcrvc further. 

Not. 

1. The Curves C L H, AMH, A N H, 
do belong to iht fifth Series^ and the reft 
HLA,HM/t,HNf to the fixth. 

2. As to the Curves appertaining to the 

fifth Series/ii A^=i\/ ^, and you 

2 

draw the Ordinate (pY; Y will be the com- 
mon In terfedtipn or Nodus of tba Curves, 

3- In the firft Degree of them the Ordi- 
nate A K is infinite. In the fecond A C is 
the greateft. In the third, if A P = -• 

ACq , , ^ ,. 

•— ^ , and the Ordinate P V be drawn ; 

this will be iht Maximum. Whence one 

A C /7 
of the Roots is always greater than v^ ^ 

and the other lefs. In the fourth, if AQ 

, AC^ AC , , 
= V = - — , and the Ordinate QX 

be drawn; QX will be the Maximum. 
Wherefore one of the Roots will be greater 

A C 

and the other lefs than — . 

2 

^ . ^ 4- Con- 
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4 Confequendy fn the fecond Degree, 
i( n cr- C'y iti the third, n 3 zr cc \^ 
cc cc ,cc 2 J cc ^ 

V — rr: — C C V — .Or «« CT 

3 3 3-3 3 

~c^\ in the fourth n^zr — =::: 

27 4 16 

-7^4; then there will be no Root. For in 

diefe Cafes»the right Line E F falls above 
the Curves; and 10 does not meet them. 

r. In all thefe the greateft poffible RooC 
is AH=AC. 

6. The Curve CYH, is a ^adrant of 
a Circle, and the reft A M H, A N H are 
of the Circle-Kin J. 

7. The Curve H L L belonging to the 
Jixtb Series is an equilateral Hyperbolaj 

whcfe Axis is AH. And the. reft are of 
the Hyperbolick Kind. Therefore what 
§lfe regard this Series are manifeft. 

Seventh Series. 

a -x u -Y — ^===^ fi* 

a 

aa ^ba -^ cc:=inn. 
ai J^baa -{-cca :=in3. 
a^ -{- b a3 Jrccaa^=:n% &c. 
On the right Line BAH indefinitely ex* Fig. zi^ 
tended affutne AB = ^, and on AD per- 
pendicular to 6 H take A C = r. Alfo let 
the Angles H A R, H B S be half right one?, 
and drawing at pleafure G Y perpcndicu- 

V Z . lar 
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lar to A H cutting B S in Y, make A G : 
AC::AC:YK; and diro'K within the 
Angle D VS defcribe the Hyperbola KKK. 
Then let the Curves C L L, A M M, A N N 
be of fiich a Nature that G L be a Medial, 
G M a Bi medial, and G N a Trimedial be- 
tween A G (or G Z) and G K : Thefe will 
aocomplLSi the Bufine&. For G K is = 4Z 

^-^4- —yGljq=aa^ba-\-ccfiMi 

ia ^ + cc a a. 

Obferv. 

1. The Curve C L L of the fccpttd De- 
gree is part of an equilateralHyperbola^ 
whofeCcfltrc U O, biilei9:i0g A B>and if we 
lyivc A C cr AO ; cjjen is O H (pcrpendicu- 
kf to AB) = /AC q — AO q its Semi- Axis. 
Aodif AC T A 0,its Axis is OI ^=zVhOq 
— hCq. The reft of the Curves AMM, 
ANN are of the Hyper bolick Kind. 

2. Hence in the fccond Degree, if « -=j c, 
there will be no true Root. Otherwife in 
all there will be one, and but one ; becaufe 
the right Line E F will once and no oftner 
cut the Curves. 

The Eighth Series. 

c c 

— 4- b — azizn. 
a 

ccJ^ ba — aazzznn. 

cca J^'baa — ^ 3 =©3. 

ccaaJ^bai — a^z:zn^,&c. ^he 



^ 
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^he Ninth Series. 


a — 


- b n. 

a 


aa— 


'ba — cc :=^nn. 


a3 — 


baa — cca^=^ni. 


^4 — 


b ai — ct a a — n%&c. 



2P3 



On the right Line A I take A B = ^, and Fig. 215, 
on AD perpendicular to Alaffumc AC=r, 
make the Angles I AR, ABS half right An- 
gles, and draw the right Line ZGK any 
how perpendicular to A I, cutting B S at ^, 
and kt AG: AC:: AC: |K. Thendef- 
cribc an Hyperbola K YH"K thro' K with- 
in the Angle D S B. And let the Curves 
CLHLA,AMHM/t*,ANHN.befuch, 
that GL be a Medial, G M a Bimedial, and 
GN a Trimedial between AG and G K : 
thefe Curves will ferve our purpofej as 
will appear from what foregoes. 

Obferv. 

t. The Curves CLH, AMH, ANH 

do belong to the eighth Scries, and the reft 
HL A, H M /A, H N V to the ninth. 

2. With regard to the eighth Series, if 
ABbebiffea:edinO,and the Ordinate OT 
be drawn to the Curve C L H; O T is the 
Maximum. But if you make A P n: 

— t- v^ — 4- — , and PV be an Ordi- 

3 9 3 

nate to theCoive AMH; PV will be 

U 3 the 



294 LECTURE XIII. 

the Maximum. Alfo if A Q= ^ b 4- 

^ ^1 bb + ^-^, and QX be an Ordi- 

natc to the Curve ANH; QX will be 
th^ Maximum. 

3 . Hence in the fccond Degree, if « cr 

I ft 
V ^ r 4- — 5 in the third, ni zr ccf ^^ 
4 

hjf—f\ fuppofing/= - 4- 1/ _ + Lf , 

in the fourth, «4 c- rr^^ -f hgl — gA^^ 

admitting If = | * +;-• A * ^ + If : 

There will be no true Root. For in thefe 
Cafes the right Line E F will not meet 
the Curves. 

4. IfA?.=i+V^ +~ and 

4 102 

^H be an Ordinate i Y will be the Nodus 
of the Curves. And fo if « z=: A (p j A ^ 
will be one of the Roots in all. 

5. The Curve CLH is the Circumfe-- 
rence of a Circle, whofe Centre is O y the reft 
AMH, ANH being of the Cirde^Kind. . 

6. In the fecond Degree, and this only, 
if « -r r, there is only one Root. 

7. The greateft of the Roots in this, 
which is alfo the leaft in ihc ninth Series^ 
• A TT ^ , bb 

^ ' ^ 8. The 
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8. The Curve HLa is an equilateral 
'Hyperbolay whofe Semi- Axis is O H. The 
reft H M ji^, H N V, are of the Hyperbolick^ 
Kind. Confequently in the ninth Series^ 
there is always one Root, and no more. 

^be 7'entb Series. 

a -f-o = n. 

a 

aa '\- b a — cc'=inn. 
ai+ baa — cca = n3. 
a^ '\- ba3 — ccaa=2n%&c. 

^he Eleventh Series. 

— — — o — az=.n. 
a 

c c — b a — aa=:nn. 

cca — h aa — tf3 = «3. 

ccaa — b ai — <! 4 rz: » 4, Gfc. 

On the right Line B AH take BA=: ^ ; Fjg ^js. 
and on A D perpendicular to A H let 
A C = f . And let the Angles H A R, 
HBS be half right Angles. Then any 
how drawing the right Line GKf perr 
pendicular to A H, cutting B S iiTl, let 
A G : AC :: AC : |K, and thro' K within 
the Afymtotes VD, VS defcribe the Hy- 
perbola KYHK. Let the Curves CLHLa, 
AMHM^., ANH.^ be fqch, that GL bea 
Medial, G M a Bimedialy and G N a TrU 
medial between AG (or G Z) and G K. 

U 4 Thefe 
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Thefe will fervc to explain jthe proppfed 
Series. . Which is evident as in the fore- 
going ones, 

Obferv. 

1. The Curves HL A, HM/A,HNy do 

belong to the teotb Series^ .and the reft 
CLH, AMH,ANH.to the eleventh. 

2. The Curve 'HLx is an equilateral 
Hyperiolay znd the Qurve CL(H is a Part 
of the Circumference pf a Circle^ the Cen- 
tre O, biflcdting A B, . beipg common to 
both. 

Therefore AH =: V — 4-'c c: . 

. 4 . ^ 

3. In the tenth Series there is always 

one Root, and no more. But in the ele^ 
ventbj there is fometimcs two, . fometimes 
one, and fometimes no Root. 

rr A ^^ % A 9 jbb 

4. If A(p=-j;^dA4/=V^Y:^ 4- 

- — : , apd you draw the Qrdinates 

(p Y,;^ X3 the Points Y, X are the Nodes 
of the Curves. 

5. In the fecond Degree of the ^/wf^/i& 
Series AC is the grea^; Ordinate. But 

if AP = v' 1 : ^andfrom 

9 3 3 

P be drawn the Ordinate Py to the 

Curve AM Hj this will be xht Maximum, 

Alfo 
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and from Q^bc drawn the Ordinate Q^ 
to the Curve ANH: This will alfo 
be the Maximum. And fo we are to 
judge of the Limits of the Roots accord- 
ing to the lObfervations on the eighth 1Se^ 
Ties. 





5^fe Wwelftb Series. 


a- 


-b^ 


cc 

- — • --^ n. 

a 


aa 


ba 

m 


\' c c -^ nn. 


a^ 


— b aa + c c a n3. 


aA 


— bae 


J^£C a,a =^^,:6?<:. 


{ 
i 


The Thirteenth Series. 


b-^ 


-tf — 


tc 

— — n. 
a 


ba~ 


-,tf tf — 


"C c nn. 


ha>- 


-ai- 


',€ca =n3. 


ibfii - 


-aik— 


"pc aaz=zn^y&c. 



Fig. 217. 



^Forthefe, let AB = ^, AC = r, ^ndFig-^^?^ 
A B S the half of a right Angle, and G^ 
aay how perpendicular to AB, and let 
A G : A C :: A C : |K. Then let the 
Hyperbola KHKIK be defcribed to the , 
Afymtates S A, SB, and the Curves 
CLHLIL A, AMHMIM ^, ANHNIN v, 
be fuch, that G L be a Medial, G M a 

Bimedial^ 



tj^g APPENDIX III. 

I^midiaU and GN a Tri medial between 
AG,GK. 

Obferv. 

1. The Curves CLH, A MH, ANH, 
and the Curves ILA,IMft, IN y, do re- 
late to the twelfth Series, but the interme- 
diate Curves HLI,HMI, HNI to the 
tbirteentb Series. 

2. The Curves C L H, Il<:A, are equi-- 
lateral Hyper bola\ whofe common Centre, 
bifle&ing the right Line A B, is O, and 
Semi'JxisOH{ov OI) = %^AOq ~ 
A C j^. The reft are fuch as the Figure 
ihevirs. 

3/ -The Curve HLLI is a Semicircle^ 
and what the reft are the Scheme fhews. 

4.1f A^=V''A4'=--^-^ 
^ ^ ^ ^ 4 16 

cc , - b jbb c c 

and you draw the Ordinates ^V/^'X, 
^ Y : the Points V,X, and Y are the Nodes 
of the Curves, If ^ -a V^ 8 r r, the Nodes 
X,Y will be wanting, and when bz=L^ 8 ^ r ; 
thefe do Coincide. 

5, The greatejl of the Ordinates to the 
Curve C L H is A C. But if AP =: 

• b ' bb cc ,,^t. T^ 

— — V — , and the Ordinate P y 

3 9 3 

be 
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be drawn to the Curve AMH.: Py will 
be the Maximum. Alfo if A Q^ =; 

3 ^ — y' 9. ^ ^ and the Ordinate 

8 64 2 ' ^ 

Q^ be drawn to the Curve ANHjQJ 

will be the Maximum. 

6. The greafeji of the Ordinates to the 
Curve HLLI is OT. But if AP = 

— 4- -v/— , and the Ordinate * p- 

be drawn to the Curve H M I : pg 
will be the Maximum. And if A Qy = 

3. ^ J- V'- — bb , and the Ordi- 

8 . 64 2 

nate gdht drawn to the Curve H N I ; 

gd will be the Maximum. 

7. From hence the Limits of the Roots 
may be known, as we have obferved in 
our Obfervations on the eighth Series. 

8. In the twelfth Series there arefome- 
times three, fometimes two, and fome- 
tlmes one Root. But in the thirteenth 
fonjetimcs two, fometimes one, and fome- 
fime none. 

9. And this is evident fuppofing -cr r. 

Mm 
t 

But if - = r ; the thirteenth Series will va- 
2 

nifti 5 the Points H, O, I Coincide , the 
right Line A B touch the Hyperbola KKK, 

and 



\ 
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and the Curves C L H, IL A become r%hc 
Lines. 

L 

lo. If — ^ r, the tbirtmtib Series will 

2 

alfo vani(h, the Hyperbola KKK falling 
entirely below the right Line AB, in which 
Cafe the Curve C L L will be an tquilate- 
rai Hyperbola^ having 'the Centre O, and 
^^ ^^ Semi- Axis O T (perpendicular to AB) m 
^ACy — AO^. Then the Curves 
A M M, A N N do run out ad Infinitum^ 
fo that the Equations in the i zth Series, 
have always one Root, and never more. 

It may be fufficient to have hinted tfaefe 
thin|s»as alio to have hitherto handled the 
whole Affair particularly; we fhall now 
add a few more general Obfervations, 
which are, 

I. That the Curve explaining any pro- 
pofed Equation, may be defcribed after 
Fig 2 9 this Manner. Let, for Example, the £- 
quation he a^ A^ b a^ '\- c c a 3 — J 3a4 
— f^ a=,ns. Take the Point A on the 
indefinite right Line HI, for the Bound 
or Origin of the Roots. Then taking 
AG at pleafure, for the indeterminate 
Root ay make G K equal to the firft De- 
gree of the Series, containing the propo- 
fed Equation, as let GK (be here) z=ia •{- 
J cc di /^ , • 1 ^ 

b -1 -^ — ,/'wjs.theCon- 

a a a a 3 ^ 

tinuation of the Ratio a to c once , 

is 
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c c 

is — ; the Continuatioin of a to d twica 
a 

is — ; and fo OB.) Then let GQ be 
O; a 

the firft of as many mean Proportionalai 
between AG,GK, as thQ D^ree of the pro^ ' 
pofed Equation requires^ which coay be 
known from the pure power of the Root 
fought, being in this Cafe four mean Pro- 
portionals. And the Curve A O O, drawn 
thro' Points thus found, will anfwer the 
purpofe. 

2. We have hitherto not j^t all touched 
upon negative or falfe Roots. But thefe 
may he found thus. lailead of the £-* 
quation propofed fubftitute another whpfe 
Signs in the odd Places (aligning theov 
even to the empty ones) are contrary tq 
the Signs of the propofed £y«tf//c>;^ ; then 
will the true or pofi^ive Roots of this 
[fubftituted] Equation^ be the falfe or ne- 
gative Roots of the propofed Equatixm. 
For Example, let the Equation be ^3 4^ 
baa =:n\ ox a^-ir:^ b aa^ — »3 = q^ 
Subftitute the Equation as^-^-rb a a * 4- 
ni :=:Qj and the true Rpots of this found, 
as fought above in the third Series, will 
be xht falfe Roots of the propofed Equation. 
Again let tf 3 — b a az=, n^. Ck a3 -^ 
b aa '^nizzz 0. Subftitute the Equation 
^3 '\'baa^ ^ niz=:o. This has no true 

Root, 



\ 
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Root, and therefore the propofed Efua-^, 
iion admits of no faMe Root. 

3. If any true Root be given, the falfc 
Roots may be found, by a certain Equa-^ 
tion of a lower Degree, thus : Let a 3 4- 
^^^r=:ir3bean Equation one of whofe 
Roots, which call^ is known, and take ano- 
ther exaftly like it having the fame Co-effici- 
ents^ but with this Difference that /ftands 
for a, that is,/} + bffz=^ n 3. Then is 
ai J^ ba a=.ni =/3 + ^//. and fo 
ai 4- baa — /J i:^ bff = 0. Divide 
this Equation (which you may always do) 
by tf — f and there conies out 

aa^ ty^ i t^ ^- The Roots of 

which Equation will be the fame as the 
remaining Roots of the Equation propo- 
fed ; which accordingly will be found to 
have two falfe Roots ; and fo changing 
the Signs of the even Places we have 

a a ~ f a'V ff =^ • Therefore the 

true Roots of this Equation will exprefs 
the falfe ones of that propofed. And this 
way moreover fhews the Nature of an £- 
quation-, fo far as it arifes from the Multi* 
plication of others into one another. 

4. If you make n=z in any Degree 
of the Series, you may find the greateft 
and leaft Roots in the Series. As in the 
erghtb Series, if ba ^a a ^r cc=: 0, and 

fo 
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{q cc =iaa—^ay thc'greate^ Root will 

be ^ = — ^ -4-y —r- -{- c c. So m thc; 

27^-4 
twelfth Series^ if a a — b a -^cc :=zOi and 

fo cc zizb a — a ay the great efi Root will 

be J = — y v' — — cc. and the leaft 
24 

•n ^ b t J bb 
Roota=i V cc. 

5. Thc NoJes or Interfe5iions in any 

Degree of what Series foever may be 

found by putting a =l n^ as in the eighth 

Series where ba — a a -{-' cc = nn. Let 

^.=i », then wiir^tf— ^a -{-ccziz: 

c c 
aa.ov cc=:2aa — ba. or — = ^ tf — 

2 

ba ^ ^ - b ^ jbb c c 

—. Confequently ^ = — H v -7 -i . ^ 

2 ^ -^ 4 ' 16 4 

Aifo in the twelfth Series^ where aa-^ 

ba'{-cc=:n^z=:aay it will be mn 

c c 
ba. And fo ^=.-7-. 

'6. The Inveftigation of the greate/i and 
ieajl Ordinates, has been performed in the 
Notes by fcveral ways and means. Which 
notwithftanding may be determined at 
once, together with the tangents of the 
Curves, after the following manner. Let ^s- ^^o- 
A y H be a Curve explaining the ele* 
venth Series, and ' of fuch a Degree that 

the 
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the Bquaii$n' h^ cc a — haa — /i5 -nr 
«3. Suppofing yT to. couch the Curve, 
and yV zn Ordinate to AH; I fiod/from 
what is above deay>nftratedi that RT z=^ 

7 fl 3 

^ ,» . Then I' confider 

3 tftf -^-.2 a — c c 

if the Ordinate Py be a Maximum^ the 

Tangent will be parallel to A H, or the 

right Line PT infinite. Therefore fihoe- 

«3 = ET x»: 3.^^ + 2^^^ — cc^ and 

n * is finite > it is evident that 3 ^ a 4^ 

2 c c 
2- b\a — CC' = Oy or aa»-\^ — bu rr — . 

3 , 3 ^ 

^ . r I b b C€ 0^ 

And 10 V • 1- — : = <i = 

9 3 3 

A P. 

7; Finally, I obferve that the Limits of 
the- Roots are derived from the greatefl:^ 
• and Uaji OrdinattSi For if- the Value 
o£. thov Roots as A- P in the Eacaraple^ 
juft now named, belonging to the greateft . 
Ordinate be found, and it be fubfticu- 
ted for a every where in the Equation^ 
if wh^t comes out is.lefs than the life* 
mtigene of Comparatim^ as. they call it, 
the Problem is in^poflible, or certainly 
wants fome Roots, which the Degrees 
and Kinds of the Equation do fliew^ 
The fame muft be conceived of the leaft 
Or din fit es I only here the Sum arifing 

mufl 
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muft be greater than the fatd Hombgeneal 
Quantity, whereby fome one or all the 
Roots may be iiad. Examples of which 
may he JEeen in -the Fxemi&e. 



ADDEN- 



jotf 



ADDENDA. 



IROM the Confideration of 
Tangents, I have feund out 4 
Method by which^everalTi^- 
orems (not to be defpifcd) a- 
.bout Maximums are moft ex- 
peditiouOy deduced. Some of which I 
(hall point oUt..^ ^ . ' 

Let ther^ be any Curve ALB whofe 
Axis is AD, anfl Bafe DB, aod lee (.G^ 
/ •>•, be parallel to it. Alfo let L T touch 
the Curv^ 

Tkor. I 

Let m be any Num ber ex preffing Pow, 

m — ) 

ers. If you put D G x T G = 

"* mm 

Ch i pG +GL wHlbe a Ma-: 
ximumt 
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^ m 



icmum^ or greater than D y -t- ^a . 

tbeor. IL 

Alfo a ffuming the Number nty if yoU 

/» — I m 

put BL _ X TL = GL ; 

mm 
G L H-BL will be a Maximum ^ or 

grcatet than yA^ + B a^ * 

Ti&^or. IIL 

Let »i, /*, be any Numbers 5 if you put 

_ m n 

«ixTG=«xDGiDG x GL 

fhall be a Maximum^ or greater than Dy 



X yA"- 



tbedr. IV. 



And if you put «ij< TL =« x Arch 



« . /» 



BLjGL X BL ihall be a ilf^x/- 



n m 



mum^ or greater than y a X B a . 



X 2 g'i5f«r» 
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